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§  Σχήµατα Χρονικής Διακριτοποίησης 
§  Ανάπτυξη Εξισώσεων Collocation 
§  Εξισώσεις Διάχυσης Όγκου / Βιολογικής Εισβολής 
§  Επικύρωση σε Προβλήµατα Ιατρικής 
§  Συµπεράσµατα 



Αριθμητικά	Σχήματα	–	Runge	Kutta	
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ü  Strong Stability Preserving Runge-Kutta 
§  Κατάλληλες για µη γραµµικά προβλήµατα 
§  Καταλήγουν σε γραµµικό Σύστηµα ΣΔΕ 
§  Αρκετά ευσταθείς (µε κάποιους περιορισµούς) 

ü Diagonally Implicit Runge-Kutta 
§  Κατάλληλες για γραµµικά προβλήµατα 
§  Unconditionally Stable 
§  Περισσότερο αποδοτικές απο τα full Implicit σχήµατα 

ü  Implicit Explicit Runge-Kutta 
§  Unconditionally Stable 
§  Κατάλληλες για µη γραµµικά προβλήµατα 
§  Καταλήγουν σε γραµµικό Σύστηµα ΣΔΕ 
§  Περισσότερο αποδοτικές απο τα σχήµατα SPPRK και DIRK 
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Αριθμητικά	Σχήματα	Χρονικής	Διακριτοποίησης	
Γενική	Μη	γραμμική	Εξίσωση	

Parabolic Linear and Non-Linear equations

@u

@t

= L(u) + G(u)

#

C

(0)ȧ = L(a) +G(a)

#

ȧ = L̃(a) + G̃(a)

2

Γενική Εξίσωση 
Παραβολικού Τύπου 

Σύστηµα Συνήθη 
Διαφορικών Εξισώσεων 

Χωρική 
Διακριτοποίηση 
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Strong Stability Preserving Runge-Kutta

SSP(3,3)
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Αριθμητικά	Σχήματα	Χρονικής	Διακριτοποίησης	
Strong	Stability	Preserving	Runge-Kutta	
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Αριθμητικά	Σχήματα	Χρονικής	Διακριτοποίησης	
Diagonally	Implicit	Runge-Kutta	

Diagonally Implicit Runge-Kutta
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Αριθμητικά	Σχήματα	Χρονικής	Διακριτοποίησης	
Implicit	Explicit	Runge-Kutta	IMplicit EXplicit Runge-Kutta

IMEX RK(3,3,2)
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Εξισώσεις	Collocation	
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ü  Ανάπτυξη της dDHC για προβλήµατα 3 περιοχών 
ü  Γενίκευση της dDHC σε Ν περιοχές & Μ αρχικές πηγές 
ü  Μη γραµµικές εξισώσεις Hermite Collocation για τις γενικευµένες εξισώσεις 

Fisher και Kolmogorov-Petrovskii-Piskunov σε οµοιογενές περιβάλλον 
ü  Ανάπτυξη της µεθόδου Hermite Collocation – Interface Relaxation 
ü  Εφαρµογή των µη Γραµµικών εξισώσεων Collocation σε προβλήµατα 
πολλαπλών περιοχών 

ü  Ανάπτυξη των εξισώσεων Collocation για Stripes Γραµµικά και µη Γραµµικά 
προβλήµατα πολλαπλών περιοχών στις 2 χωρικές διαστάσεις 

ü  Προσέγγιση του συντελεστή διάχυσης µε συνεχείς συναρτήσεις 
ü  Εφαρµογή της µεθόδου σε εξισώσεις καρκινικού όγκου µε όρους θεραπείας 
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Derivative	Discontinuous	Hermite	Collocation	σε	Ν	περιοχές	
Μαθηματικό	μοντέλο	

Βασική Διαφορική 
Εξίσωση 

Ετήσια/Τελική Τεχνική Έκθεση 2013

ήδη μελετήσει.

Το υπόλοιπο της παρούσης Τεχνικής Έκθεσης είναι οργανωμένο ως εξής. Στην
παράγραφο 2 παρουσιάζουμε τα βασικά στοιχεία της μεθοδολογίας που ακο-
λουθήσαμε και στην παράγραφο 3 τα σημαντικότερα αποτελέσματα ενώ στις
επόμενες δύο αναφέρουμε τις συνεργασίες που προέκυψαν κατα τη διάρκεια
του έτους καθώς και τους μελλοντικούς στόχους.

2 Μεθοδολογία

2.1 Γενίκευση της dDHC σε Ν περιοχές
H εξίσωση του μοντέλου μας για τις 1+1 διαστάσεις διαμορφώνεται ως εξής:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ct = (Dcx)x + c , x ∈ [a, b] , t ≥ 0

cx(a, t) = 0 και cx(b, t) = 0

c(x, 0) = f(x)

(1)

ή ισοδύναμα αντικαθιστώντας c(x, t) = etu(x, t) έχουμε ότι:
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ut = (Dux)x , x ∈ [a, b] , t ≥ 0

ux(a, t) = 0 και ux(b, t) = 0 .

u(x, 0) = f(x)

(2)

Όπως έχουμε ήδη αναφέρει στις Τεχνικές Εκθέσεις Δράσεις 2.1 & 4.2 Έτος
2012, η μεταβλητή D ≡ D(x) είναι η παράμετρος που χαρακτηρίζει τη φύση
ενός προβλήματος πολλαπλών πεδίων. Ειδικότερα, ας υποθέσουμε ότι έχουμε
K διακριτά εσωτερικά σημεία διεπαφής wk στο χωρίο [a, b] που ορίζουν K + 1
διακριτές περιοχές διάχυσης. Δηλαδή υποθέτουμε:

a = w0 < w1 < · · · < wk < · · · < wK < wK+1 = b,

και ορίζουμε τα υποχωρία

Wk = (wk−1, wk) , k = 1, . . . , K + 1 . (3)

έτσι ώστε
D(x) = γk ∈ R for x ∈ Wk , k = 1, . . . , K + 1 . (4)

όπου, 
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Απο την παραβολική φύση 
της διαφορικής συνεπάγεται η 
συνέχεια της c και της (Dcx) 

Derivative	Discontinuous	Hermite	Collocation	σε	Ν	περιοχές	
Συνθήκες	στα	Σημεία	Διεπαφής	

Ετήσια/Τελική Τεχνική Έκθεση 2013

 !  !

  w0   w2   w3  w1   
wj−1  

wj   
wj+1   wK+1 wK  wK−1

 γ 2

 γ 3
 γ 1

 
γ j

  
γ j+1

 γ K

  γ K+1

Σχήμα 1: Ο συντελεστής διάχυσης D στα K + 1 υποχωρία

Όπως και στο πρόβλημα με τις 3 περιοχές, έτσι και εδώ η παραβολική φύση
της διαφορικής συνεπάγεται την συνέχεια της c, καθώς και των ct, (Dcx). Και,
καθώς ο D στην (29) είναι ασυνεχής, η cx πρέπει να είναι επίσης κατάλληλα
ασυνεχής, ώστε να προκύπτει η συνέχεια της (Dcx). Αυτές οι προυποθέσεις
οδηγούν στις παρακάτω συνθήκες μεταξύ των εσωτερικών σημείων διεπαφής
wk , k = 1, . . . , K:

⎧
⎪⎪⎨

⎪⎪⎩

lim
x→w−

k

u(x, t) = lim
x→w+

k

u(x, t)

lim
x→w−

k

D(x)ux(x, t) = lim
x→w+

k

D(x)ux(x, t)
. (5)

Ας θεωρήσουμε τώρα μια ομοιόμορφη διαμέριση σε κάθε ένα απο τα k =
1, . . . , K + 1 κλειστά χωρία Wk = [wk−1, wk] σε Nk υποδιαστήματα μήκους

hk :=
wk − wk−1

Nk
. (6)

οπότε

[a, b] =
N+1⋃

j=1

Ij , Ij = [xj−1, xj] (7)

με
xj = a+ j hj(k) , j = 0, . . . , N + 1 , (8)

όπου

N =
K+1∑

k=1

Nk και hj(k) = hk όταν Ij ⊆ Wk , (9)

για k = 1, . . . , K + 1.
Η μέθοδος DHC (cf. [?], [?], [?]) αναζητά προσεγγίσεις u(x, t) ∼ c(x, t) στη

μορφή

u(x, t) =
N+1∑

j=0

[α2j(t)φ2j(x) + α2j+1(t)φ2j+1(x)] (10)
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Derivative	Discontinuous	Hermite	Collocation	σε	Ν	περιοχές	
Τα	ασυνεχή	Πολυώνυμα	Hermite	
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Οµοιόµορφη Διαµέριση 
σε κάθε υποπεριοχή του 

χωρίου 
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Σχήμα 1: Ο συντελεστής διάχυσης D στα K + 1 υποχωρία

Όπως και στο πρόβλημα με τις 3 περιοχές, έτσι και εδώ η παραβολική φύση
της διαφορικής συνεπάγεται την συνέχεια της c, καθώς και των ct, (Dcx). Και,
καθώς ο D στην (29) είναι ασυνεχής, η cx πρέπει να είναι επίσης κατάλληλα
ασυνεχής, ώστε να προκύπτει η συνέχεια της (Dcx). Αυτές οι προυποθέσεις
οδηγούν στις παρακάτω συνθήκες μεταξύ των εσωτερικών σημείων διεπαφής
wk , k = 1, . . . , K:

⎧
⎪⎪⎨

⎪⎪⎩

lim
x→w−

k

c(x, t) = lim
x→w+

k

c(x, t)

lim
x→w−

k

D(x)cx(x, t) = lim
x→w+

k

D(x)cx(x, t)
. (5)

Ας θεωρήσουμε τώρα μια ομοιόμορφη διαμέριση σε κάθε ένα απο τα k =
1, . . . , K + 1 κλειστά χωρία Wk = [wk−1, wk] σε Nk υποδιαστήματα μήκους

hk :=
wk − wk−1

Nk
. (6)

οπότε

[a, b] =
N+1⋃

j=1

Ij , Ij = [xj−1, xj] (7)

με
xj = a+ j hj(k) , j = 0, . . . , N + 1 , (8)

όπου

N =
K+1∑

k=1

Nk και hj(k) = hk όταν Ij ⊆ Wk , (9)

για k = 1, . . . , K + 1.
Η μέθοδος DHC (cf. [?], [?], [?]) αναζητά προσεγγίσεις u(x, t) ∼ c(x, t) στη

μορφή

u(x, t) =
N+1∑

j=0

[α2j(t)φ2j(x) + α2j+1(t)φ2j+1(x)] (10)
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κόμβο xj, ορίζονται ως εξής

φ2j(x) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

φ

(
xj − x

hj(k)

)
, x ∈ Ij

φ

(
x− xj

hj+1(k)

)
, x ∈ Ij+1

0 , διαφορετικά

, (11)

και

φ2j+1(x) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

−hj(k)

γj
ψ

(
xj − x

hj(k)

)
, x ∈ Ij

hj+1(k)

γj+1
ψ

(
x− xj

hj+1(k)

)
, x ∈ Ij+1

0 , διαφορετικά

. (12)

Οι συναρτήσεις φ(s) και ψ(s) είναι τα κυβικά πολυώνυμα Hermite ορισμένα στο
[0, 1],

φ(s) = (1− s)2(1 + 2s) , ψ(s) = s(1− s)2. (13)

Στο Σχ. 4 παρακάτω, φαίνονται τα ασυνεχή πολυώνυμα Hermite μεταξύ αρκετών
κόμβων που περιέχουν και ένα σημείο διεπαφής xi = wk.

Μπορεί τώρα να επαληθευθεί ότι,

u(xj, t) = a2j(t), (14)
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ux(xj, t) =

{
a2j+1(t)/γj , if xj ∈ Ij

∧
xj ̸= wk ∀k

a2j+1(t)/γj+1 , if xj ∈ Ij+1

∧
xj ̸= wk ∀k , (15)

οπότε, για οποιοδήποτε xj = wk, ισχύει

lim
x→w−

k

γjux(x, t) = lim
x→w+

k

γj+1ux(x, t) (16)

άρα, οι συνθήκες (30) ικανοποιούνται.
Θεωρώντας τα εσωτερικά σημεία Gauss σε κάθε στοιχείο Ij:

σ2j−1 =
xj−1 + xj

2
− hj

2
√
3
και σ2i =

xj−1 + xj

2
+

hj

2
√
3
. (17)

Αντικαθιστώντας τώρα, την προσεγγιστική λύση (36) στην διαφορική,και παρα-
τηρώντας ότι κάθε Ij είναι στοιχείο με βαθμό ελευθερίας τέσσερα οι elemental
εξισώσεις collocation μπορούν να γραφούν ως

2j+1∑

L=2j−2

α̇L(t)φL(σi) = γj

2j+1∑

L=2j−2

αL(t)φ
′′

L(σi) (18)

για i = 2j − 1 , 2j και φυσικά, α̇L(t) =
d

dt
αL(t) και φ

′′
L(x) =

d

dx
φL(x).

Δουλεύωντας όπως στο [?], οι elemental εξισώσεις του γραμμικού όρου u(m)(x, t)
μπορουν να γραφούν στην εξής μορφή πίνακα:

2j+1∑

L=2j−2

αL(t)φ
(m)
L (σi) = C(m)

j αααj , i = 2j − 1, 2j , (19)

όπου

C(m)
j =

[
A(m)

j B(m)
j

]
, m = 0, 2 (20)

αααj =
[
α2j−2(t) α2j−1(t) α2j(t) α2j+1(t)

]T (21)

με

A(m)
j =

[
φ(m)
2j−2(σ2j−1) φ(m)

2j−1(σ2j−1)

φ(m)
2j−2(σ2j) φ(m)

2j−1(σ2j)

]

=
1

hm
j

[
s(m)
1

hj(k)
γj

s(m)
2

s(m)
3 −hj(k)

γj
s(m)
4

]
, m = 0, 1, 2

(22)
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Σηµεία Gauss 

Αντικατάσταση στην 
διαφορική εξίσωση 
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B(m)
j =

[
φ(m)
2j (σ2j−1) φ(m)

2j+1(σ2j−1)

φ(m)
2j (σ2j) φ(m)

2j+1(σ2j)

]

=
1

hm
j

[
s(m)
3

hj(k)
γj

s(m)
4

s(m)
1 −hj(k)

γj
s(m)
2

]
, m = 0, 1, 2

(23)

και
Το σύνολο των εξισώσεων τελικά, μπορεί να γραφεί στη μορφή πίνακα

C(0)α̇αα = γγγC(2)ααα (24)

όπου οι (2N + 2)× (2N + 2) πίνακες Cm=0,1,2, γγγ ορίζονται απο:

Cm =

⎡

⎢⎢⎢⎢⎢⎢⎣

Ã(m)
1 B(m)

1

A(m)
2 B(m)

2
. . . . . .

A(m)
N B(m)

N

A(m)
N+1 B̃(m)

N+1

⎤

⎥⎥⎥⎥⎥⎥⎦

και
γγγ = diag [γ1 γ2 γ2 · · · γN γN γN+1] ,

Επιπλέον, επιβεβαιώνεται ότι από τις συνοριακές συνθήκες Neumann συνε-
πάγεται ότι

α1(t) = α2N+3(t) = 0 , (25)

και
α̇1(t) = α̇2N+3(t) = 0 . (26)

Τα διανύσμτα Ã(k)
1 και B̃(k)

N+1 είναι τα ανάλογα των A(k)
1 και B(k)

N+1, παραλεόπο-
ντας την δεύτερη στήλη λόγω των συνοριακών συνθηκών.

Τέλος, έχουμε προσεγγίσει την αρχική συνθήκη με δύο διαφορετικές συναρ-
τήσεις. Ειδικότερα,ορίσαμε μια συνάρτηση τύπου Dirac για πολλαπλές αρχικές
πηγές,

f(x) =
k∑

i=1

δ(x− ξi) , ξ ∈ [a, b] , (27)

και μια συνάρτηση που ικανοποιεί τις συνθήκες ασυνέχειας μεταξύ των διαφο-
ρετικών χωρίων,
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και
Το σύνολο των εξισώσεων τελικά, μπορεί να γραφεί στη μορφή πίνακα

C(0)α̇αα = γγγC(2)ααα (24)

όπου οι (2N + 2)× (2N + 2) πίνακες Cm=0,1,2, γγγ ορίζονται απο:
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και
γγγ = diag [γ1 γ2 γ2 · · · γN γN γN+1] ,

Επιπλέον, επιβεβαιώνεται ότι από τις συνοριακές συνθήκες Neumann συνε-
πάγεται ότι

α1(t) = α2N+3(t) = 0 , (25)

και
α̇1(t) = α̇2N+3(t) = 0 . (26)

Τα διανύσμτα Ã(k)
1 και B̃(k)

N+1 είναι τα ανάλογα των A(k)
1 και B(k)

N+1, παραλεόπο-
ντας την δεύτερη στήλη λόγω των συνοριακών συνθηκών.

Τέλος, έχουμε προσεγγίσει την αρχική συνθήκη με δύο διαφορετικές συναρ-
τήσεις. Ειδικότερα,ορίσαμε μια συνάρτηση τύπου Dirac για πολλαπλές αρχικές
πηγές,

f(x) =
k∑

i=1

δ(x− ξi) , ξ ∈ [a, b] , (27)

και μια συνάρτηση που ικανοποιεί τις συνθήκες ασυνέχειας μεταξύ των διαφο-
ρετικών χωρίων,
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και f(x) = 1
η
√
πe

−(x−1)2/η2 , με η = 0.2.

Η ανάπτυξη του καρκινικού όγκου στο χρόνο και για μέγιστο χρόνο tmax = 4 δη-
λαδή πραγματικού χρόνου περίπου ενός έτους δίνεται από το παρακάτω σχήμα
:
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Πρόβλημα 2 (5 περιοχές -2 πηγές)

a = −10, w1 = −6, w2 = −2, , w3 = 2, w4 = 6, b = 10, γ = 0.5

και f(x) = 1
η
√
π (e

−(x+8)2/η2 + e−(x+4)2/η2) , με η = 0.2.

Στο παρακάτω γράφημα παρουσιάζεται η συμπεριφορά της λύσης για το δεύ-
τερο πρόβλημα:
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και

Η τάξη σύγκλισης της collocation μεθόδου (DHC) με ασυνεχή πολυώνυμαHemite
στα σημεία διεπαφής σε συνδυασμό με όλες τις μεθόδους χρονικής διακριτοποί-
ησης, όπως φαίνεται στα σχήματα (1) και (2) διατηρείται τετάρτης τάξεως όπως
και στη συνεχή μέθοδο Collocation.
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διάχυσης των κυττάρων στον ιστό του εγκεφάλου που δίνεται από την σχέση

D̄(x̄) =
{

Dg , x̄ ανήκει στην φαιά ουσία
Dw , x̄ ανήκει στην λευκή ουσία , (5)

με Dg και Dw να είναι σταθερές με Dw > Dg. Το μοντέλο ολοκληρώνεται με zero
flux συνοριακές συνθήκες που υποδηλώνουν τη μη επέκταση των καρκινικών
κυττάρων εκτός της περιοχής του εγκεφάλου, και αρχική συνθήκη c̄(x̄, 0) = f̄(x̄),
όπου f̄(x̄) δείχνει την αρχική χωρική κατανομή των κακοηθών κυττάρων.

Χρησιμοποιώντας τον μετασχηματισμό c(x, t) = etu(x, t) και τις αδιάστατες
μεταβλητές [?],[?] καταλήγουμε στην παρακάτω μορφή του μοντέλου:

⎧
⎪⎪⎨

⎪⎪⎩

ut = (Dux)x, x ∈ [a, b], t ≥ 0
ux(a, t) = 0 and ux(b, t) = 0

u(x, 0) = f(x) :=
M∑
i=1

δ(x− ξi), ξi ∈ (a, b)
, (6)

όπου δ(x) δηλώνει την Dirac delta συνάρτηση.
Λαμβάνοντας υπ΄όψιν την ετερογένεια του εγκεφαλικού ιστού (λευκή - φαιά

ουσία), θεωρούμε ότι το διάστημα [a, b] είναι χωρισμένο σε n+1 περιοχές Rj :=
(wj−1, wj), με a ≡ w0 < w1 < w2 < . . . < wn < wn+1 ≡ b, και εάν, για κάποιο j, η
Rj είναι η λευκή περιοχή, τότε η Rj−1 και Rj+1 θα είναι η φαιά περιοχή. Συνεπώς
η αδιάστατη μορφή του συντελεστή διάχυσης D(x) γίνεται:

D(x) = γj , x ∈ Rj , j = 1, . . . , n+ 1 (7)

με

γj :=

{
Dg/Dw, όταν η Rj είναι η φαιά ουσία

1, when Rj είναι λευκή ουσία . (8)

3 Αποτελέσματα

3.1 Μαθηματικό Μοντέλο σε Ν περιοχές
3.1.1 Μεθοδος Collocation και σχήματα RK

Σε αυτή την ενότητα μελετάμε αριθμητικά την απόδοση της collocation μεθό-
δου (DHC) με ασυνεχή πολυώνυμα Hemite στα σημεία διεπαφής σε συνδυασμό
με τα χρονικά σχήματα (BE), (CN) και (2,3)-DIRK στα ακόλουθα προβλήματα:

Πρόβλημα 1 (4 περιοχές -1 πηγή)

a = −5, w1 = −2.5, w2 = 0, w3 = 2.5, b = 5, γ = 0.5
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Πρόβλημα 2 (5 περιοχές -2 πηγές)

a = −10, w1 = −6, w2 = −2, , w3 = 2, w4 = 6, b = 10, γ = 0.5

και f(x) = 1
η
√
π (e

−(x+8)2/η2 + e−(x+4)2/η2) , με η = 0.2.

Στο παρακάτω γράφημα παρουσιάζεται η συμπεριφορά της λύσης για το δεύ-
τερο πρόβλημα:
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Η τάξη σύγκλισης της collocation μεθόδου (DHC) με ασυνεχή πολυώνυμαHemite
στα σημεία διεπαφής σε συνδυασμό με όλες τις μεθόδους χρονικής διακριτοποί-
ησης, όπως φαίνεται στα σχήματα (1) και (2) διατηρείται τετάρτης τάξεως όπως
και στη συνεχή μέθοδο Collocation.
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Μη	γραμμικές	Εξισώσεις	Collocation	
Γενικός	μη	γραμμικός	πολυωνυμικός	όρος	

Λήµµα. Οι elemental εξισώσεις Collocation για κάθε µη γραµµικό όρο της µορφής   

Fig. 2 above, depicts the derivative-discontinuous Hermite
basis across several nodes that also include the interface point
x
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It can be, now, readily verified that

u(x
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, t) = a2j(t), (14)
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hence, the compatibility conditions (5) are satisfied.
For the evaluation of the unknown parameters ↵

i

⌘
↵

i

(t) , i = 0, . . . , 2(N +1) the Collocation method produces
a system of ordinary differential equations (ODEs) by forcing
the approximate solution u(x, t) to vanish at 2N + 2 interior
collocation points and at 2 boundary collocation points.

Collocation at the Gauss points (cf. [9]) adopts the two
roots of the Legendre polynomial of degree 2 in each element
I

j

, j = 1, . . . , N + 1 to produce the needed interior
collocation points. Namely, the interior Gaussian collocation
points for each element I
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are given by
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Substituting, now, u(x, t) of (10) into the PDE of (1), observ-
ing that each I

j

is an element of four degrees of freedom and
noticing that in the interior of each I

j

there are no interface
points, the two elemental collocation equations are written as
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for i = 2j � 1 , 2j and where, of course, ↵̇
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Working as in [6], the elemental equations of the linear term
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Furthermore, to express the general nonlinear term in matrix
form we prove:

Lemma 1. The Collocation elemental equations of a non-
linear term of the form
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hence, the compatibility conditions (5) are satisfied.
For the evaluation of the unknown parameters ↵
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a system of ordinary differential equations (ODEs) by forcing
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Collocation at the Gauss points (cf. [9]) adopts the two
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Substituting, now, u(x, t) of (10) into the PDE of (1), observ-
ing that each I

j

is an element of four degrees of freedom and
noticing that in the interior of each I

j

there are no interface
points, the two elemental collocation equations are written as
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Furthermore, to express the general nonlinear term in matrix
form we prove:

Lemma 1. The Collocation elemental equations of a non-
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IE Athanasakis , EP Papadopoulou and YG Saridakis
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E-mail: yiannis@science.tuc.gr

Abstract. Fisher’s equation has been widely used to model the biological invasion of single-
species communities in homogeneous one dimensional habitats. In this study we develop high
order numerical methods to accurately capture the spatiotemporal dynamics of the generalized
Fisher equation, a nonlinear reaction-di↵usion equation characterized by density dependent
non-linear di↵usion. Working towards this direction we consider strong stability preserving
Runge-Kutta (RK) temporal discretization schemes coupled with the Hermite cubic Collocation
(HC) spatial discretization method. We investigate their convergence and stability properties
to reveal e�cient HC-RK pairs for the numerical treatment of the generalized Fisher equation.
The Hadamard product is used to characterize the collocation discretized non linear equation
terms as a first step for the treatment of generalized systems of relevant equations. Numerical
experimentation is included to demonstrate the performance of the methods.

1. Introduction
One way to incorporate density-dependent species motility, such as small scale migrations,
to the Fisher-Kolmogorov ([3], [4]) classical biological invasion model, is by replacing the
constant di↵usion coe�cient D by a density-dependent D(u) one (cf. [6], [7], [8] and the
references therein). Assuming that the di↵usivity depends linearly on density (cf. [9]), namely
D(u) = �0u+ �1, the generalized Fisher’s equation takes the form:

u
t

= [(�0u+ �1)ux]
x

+ �2u� �3u
2 (1)

where u ⌘ u(x, t), x 2 [a, b], t 2 [0, T ] and �
i

2 R, for i = 0, 1, 2, 3, with �2�3 > 0, while
Neumann boundary conditions u

x

(a, t) = 0 and u
x

(b, t) = 0 are imposed at the boundaries and
an initial density distribution u(x, 0) = f(x) is assumed. As exact solutions have been recently
derived (cf. [9]), equation (1) can play the role of a model problem for investigating the behavior
of numerical techniques.

Working towards the development of high order numerical schemes, in Section 2 we implement
the Hermite Collocation (HC) method to discretize in space and we use the Hadamard product
to characterize the non linear equation terms. In Section 3, explicit (to avoid solving nonlinear
systems) Strong Stability Preserving (SSP) Runge-Kutta time discretization schemes are coupled
with the HC method. Their e�ciency, convergence and ability to maintain strong stability are
investigated in Section 4 through several numerical experimentations.
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(HC) spatial discretization method. We investigate their convergence and stability properties
to reveal e�cient HC-RK pairs for the numerical treatment of the generalized Fisher equation.
The Hadamard product is used to characterize the collocation discretized non linear equation
terms as a first step for the treatment of generalized systems of relevant equations. Numerical
experimentation is included to demonstrate the performance of the methods.

1. Introduction
One way to incorporate density-dependent species motility, such as small scale migrations,
to the Fisher-Kolmogorov ([3], [4]) classical biological invasion model, is by replacing the
constant di↵usion coe�cient D by a density-dependent D(u) one (cf. [6], [7], [8] and the
references therein). Assuming that the di↵usivity depends linearly on density (cf. [9]), namely
D(u) = �0u+ �1, the generalized Fisher’s equation takes the form:

u
t

= [(�0u+ �1)ux]
x

+ �2u� �3u
2 (1)

where u ⌘ u(x, t), x 2 [a, b], t 2 [0, T ] and �
i

2 R, for i = 0, 1, 2, 3, with �2�3 > 0, while
Neumann boundary conditions u

x

(a, t) = 0 and u
x

(b, t) = 0 are imposed at the boundaries and
an initial density distribution u(x, 0) = f(x) is assumed. As exact solutions have been recently
derived (cf. [9]), equation (1) can play the role of a model problem for investigating the behavior
of numerical techniques.

Working towards the development of high order numerical schemes, in Section 2 we implement
the Hermite Collocation (HC) method to discretize in space and we use the Hadamard product
to characterize the non linear equation terms. In Section 3, explicit (to avoid solving nonlinear
systems) Strong Stability Preserving (SSP) Runge-Kutta time discretization schemes are coupled
with the HC method. Their e�ciency, convergence and ability to maintain strong stability are
investigated in Section 4 through several numerical experimentations.

1

Η γενικευµένη εξίσωση Fisher είναι µια µη γραµµική διαφορική, παραβολικού τύπου, η 
οποία χαρακτηρίζεται απο έναν πυκνοεξαρτώµενο γραµµικό Συντελεστή Διάχυσης και 
περιγράφει κυρίως φαινόµενα Βιολογικής Εισβολής Πληθυσµών.  
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⌘ d↵i
dt

and

Assuming that ~�
j
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�2j�1

�2j
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, the term d

k

dx

kU(x, t)
��
x=~�j =

2j+2P
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i

(~�
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) may be written

in the matrix form:
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tively, then easily implied the elemental collocation equations,
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In the above equations the symbol � denotes the Hadamard matrix product defined by,

~x�~y =


x1
x2

�
�

y1
y2

�
=


x1y1
x2y2

�
, x1,2, y1,2 2 R. To justify the usage of the Hadamard product

let us consider a general nonlinear term of the form d

m

x

mU(x, t) d
n

x

nU(x, t) where m,n 2 {0, 1, 2}.
Assuming that each linear term can be written as Eq.(2) implies that d
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eral nonlinear term,
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Furthermore, the additional two needed equations are obtained by forcing the approximate
solution U(x, t), to satisfy the boundary conditions. Considering that U

x

(a, t) = a2 and
U
x

(b, t) = a2N+2, this directly implies that

↵2 = 0 , ↵2N+2 = 0 hence also ↵̇2 = 0 , ↵̇2N+2 = 0

Careful assembling now all the interior and boundary collocation equations, described above,
we obtain C(k) 2 R2N⇥2N , k = 0, 1, 2 the one dimensional Collocation matrix corresponding to
the k-th derivative,

C(k) =

2

666664

Ã1 B1

A2 B2
. . .

. . .
A

N�1 B
N�1

A
N

B̃
N

3

777775
,

with the 2⇥ 2 matrices A
j

, B
j

defined by,

[A
j

B
j

] = C(k)
j

. The tilde analogues of these
matrices are obtained by omitting their
second column.

Finally we conclude to the ODE system:

ȧ = C(a) (7)

C(a) := C(0)�1 ⇥
�0

�
C(1)a � C(1)a+ C(0)a � C(2)a

�
+ �1C(2)a+ �2C(0)a� �3C(0)a � C(0)a

⇤

where, a ⌘ a(t) = [↵1 ↵3 . . . ↵2N+1]
T denotes the vector of unknowns and ȧ := d

dt

a =

[↵̇1 ↵̇3 . . . ↵̇2N+1]
T . We note that the linear independence of the Hermite cubic basic functions

implies the non-singularity of the matrix C(0).

3. Strong Stability Preserving Runge-Kutta Time Discretization Schemes
High order strong stability preserving (SSP) Runge-Kutta methods were developed (cf. [12],
[13], [14]) for the time discretization of the semi-discrete system of ODEs obtained from the
spatial discretization of PDEs by a Total Variation Diminishing (TVD) finite di↵erence or finite
element method. In this work, we used explicit SSPRK schemes, in order to avoid the solution
of the Jacobian matrix in each time step. The essence of the SSP class of time discretization
methods lies on their ability to maintain strong stability in any given norm || · ||, that is to say

||an+1||  ||an|| , an := a(tn) with tn := n�t , n = 0, 1, . . . (8)

assuming that forward Euler is strongly stable and providing suitable restrictions of the time
stepping, while fully preserving the order of the error of the spatial discretization.

General m stage and order p SSP schemes are denoted by SSP(m,p) or SSPRK(m,p). In this
work we consider two optimal (cf. [15], [16]) SSP(3,3) and SSP(4,3) schemes for the solution of
the semi-discrete ODE system in (7). They can be written in the form:

SSP (4, 3) SSP (3, 3)

a(1) = an + 1
2�tC(an) a(1) = an +�tC(an)

a(2) = a(1) + 1
2�tC(a(1)) a(2) = 3

4a
n + 1
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(1) + 1
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6�tC(a(2)) an+1 = 1
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(2) + 2
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2�tC(a(3))
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dt

a =

[↵̇1 ↵̇3 . . . ↵̇2N+1]
T . We note that the linear independence of the Hermite cubic basic functions

implies the non-singularity of the matrix C(0).

3. Strong Stability Preserving Runge-Kutta Time Discretization Schemes
High order strong stability preserving (SSP) Runge-Kutta methods were developed (cf. [12],
[13], [14]) for the time discretization of the semi-discrete system of ODEs obtained from the
spatial discretization of PDEs by a Total Variation Diminishing (TVD) finite di↵erence or finite
element method. In this work, we used explicit SSPRK schemes, in order to avoid the solution
of the Jacobian matrix in each time step. The essence of the SSP class of time discretization
methods lies on their ability to maintain strong stability in any given norm || · ||, that is to say

||an+1||  ||an|| , an := a(tn) with tn := n�t , n = 0, 1, . . . (8)

assuming that forward Euler is strongly stable and providing suitable restrictions of the time
stepping, while fully preserving the order of the error of the spatial discretization.

General m stage and order p SSP schemes are denoted by SSP(m,p) or SSPRK(m,p). In this
work we consider two optimal (cf. [15], [16]) SSP(3,3) and SSP(4,3) schemes for the solution of
the semi-discrete ODE system in (7). They can be written in the form:

SSP (4, 3) SSP (3, 3)

a(1) = an + 1
2�tC(an) a(1) = an +�tC(an)

a(2) = a(1) + 1
2�tC(a(1)) a(2) = 3

4a
n + 1

4a
(1) + 1

4�tC(a(1))
a(3) = 2

3a
n + 1

3a
(2) + 1

6�tC(a(2)) an+1 = 1
3a

n + 2
3a

(2) + 2
3�tC(a(2))

an+1 = a(3) + 1
2�tC(a(3))

4



22/11/15	Ασυνεχείς/Υβριδικές	Μέθοδοι	Colloca=on	

22	

Μη	γραμμικές	Εξισώσεις	Collocation	
Γενικευμένη	μη	γραμμική	εξίσωση	Fisher:	Αριθμητικά	Αποτελέσματα	

5

Once parameter a0 has been determined, we can compute the solutions at the required time
steps of the above equations. The initial vector a0 is obtained from the initial condition and
boundary values of Eq. (1). Considering also equations,

U(x
j

) = a2j�1 , h d

dx

U(x
j

) = a2j

U(x
j+1) = a2j+1 , h d

dx

U(x
j+1) = a2j+2

for every j = 1, . . . , N , implies that a0 can be determined by solving a (2N) ⇥ (2N) system of
the form C(0)a0 = b, where b is the discrete array of f(x) at the two interior Gauss points of
each element.
We note that the classical RK4 is also considered and used in our experiments for comparison
purposes.

4. Numerical Results
Model Problem I

The first model problem used to investigate the performance of the HC-RK methods is given by

u
t

= [(1� u)u
x

]
x

+ 2u� 2u2 , � 5⇡/2  x  5⇡/2, 0  t  T

u
x

(
�5⇡

2
, t) = 0, u

x

(
5⇡

2
, t) = 0 , u(x, 0) =

1

3
[2 + sin (�x)] (9)

and admits the analytical solution u(x, t) = 1
3

h
e

�t(3e2t+1+2 sin (�x))
e

t+e

�t

i
. The spatial absolute error

used in all experiments is defined as En := ||U(x, tn)�u(x, tn)||2 and the necessary time stepping
restrictions imposed are �t  1

5h
2 for SSP(4,3), �t  1

10h
2 for SSP(3,3) and �t  1

9h
2 for RK4.

Under these restrictions all time discretization schemes were strongly stable, as it is depicted in
Figure 3b for SSP(4,3) while, at the same time, the O(h4) order of convergence of the HC method
is preserved (see Table I). The maximum E1 = max

n

{En} error norm and the computational time
needed to reach the time level t = 1 are also included in Table I to demonstrate the e�ciency
of the methods.
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Figure 2. Exact (solid) and HC-SSPRK(4,3) approximate (point) solutions for N = 64
Numerical results and the well known theory of SSP Runge-Kutta schemes are in good

agreement. As it was expected, SSPRK(4,3) has a better ratio of �t and h2 than the other
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  N=32
  N=64
  N=128
  N=256
  N=512

6

TABLE I Computational Performance of HC-RK schemes
Spatial Absolute Error at t = �t Spatial Order of Convergence Time (sec)

N SSP(4,3) SSP(3,3) RK4 SSP(4,3) SSP(3,3) RK4 SSP(4,3) SSP(3,3) RK4
32 1.53e-04 1.56e-04 1.54e-04 - - - 0.01 0.03 0.02
64 9.85e-06 9.89e-06 9.87e-06 3.95 3.98 3.97 0.05 0.05 0.06
128 6.20e-07 6.20e-07 6.20e-07 3.99 3.99 3.99 0.14 0.20 0.29
256 3.88e-08 3.89e-08 3.88e-08 4.00 4.00 3.99 0.72 1.07 1.42
512 2.56e-09 2.56e-09 2.55e-09 3.93 3.93 3.92 4.28 6.48 7.87

two methods. Because of this particularity, SSPRK(4,3) is faster than SSP(3,3) even though
has an extra equation for each time step (Table I & Figure 3a). Generally, we conclude that
SSP Runge-Kutta schemes are e�cient time discretization schemes for non linear ODEs/System
of ODES with su�ciently smooth solution because of the low computational cost per time step
and their good stability properties.
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Figure 3. (a) Time comparison in seconds between SSPRK(4,3)-(3,3) & RK4.
(b) Spatial absolute error as a function of time for the HC-SSPRK(4,3)

Model Problem II

The second model problem used to investigate the performance of the HC-RK methods is given
by

u
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+
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(10)

and admits the analytical solution u(x, t) = 1
2 � 1

3

�
1 + sin x

2

� ⇣
1 + e

t
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⌘�1
.

The necessary time stepping restrictions imposed are �t = 1
5h

2 for SSPRK(4,3), �t = 1
10h

2

for SSPRK(3,3) and �t = 1
9h

2 for RK4. Under these restrictions, both stability properties
and optimal order of convergence is preserved for HC and for each time discretization scheme.
Time step’s dependence of h2 implied the highly increased computational cost for this problem
(consider that for problem II h = 2⇡/N , while for problem I h = 5⇡/N).
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SSP Runge-Kutta schemes are e�cient time discretization schemes for non linear ODEs/System
of ODES with su�ciently smooth solution because of the low computational cost per time step
and their good stability properties.
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Figure 4. (a) Exact solution and (b) contour for Equation (10)

TABLE II Computational Performance of HC-RK schemes
Spatial Absolute Error at t = �t Spatial Order of Convergence Time (sec)

N SSP(4,3) SSP(3,3) RK4 SSP(4,3) SSP(3,3) RK4 SSP(4,3) SSP(3,3) RK4
32 1.27e-07 1.27e-07 1.27e-07 - - - 0.18 0.27 0.31
64 7.94e-09 7.94e-09 7.94e-09 3.99 3.99 3.99 0.72 1.10 1.31
128 4.96e-10 4.96e-10 4.96e-10 3.99 3.99 3.99 3.33 5.06 5.95
256 3.10e-11 3.10e-11 3.10e-11 3.99 3.99 3.99 26.23 19.52 30.81
512 1.94e-12 1.94e-12 1.94e-12 3.99 4.00 4.00 99.69 151.78 175.80

TABLE II Computational Performance of HC-RK schemes
Spatial Relative Error at t = �t Spatial Order of Convergence Time (sec)

N SSP(4,3) SSP(3,3) RK4 SSP(4,3) SSP(3,3) RK4 SSP(4,3) SSP(3,3) RK4
64 8.20e-03 8.20e-03 8.20e-03 - - - 0.21 0.26 0.31
128 3.00e-03 3.00e-03 3.00e-03 1.45 1.45 1.45 0.96 1.20 1.41
256 1.11e-06 7.87e-06 8.58e-06 8.06 8.57 8.44 4.84 6.07 7.11
512 6.72e-07 6.13e-07 6.19e-07 4.05 3.68 3.79 27.44 34.6 40.31

The function of spatial absolute error of this equation, as it depicted in Fig. 5, enhance
our remark in problem I that HC coupled with a Strong Stability time discretization scheme
produces a high order stable method for nonlinear parabolic equations (such a remark can be
steady under the assumption that the solution is su�ciently smooth).

Model Problem III

The third model problem used to investigate the performance of the HC-RK methods is given
by

u
t

= u� 2u2 + u
xx

, � 10  x  10, 0  t  T

u
x

(�10, t) = f(�10) , u
x

(10, t) = f(10) (11)
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e

5
3 t+

q
2
3x

p
6(e
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1p
6
x

+ 1)3
, u(x, 0) = �1

8

"
sech2

p
6

12
x� 2tanh

p
6

12
x� 2

#

Eq. (11) belongs to the family of Classical Fisher’s equations, where the di↵usion coe�cient is
a scalar. An exact solution for this type of equations is given in [2]

7
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τότε η γενικεύμενη εξίσωση KPP θα πάρει τη μορφή:

ut = L[u] := [(λ1u+ λ0)ux]x +
M∑

k=1

λk+1u
k (1)

όπου u ≡ u(x, t) και λi ∈ R για κάθε i = 0, . . . ,M . Θεωρούμε επίσης αρχική
συνθήκη u(x, 0) = f(x) και μηδενικές συνοριακές συνθήκες Neumann στα άκρα,

ux(a, t) = 0 , ux(b, t) = 0

Αν θεωρήσουμε ότι η εξίσωση έχει επαρκώς ομαλες λύσεις και μια ομοιόμορφη
διαμέριση του [a, b] σε N υποδιαστήματα με h = (b − a)/N και κόμβους xj :=
a+ jh , j = 1, . . . , N +1 τότε η μέθοδος Hermite Collocation αναζητά λύσεις της
μορφής:

U(x, t) =
N+1∑

j=1

[α2j−1(t)φ2j−1(x) + α2j(t)φ2j(x)]

όπου φ2j−1(x) , φ2j(x) είναι τα πολυώνυμα Hermite κεντραρισμένα στον κόμβο
xj (βλ. Τεχνική έκθεση 4.2 Έτος 2013 Εξισώσεις Fisher). Όπως γνωρίζουμε, σε
κάθε element Ij = [xj−1, xj] είναι ζωντανές μόνο 4 συναρτήσεις βάσης, οπότε
λέμε ότι κάθε element θα έχει βαθμό ελευθερίας 4. Οπότε, για x̄ ∈ Ij, μια άμεση
συνέπεια θα είναι

U(x̄, t) =
2j+2∑

ℓ=2j−1

αℓ(t)φℓ(x̄) (2)

καθώς και η γνωστή ιδιότητα των πολυωνύμων Hermite

α2j−1(t) = U(x2j−1, t) , α2j(t) = Ux(x2j, t)

αντικαθιστώντας την σχέση ((2)) για τα εσωτερικά σημείαGauus του κάθε element
στην εξίσωση ((1)), θα έχουμε:

2j+2∑

ℓ=2j−1

α̇ℓ(t)φℓ(σ̄i) =

(
λ0 + λ1

2j+2∑

ℓ=2j−1

αℓ(t)φℓ(σ̄i)

)
·

2j+2∑

ℓ=2j−1

αℓ(t)φ
′′

ℓ (σ̄i) + (3)

+ λ1

(
2j+2∑

ℓ=2j−1

αℓ(t)φ
′

ℓ(σ̄i)

)2

+
M∑

k=1

λk+1

(
2j+2∑

ℓ=2j−1

αℓ(t)φℓ(σ̄i)

)k

όπου αℓ(t) =
d

dt
αℓ(t) και φℓ(x) =

d

dx
φℓ(x).

Με τον συμβολισμό που έχουμε ήδη αναπτύξει τα προηγούμενα χρόνια η
παραπάνω εξίσωση μπορεί να γραφεί με την μορφή των elemental πινάκων:

C(0)
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(2)
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)◦k
(4)
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3 Αποτελέσματα

3.1 Γενικευμένες μη γραμμικές εξισώσεις Kolmogorov-Petrovskii-
Piskunov

3.1.1 Πρόβλημα Ι

Το πρώτο πρόβλημα που χρησιμοποιήσαμε για να ελέγξουμε την συμπερι-
φορά της μεθόδου HC-RK περιγράφεται απο την εξίσωση:
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1
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IV. NUMERICAL RESULTS

Several different model problems are used in this section
for the assessment of the HC-SSPRK schemes. The spatial
absolute error

E
n

:= ||U(x, t
n

)� u(x, t
n

)||2
is used in all experiments to measure the accuracy of the
numerical approximations in each time step t = t

n

, while
their infinity norm over all time steps

E1 = max

n

{E
n

}

is adapted to evaluate the overall accuracy of the numerical
space-time integration. The order of convergence (O.o.C) of
the Collocation method, as well as the computational time
needed to reach time level t = 2, are also used to demonstrate
the preservation of the expected accuracy and the efficiency
of the methods.

Model Problem I
The first model problem, used to investigate the perfor-

mance of the HC-RK methods, is described by
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and admits the exact solution (cf. [6])
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Fig. 1: Plot of the exact/numerical solution

The results obtained from all experiments for this model
problem, are reported my means of Table I and Figure 2 that
follow.

TABLE I Computational Performance of HC-RK schemes
Error Norm Collocation’s Time (sec) needed

E1 O.o.C. to reach t = 2

h SSP(4,3)/(3,3) SSP(4,3)/(3,3) SSP(4,3) SSP(3,3)
1/4 2.91e-07 - 0.07 0.21
1/8 1.97e-08 3.88 0.26 0.76

1/16 1.28e-09 3.94 1.19 3.37
1/32 8.01e-11 3.99 5.22 15.74
1/64 5.05e-12 3.98 28.38 88.38
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Fig. 2: Time comparison in seconds between SSPRK(4,3)-
(3,3) and RK4.

The CFL conditions, imposed on time stepping, are numer-
ically found to satisfy

�t  1

5

h2 for SSPRK(4,3)

�t  1

10

h2 for SSPRK(3,3)

and, apparently, favor the SSPRK(4,3) scheme. Under these
restrictions both time discretization schemes remain strongly
stable, as it is depicted in Figure 3 for SSPRK(4,3), and at

Time t in seconds
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

A
b
so

lu
te

S
p
at

ia
l
E
rr

or
E n

10-12

10-11

10-10

10-9

10-8

10-7

10-6

h = 1=4

h = 1=8

h = 1=16

h = 1=32

h = 1=64

Fig. 3: Spatial absolute error as a function of time for the
HC-SSPRK(4,3)

the same time, produce identical high accuracy error results
while preserving the O(h4

) order of convergence of the HC

Σχήμα 3: Η αριθμητική λύση του Προβλήματος Ι.

Τα αποτελέσματα παρουσιάζονται στον παρκάτω πίνακα καθώς και στα Σχ
((3.1.1),(3.1.1))

Με αριθμητικά πειράματα βρήκαμε την συνθήκη CFL των SSP να είναι:

∆t ≤ 1

5
h2 για την SSPRK(4,3) και ∆t ≤ 1

10
h2 για την SSPRK(3,3)
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IV. NUMERICAL RESULTS
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is adapted to evaluate the overall accuracy of the numerical
space-time integration. The order of convergence (O.o.C) of
the Collocation method, as well as the computational time
needed to reach time level t = 2, are also used to demonstrate
the preservation of the expected accuracy and the efficiency
of the methods.
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The results obtained from all experiments for this model
problem, are reported my means of Table I and Figure 2 that
follow.

TABLE I Computational Performance of HC-RK schemes
Error Norm Collocation’s Time (sec) needed

E1 O.o.C. to reach t = 2

h SSP(4,3)/(3,3) SSP(4,3)/(3,3) SSP(4,3) SSP(3,3)
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1/8 1.97e-08 3.88 0.26 0.76
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Elements N
0 50 100 150 200 250 300 350 400 450

T
im

e
t
in

se
co

n
d
s

0

10

20

30

40

50

60

70

80

90

SSP(4,3)

SSP(3,3)

Fig. 2: Time comparison in seconds between SSPRK(4,3)-
(3,3) and RK4.

The CFL conditions, imposed on time stepping, are numer-
ically found to satisfy

�t  1

5

h2 for SSPRK(4,3)

�t  1

10

h2 for SSPRK(3,3)

and, apparently, favor the SSPRK(4,3) scheme. Under these
restrictions both time discretization schemes remain strongly
stable, as it is depicted in Figure 3 for SSPRK(4,3), and at
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IV. NUMERICAL RESULTS

Several different model problems are used in this section
for the assessment of the HC-SSPRK schemes. The spatial
absolute error
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is adapted to evaluate the overall accuracy of the numerical
space-time integration. The order of convergence (O.o.C) of
the Collocation method, as well as the computational time
needed to reach time level t = 2, are also used to demonstrate
the preservation of the expected accuracy and the efficiency
of the methods.
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Fig. 1: Plot of the exact/numerical solution

The results obtained from all experiments for this model
problem, are reported my means of Table I and Figure 2 that
follow.

TABLE I Computational Performance of HC-RK schemes
Error Norm Collocation’s Time (sec) needed

E1 O.o.C. to reach t = 2

h SSP(4,3)/(3,3) SSP(4,3)/(3,3) SSP(4,3) SSP(3,3)
1/4 2.91e-07 - 0.07 0.21
1/8 1.97e-08 3.88 0.26 0.76

1/16 1.28e-09 3.94 1.19 3.37
1/32 8.01e-11 3.99 5.22 15.74
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and, apparently, favor the SSPRK(4,3) scheme. Under these
restrictions both time discretization schemes remain strongly
stable, as it is depicted in Figure 3 for SSPRK(4,3), and at
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the same time, produce identical high accuracy error results
while preserving the O(h4

) order of convergence of the HC
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IV. NUMERICAL RESULTS

Several different model problems are used in this section
for the assessment of the HC-SSPRK schemes. The spatial
absolute error

E
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:= ||U(x, t
n

)� u(x, t
n

)||2
is used in all experiments to measure the accuracy of the
numerical approximations in each time step t = t

n

, while
their infinity norm over all time steps

E1 = max

n

{E
n

}

is adapted to evaluate the overall accuracy of the numerical
space-time integration. The order of convergence (O.o.C) of
the Collocation method, as well as the computational time
needed to reach time level t = 2, are also used to demonstrate
the preservation of the expected accuracy and the efficiency
of the methods.
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Fig. 1: Plot of the exact/numerical solution

The results obtained from all experiments for this model
problem, are reported my means of Table I and Figure 2 that
follow.

TABLE I Computational Performance of HC-RK schemes
Error Norm Collocation’s Time (sec) needed

E1 O.o.C. to reach t = 2

h SSP(4,3)/(3,3) SSP(4,3)/(3,3) SSP(4,3) SSP(3,3)
1/4 2.91e-07 - 0.07 0.21
1/8 1.97e-08 3.88 0.26 0.76

1/16 1.28e-09 3.94 1.19 3.37
1/32 8.01e-11 3.99 5.22 15.74
1/64 5.05e-12 3.98 28.38 88.38
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and, apparently, favor the SSPRK(4,3) scheme. Under these
restrictions both time discretization schemes remain strongly
stable, as it is depicted in Figure 3 for SSPRK(4,3), and at
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the same time, produce identical high accuracy error results
while preserving the O(h4

) order of convergence of the HC
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Several different model problems are used in this section
for the assessment of the HC-SSPRK schemes. The spatial
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is used in all experiments to measure the accuracy of the
numerical approximations in each time step t = t
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is adapted to evaluate the overall accuracy of the numerical
space-time integration. The order of convergence (O.o.C) of
the Collocation method, as well as the computational time
needed to reach time level t = 2, are also used to demonstrate
the preservation of the expected accuracy and the efficiency
of the methods.
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The results obtained from all experiments for this model
problem, are reported my means of Table I and Figure 2 that
follow.

TABLE I Computational Performance of HC-RK schemes
Error Norm Collocation’s Time (sec) needed

E1 O.o.C. to reach t = 2

h SSP(4,3)/(3,3) SSP(4,3)/(3,3) SSP(4,3) SSP(3,3)
1/4 2.91e-07 - 0.07 0.21
1/8 1.97e-08 3.88 0.26 0.76

1/16 1.28e-09 3.94 1.19 3.37
1/32 8.01e-11 3.99 5.22 15.74
1/64 5.05e-12 3.98 28.38 88.38

Elements N
0 50 100 150 200 250 300 350 400 450

T
im

e
t
in

se
co

n
d
s

0

10

20

30

40

50

60

70

80

90

SSP(4,3)

SSP(3,3)

Fig. 2: Time comparison in seconds between SSPRK(4,3)-
(3,3) and RK4.

The CFL conditions, imposed on time stepping, are numer-
ically found to satisfy

�t  1

5

h2 for SSPRK(4,3)

�t  1

10

h2 for SSPRK(3,3)

and, apparently, favor the SSPRK(4,3) scheme. Under these
restrictions both time discretization schemes remain strongly
stable, as it is depicted in Figure 3 for SSPRK(4,3), and at
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the same time, produce identical high accuracy error results
while preserving the O(h4

) order of convergence of the HC

Σχήμα 4: Η χρονική σύγκριση των SSPRK.

3.1.2 Πρόβλημα ΙΙ

Το πρώτο πρόβλημα που χρησιμοποιήσαμε για να ελέγξουμε την συμπερι-
φορά της μεθόδου HC-RK περιγράφεται απο την εξίσωση:
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IV. NUMERICAL RESULTS

Several different model problems are used in this section
for the assessment of the HC-SSPRK schemes. The spatial
absolute error
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is used in all experiments to measure the accuracy of the
numerical approximations in each time step t = t

n

, while
their infinity norm over all time steps
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is adapted to evaluate the overall accuracy of the numerical
space-time integration. The order of convergence (O.o.C) of
the Collocation method, as well as the computational time
needed to reach time level t = 2, are also used to demonstrate
the preservation of the expected accuracy and the efficiency
of the methods.
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The first model problem, used to investigate the perfor-
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The results obtained from all experiments for this model
problem, are reported my means of Table I and Figure 2 that
follow.

TABLE I Computational Performance of HC-RK schemes
Error Norm Collocation’s Time (sec) needed

E1 O.o.C. to reach t = 2

h SSP(4,3)/(3,3) SSP(4,3)/(3,3) SSP(4,3) SSP(3,3)
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1/32 8.01e-11 3.99 5.22 15.74
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IV. NUMERICAL RESULTS

Several different model problems are used in this section
for the assessment of the HC-SSPRK schemes. The spatial
absolute error
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is used in all experiments to measure the accuracy of the
numerical approximations in each time step t = t
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, while
their infinity norm over all time steps
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is adapted to evaluate the overall accuracy of the numerical
space-time integration. The order of convergence (O.o.C) of
the Collocation method, as well as the computational time
needed to reach time level t = 2, are also used to demonstrate
the preservation of the expected accuracy and the efficiency
of the methods.
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Fig. 1: Plot of the exact/numerical solution

The results obtained from all experiments for this model
problem, are reported my means of Table I and Figure 2 that
follow.

TABLE I Computational Performance of HC-RK schemes
Error Norm Collocation’s Time (sec) needed

E1 O.o.C. to reach t = 2

h SSP(4,3)/(3,3) SSP(4,3)/(3,3) SSP(4,3) SSP(3,3)
1/4 2.91e-07 - 0.07 0.21
1/8 1.97e-08 3.88 0.26 0.76

1/16 1.28e-09 3.94 1.19 3.37
1/32 8.01e-11 3.99 5.22 15.74
1/64 5.05e-12 3.98 28.38 88.38
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and, apparently, favor the SSPRK(4,3) scheme. Under these
restrictions both time discretization schemes remain strongly
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the same time, produce identical high accuracy error results
while preserving the O(h4

) order of convergence of the HC

Σχήμα 5: Η χρονική σύγκριση των SSPRK.

που έχει αναλυτική λύση την

u(x, t) = 1 + (23/2 − 1)e−
3
2σ1(10x+2λt))−2/3

με σ1 = λ−
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λ2 − 1
4 και λ = 7

√
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16
√
5
.

method (see Table I). However, due to the CFL condition,
the SSPRK(4,3) outperforms HC-SSRK(3,3) (see Table I and
Figure 2) method despite the fact that it needs the calculation
of an extra stage.
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mance of the HC-RK methods, is described by

u
t

=

1
100uxx

+

1
4u

�
1� u3

�

u
x

(�10, t) = 0, u
x

(5, t) = 0

u(x, 0) = 1 + (2

3/2 � 1)e(�15�1x)
�2/3

and admits the exact solution (cf. [11])

u(x, t) = 1 + (2

3/2 � 1)e(�
3
2�1(10x+2�1t))

�2/3

where �1 = ��
q

�2 � 1
4 and � =

7
p
2

16
p
5

.

2
1.5

t

1
0.5

0-10

-5

x

0

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

5

u
�x

;t
�

Fig. 4: Plot of the exact/numerical solution

The results obtained from all experiments for this model
problem, are reported my means of Table II and Figure 5
that follow.

TABLE I Computational Performance of HC-RK schemes
Error Norm Collocation’s Time (sec) needed

E1 O.o.C. to reach t = 2

h SSP(4,3)/(3,3) SSP(4,3)/(3,3) SSP(4,3) SSP(3,3)
1/4 2.17e-04 - 0.10 0.17
1/8 1.42e-05 3.93 0.51 0.83

1/16 8.84e-07 4.00 2.85 4.57
1/32 5.52e-08 4.00 18.60 29.48
1/64 3.45e-09 4.00 134.71 208.29

The CFL conditions, imposed on time stepping, are numer-
ically found to satisfy

�t  1

8

h2 for SSPRK(4,3)

�t  1

16

h2 for SSPRK(3,3)

and, apparently, favor the SSPRK(4,3) scheme. Under these
restrictions both time discretization schemes remain stable,
as it is depicted in Figure 6 for SSPRK(4,3), and at the
same time, produce identical high accuracy error results
while preserving the O(h4

) order of convergence of the HC
method (see Table II). However, due to the CFL condition,
the SSPRK(4,3) outperforms HC-SSRK(3,3) (see Table II
and Figure 5) method despite the fact that it needs the
calculation of an extra stage.
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Model Problem III

The third model problem, used to investigate the perfor-
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Σχήμα 6: Η αριθμητική λύση του Προβλήματος IΙ.

Τα αποτελέσματα παρουσιάζονται στον παρκάτω πίνακα καθώς και στα Σχ
((3.1.2),(3.1.2))

Με αριθμητικά πειράματα βρήκαμε την συνθήκη CFL των SSP να είναι:

∆t ≤ 1

5
h2 για την SSPRK(4,3) και ∆t ≤ 1

10
h2 για την SSPRK(3,3)
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IV. NUMERICAL RESULTS

Several different model problems are used in this section
for the assessment of the HC-SSPRK schemes. The spatial
absolute error

E
n

:= ||U(x, t
n

)� u(x, t
n

)||2
is used in all experiments to measure the accuracy of the
numerical approximations in each time step t = t

n

, while
their infinity norm over all time steps

E1 = max

n

{E
n

}

is adapted to evaluate the overall accuracy of the numerical
space-time integration. The order of convergence (O.o.C) of
the Collocation method, as well as the computational time
needed to reach time level t = 2, are also used to demonstrate
the preservation of the expected accuracy and the efficiency
of the methods.

Model Problem I
The first model problem, used to investigate the perfor-

mance of the HC-RK methods, is described by
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Fig. 1: Plot of the exact/numerical solution

The results obtained from all experiments for this model
problem, are reported my means of Table I and Figure 2 that
follow.

TABLE I Computational Performance of HC-RK schemes
Error Norm Collocation’s Time (sec) needed

E1 O.o.C. to reach t = 2

h SSP(4,3)/(3,3) SSP(4,3)/(3,3) SSP(4,3) SSP(3,3)
1/4 2.91e-07 - 0.07 0.21
1/8 1.97e-08 3.88 0.26 0.76

1/16 1.28e-09 3.94 1.19 3.37
1/32 8.01e-11 3.99 5.22 15.74
1/64 5.05e-12 3.98 28.38 88.38
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The CFL conditions, imposed on time stepping, are numer-
ically found to satisfy

�t  1

5

h2 for SSPRK(4,3)

�t  1

10

h2 for SSPRK(3,3)

and, apparently, favor the SSPRK(4,3) scheme. Under these
restrictions both time discretization schemes remain strongly
stable, as it is depicted in Figure 3 for SSPRK(4,3), and at
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the same time, produce identical high accuracy error results
while preserving the O(h4

) order of convergence of the HC

Σχήμα 5: Η χρονική σύγκριση των SSPRK.

που έχει αναλυτική λύση την

u(x, t) = 1 + (23/2 − 1)e−
3
2σ1(10x+2λt))−2/3

με σ1 = λ−
√

λ2 − 1
4 και λ = 7

√
2

16
√
5
.

method (see Table I). However, due to the CFL condition,
the SSPRK(4,3) outperforms HC-SSRK(3,3) (see Table I and
Figure 2) method despite the fact that it needs the calculation
of an extra stage.

Model Problem II
The second model problem, used to investigate the perfor-

mance of the HC-RK methods, is described by
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Fig. 4: Plot of the exact/numerical solution

The results obtained from all experiments for this model
problem, are reported my means of Table II and Figure 5
that follow.

TABLE I Computational Performance of HC-RK schemes
Error Norm Collocation’s Time (sec) needed

E1 O.o.C. to reach t = 2

h SSP(4,3)/(3,3) SSP(4,3)/(3,3) SSP(4,3) SSP(3,3)
1/4 2.17e-04 - 0.10 0.17
1/8 1.42e-05 3.93 0.51 0.83

1/16 8.84e-07 4.00 2.85 4.57
1/32 5.52e-08 4.00 18.60 29.48
1/64 3.45e-09 4.00 134.71 208.29

The CFL conditions, imposed on time stepping, are numer-
ically found to satisfy

�t  1

8

h2 for SSPRK(4,3)

�t  1

16

h2 for SSPRK(3,3)

and, apparently, favor the SSPRK(4,3) scheme. Under these
restrictions both time discretization schemes remain stable,
as it is depicted in Figure 6 for SSPRK(4,3), and at the
same time, produce identical high accuracy error results
while preserving the O(h4

) order of convergence of the HC
method (see Table II). However, due to the CFL condition,
the SSPRK(4,3) outperforms HC-SSRK(3,3) (see Table II
and Figure 5) method despite the fact that it needs the
calculation of an extra stage.
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The third model problem, used to investigate the perfor-
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Σχήμα 6: Η αριθμητική λύση του Προβλήματος IΙ.

Τα αποτελέσματα παρουσιάζονται στον παρκάτω πίνακα καθώς και στα Σχ
((3.1.2),(3.1.2))

Με αριθμητικά πειράματα βρήκαμε την συνθήκη CFL των SSP να είναι:

∆t ≤ 1

5
h2 για την SSPRK(4,3) και ∆t ≤ 1

10
h2 για την SSPRK(3,3)

Πρόβληµα 1. 

Αναλυτική Λύση: 

method (see Table I). However, due to the CFL condition,
the SSPRK(4,3) outperforms HC-SSRK(3,3) (see Table I and
Figure 2) method despite the fact that it needs the calculation
of an extra stage.

Model Problem II
The second model problem, used to investigate the perfor-

mance of the HC-RK methods, is described by
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The results obtained from all experiments for this model
problem, are reported my means of Table II and Figure 5
that follow.

TABLE I Computational Performance of HC-RK schemes
Error Norm Collocation’s Time (sec) needed

E1 O.o.C. to reach t = 2

h SSP(4,3)/(3,3) SSP(4,3)/(3,3) SSP(4,3) SSP(3,3)
1/4 2.17e-04 - 0.10 0.17
1/8 1.42e-05 3.93 0.51 0.83

1/16 8.84e-07 4.00 2.85 4.57
1/32 5.52e-08 4.00 18.60 29.48
1/64 3.45e-09 4.00 134.71 208.29

The CFL conditions, imposed on time stepping, are numer-
ically found to satisfy

�t  1

8

h2 for SSPRK(4,3)

�t  1

16

h2 for SSPRK(3,3)

and, apparently, favor the SSPRK(4,3) scheme. Under these
restrictions both time discretization schemes remain stable,
as it is depicted in Figure 6 for SSPRK(4,3), and at the
same time, produce identical high accuracy error results
while preserving the O(h4

) order of convergence of the HC
method (see Table II). However, due to the CFL condition,
the SSPRK(4,3) outperforms HC-SSRK(3,3) (see Table II
and Figure 5) method despite the fact that it needs the
calculation of an extra stage.
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Model Problem III

The third model problem, used to investigate the perfor-
mance of the HC-RK methods, is described by
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method (see Table I). However, due to the CFL condition,
the SSPRK(4,3) outperforms HC-SSRK(3,3) (see Table I and
Figure 2) method despite the fact that it needs the calculation
of an extra stage.

Model Problem II
The second model problem, used to investigate the perfor-

mance of the HC-RK methods, is described by
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The results obtained from all experiments for this model
problem, are reported my means of Table II and Figure 5
that follow.

TABLE I Computational Performance of HC-RK schemes
Error Norm Collocation’s Time (sec) needed

E1 O.o.C. to reach t = 2

h SSP(4,3)/(3,3) SSP(4,3)/(3,3) SSP(4,3) SSP(3,3)
1/4 2.17e-04 - 0.10 0.17
1/8 1.42e-05 3.93 0.51 0.83

1/16 8.84e-07 4.00 2.85 4.57
1/32 5.52e-08 4.00 18.60 29.48
1/64 3.45e-09 4.00 134.71 208.29

The CFL conditions, imposed on time stepping, are numer-
ically found to satisfy

�t  1

8

h2 for SSPRK(4,3)

�t  1

16

h2 for SSPRK(3,3)

and, apparently, favor the SSPRK(4,3) scheme. Under these
restrictions both time discretization schemes remain stable,
as it is depicted in Figure 6 for SSPRK(4,3), and at the
same time, produce identical high accuracy error results
while preserving the O(h4

) order of convergence of the HC
method (see Table II). However, due to the CFL condition,
the SSPRK(4,3) outperforms HC-SSRK(3,3) (see Table II
and Figure 5) method despite the fact that it needs the
calculation of an extra stage.
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Model Problem III

The third model problem, used to investigate the perfor-
mance of the HC-RK methods, is described by
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3.1.2 Πρόβλημα ΙΙ

Το πρώτο πρόβλημα που χρησιμοποιήσαμε για να ελέγξουμε την συμπερι-
φορά της μεθόδου HC-RK περιγράφεται απο την εξίσωση:

⎧
⎨

⎩

ut =
1

100uxx +
1
4u(1− u3)

ux(−10, t) = 0 , ux(5, t) = 0

u(x, 0) = 1 + (23/2 − 1)e(−15σ1x)−2/3

που έχει αναλυτική λύση την

u(x, t) = 1 + (23/2 − 1)e−
3
2σ1(10x+2λt))−2/3

με σ1 = λ−
√

λ2 − 1
4 και λ = 7

√
2

16
√
5
.

method (see Table I). However, due to the CFL condition,
the SSPRK(4,3) outperforms HC-SSRK(3,3) (see Table I and
Figure 2) method despite the fact that it needs the calculation
of an extra stage.

Model Problem II
The second model problem, used to investigate the perfor-

mance of the HC-RK methods, is described by

u
t

=

1
100uxx

+

1
4u

�
1� u3

�

u
x

(�10, t) = 0, u
x

(5, t) = 0

u(x, 0) = 1 + (2

3/2 � 1)e(�15�1x)
�2/3

and admits the exact solution (cf. [11])
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The results obtained from all experiments for this model
problem, are reported my means of Table II and Figure 5
that follow.

TABLE I Computational Performance of HC-RK schemes
Error Norm Collocation’s Time (sec) needed

E1 O.o.C. to reach t = 2

h SSP(4,3)/(3,3) SSP(4,3)/(3,3) SSP(4,3) SSP(3,3)
1/4 2.17e-04 - 0.10 0.17
1/8 1.42e-05 3.93 0.51 0.83

1/16 8.84e-07 4.00 2.85 4.57
1/32 5.52e-08 4.00 18.60 29.48
1/64 3.45e-09 4.00 134.71 208.29

The CFL conditions, imposed on time stepping, are numer-
ically found to satisfy

�t  1

8

h2 for SSPRK(4,3)

�t  1

16

h2 for SSPRK(3,3)

and, apparently, favor the SSPRK(4,3) scheme. Under these
restrictions both time discretization schemes remain stable,
as it is depicted in Figure 6 for SSPRK(4,3), and at the
same time, produce identical high accuracy error results
while preserving the O(h4

) order of convergence of the HC
method (see Table II). However, due to the CFL condition,
the SSPRK(4,3) outperforms HC-SSRK(3,3) (see Table II
and Figure 5) method despite the fact that it needs the
calculation of an extra stage.
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Model Problem III

The third model problem, used to investigate the perfor-
mance of the HC-RK methods, is described by
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Σχήμα 6: Η αριθμητική λύση του Προβλήματος IΙ.

Τα αποτελέσματα παρουσιάζονται στον παρκάτω πίνακα καθώς και στα Σχ
((3.1.2),(3.1.2))

h Error Norm HC O.o.c T ime for t = 2

1/4 2.17e-04 - 0.10
1/8 1.42e-05 3.93 0.51
1/16 8.84e-07 4.00 2.85
1/32 5.52e-08 4.00 18.60
1/64 3.45e-09 4.00 134.71

Με αριθμητικά πειράματα βρήκαμε την συνθήκη CFL των SSP να είναι:

∆t ≤ 1

5
h2 για την SSPRK(4,3) και ∆t ≤ 1

10
h2 για την SSPRK(3,3)

Αποτελέσµατα για την SSP(4,3)  
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Hermite	Collocation	–	Interface	Relaxation	
Περιγραφή	της	μεθόδου	

Hybrid Relaxation-Hermite Collocation

u

t

= [(D(x)u
x

)
x

+ L(u)] + G(u) (1)

x 2 [a, b] = ⌦ , t 2 [0, T ] , u(x, 0) = f(x) , u

x

(a, t) = u

x

(b, t) = 0

D =

⇢
� , x 2 [a,w] = ⌦1

1 , x 2 (w, b] = ⌦2
, for w 2 (a, b)

Interface Conditions :

lim
x!w

�
Du

x

(x, t) = lim
x!w

+
Du

x

(x, t) () �u

x

(w�
, t) = u

x

(w+
, t)

and

lim
x!w

�
u(x, t) = lim

x!w

+
u(x, t) () u(w�

, t) = u(w+
, t)
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Συνθήκες Διεπαφής 
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Hermite	Collocation	–	Interface	Relaxation	
Η	αλγοριθμική	διαδικασία	

①  Χωρίζουµε το χωρίο Ω σε δύο υποχωρία Ω1 , Ω2 και διαλέγουµε τυχαίες λύσεις u1
(0), 

u2
(0) σε κάθε υποχωρίο αντίστοιχα. 

②    

③  Λύση της εξίσωσης στο Ω1 µε 
Λύση της εξίσωσης στο Ω2 µε 

④    

⑤  Λύση της εξίσωσης στο Ω1 µε 
Λύση της εξίσωσης στο Ω2 µε 

g1 = β1
du1

2k

dx
x=w

+
1−β1
γ

du1
2k

dx
x=w

	,	g2 = γ g1

ux(a,t)=0,	ux(w ,t)= g1
ux(w ,t)= g2 ,	ux(b,t)=0

h1 =α1u1
2k+1

x=w
+(1−α1)u22k+1 x=w

	,	h2 = h1
ux(a,t)=0,	u(w ,t)= h1
u(w ,t)= h2 ,	ux(b,t)=0

Two Step AVE-Method 



22/11/15	Ασυνεχείς/Υβριδικές	Μέθοδοι	Colloca=on	

33	

Hermite	Collocation	–	Interface	Relaxation	
Αριθμητικά	Αποτελέσματα	

Hybrid Relaxation-Hermite Collocation

u
t

= Du
xx

+ u , x 2 [�5, 5] , t 2 [0, 4] , w = �3

E
i

=
U i

dhc

� U i

rel

U i

dhc

h Error O.o.c

1/4 3.70e-03 -
1/8 1.68e-06 11.10
1/16 1.05e-07 3.99
1/32 6.57e-09 4.00
1/64 4.11e-10 3.99
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Deriva(ve	Discon(nuous	Hermite	Colloca(on	
Δύο	χωρικές	διαστάσεις	

2D discontinuous model problem
(2+1) Dimensions

@u

@t
= r [Dr(u)] , u := u(x, y, t)

(x, y) 2 [a, b]2 , 0  t  T

u(x, y, 0) = f(x, y) ,
@u

@⌘
= 0
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Figure: Stripes Problem (left) and Rectangular Problem (right).
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Deriva(ve	Discon(nuous	Hermite	Colloca(on	
Δύο	χωρικές	διαστάσεις:	Stripes	

2D discontinuous model problem
(2+1) Dimensions - Stripes

D =

8
<

:

� , (x, y) 2 [�4,�2]⇥ [�4, 4]
1 , (x, y) 2 (�2, 2)⇥ (�2, 2)
� , (x, y) 2 [2, 4]⇥ [�4, 4]

Two dimensional Collocation matrices in Stripes problem can be
formed as the cronecker product of 1D DHC and HC matrices.
System of ODEs:

⇣
C̃(0)
x

⌦ C(0)
y

⌘
ȧ =

⇣
D

x

C̃(2)
x

⌦ C(0)
y

⌘
a+

⇣
D

x

C̃(0)
x

⌦ C(2)
y

⌘
a

A00ȧ = (A20 +A02) a

A00ȧ = Ba

where, D
x

= diag(�, . . . , �, 1, . . . , 1, �, . . . , �) 2 RN

x

20

Συντελεστής Διάχυσης 
για Stripes πρόβληµα 

Σύστηµα ΣΔΕ 
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Deriva(ve	Discon(nuous	Hermite	Colloca(on	
Δύο	χωρικές	διαστάσεις:	Stripes	Linear	–	Αριθμητικά	Αποτελέσματα	
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Deriva(ve	Discon(nuous	Hermite	Colloca(on	
Δύο	χωρικές	διαστάσεις:	Stripes	Linear	–	Αριθμητικά	Αποτελέσματα	
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Deriva(ve	Discon(nuous	Hermite	Colloca(on	
Δύο	χωρικές	διαστάσεις:	Stripes	Non	Linear	–	Αριθμητικά	Αποτελέσματα	



22/11/15	Ασυνεχείς/Υβριδικές	Μέθοδοι	Colloca=on	

39	

Deriva(ve	Discon(nuous	Hermite	Colloca(on	
Δύο	χωρικές	διαστάσεις:	Stripes	Non	Linear	–	Αριθμητικά	Αποτελέσματα	Non Linear equation

ut = Duxx +Duyy + u− u2 , (x, y) ∈ [−4, 4]2 , t ∈ [0, 2]

(Nx, Ny) Error O.o.c. Time (sec)
(32, 32) 2.98e-03 - 2.54
(64, 64) 7.33e-06 8.66 11.20
(128, 128) 4.89e-07 3.90 75.52
(256, 256) 3.10e-08 3.97 562.41
(512, 512) 1.94e-09 3.99 3959.62
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Deriva(ve	Discon(nuous	Hermite	Colloca(on	
Δύο	χωρικές	διαστάσεις:	Rectangular	Linear	–	Αριθμητικά	Αποτελέσματα	
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Deriva(ve	Discon(nuous	Hermite	Colloca(on	
Δύο	χωρικές	διαστάσεις:	Rectangular	Linear	–	Αριθμητικά	Αποτελέσματα	
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Hybrid Bi-Cubic Approximation of DHC

Simple Corner Problem:

D =

⇢
1 , (x, y) 2 (w, b]⇥ (w, b]
� , (x, y) 62 (w, b]⇥ (w, b]
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Deriva(ve	Discon(nuous	Hermite	Colloca(on	
Δύο	χωρικές	διαστάσεις:	Simple	Corner	Problem	

5

0

x
-5-5

-4
-3

-2
-1

y

0
1

2
3

4

-0.5

0

0.5

1

1.5

5



22/11/15	Ασυνεχείς/Υβριδικές	Μέθοδοι	Colloca=on	

43	

Deriva(ve	Discon(nuous	Hermite	Colloca(on	
Δύο	χωρικές	διαστάσεις:	Simple	Corner	Problem	

Hybrid Bi-Cubic Approximation of DHC

Continuous D:

D̃ =

8
>>>><

>>>>:

1 , (x, y) 2 (w + h, b]⇥ (w + h, b]
p(x) , (x, y) 2 (w � h,w + h]⇥ (w + h, b]
p(y) , (x, y) 2 (w + h, b]⇥ (w � h,w + h]
c(x, y) , (x, y) 2 (w � h,w + h]⇥ (w � h,w + h]
� , everywhere else

where c(x, y) =
i=3P
i=0

j=3P
j=0

a
ij

xiyj
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Hybrid Cubic Approximation of DHC

u
t

= [(D(x)u
x

)
x

+ L(u)] + G(u)
x 2 [a, b] = ⌦ , t 2 [0, T ] , u(x, 0) = f(x) , u

x

(a, t) = u
x

(b, t) = 0

Instead of:

D =

⇢
� , x 2 [a,w] = ⌦1

1 , x 2 (w, b] = ⌦2

We can use:

D̃ =

8
<

:

� , x 2 [a,w � h1]
p(x) , x 2 (w � h1, w + h2]
1 , x 2 (w + h2, b]

where p(x) = a3x
3 + a2x

2 + a1x+ a0

17

οπουδήποτε αλλού 
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Deriva(ve	Discon(nuous	Hermite	Colloca(on	
Δύο	χωρικές	διαστάσεις:	Simple	Corner	Problem	
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Hybrid Bi-Cubic Approximation of DHC

u
t

= (D̃u
x

)
x

, (x, y) 2 [0, 2]⇥ [0, 2], , t 2 [0, 2], w = 1

N
x

, N
y

Error O.o.c. T ime

(16, 16) 7.20e-03 - 1.58
(32, 32) 7.77e-06 9.85 6.03
(64, 64) 4.81e-07 4.01 46.64

(128, 128) 2.97e-08 4.01 465.33
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Deriva(ve	Discon(nuous	Hermite	Colloca(on	
Δύο	χωρικές	διαστάσεις:	Simple	Corner	Problem	–	Αριθμ.	Αποτελέσματα	
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Discontinuous Hermite Collocation and IMEX
Runge-Kutta for a Treated Quasi-linear

Heterogeneous Brain Tumor Model
I. E. Athanasakis‡, E. P. Papadopoulou† and Y. G. Saridakis‡

Abstract—Over the past few years several mathematical models
have been developed to simulate and study the growth of treated
or untreated aggressive forms of brain tumors. Encouraged by our
recent results on the development of fourth order Discontinuous
Hermite Collocation (DHC) numerical schemes to approximate the
classical solution of parabolic evolution problems, in the present
work we consider employing the DHC method for the solution of
a quasi-linear tumor growth model which, apart from proliferation
and diffusion, incorporates as well the effects from radiotherapy
and chemotherapy. The model is also being characterized by a
discontinuous diffusion coefficient to incorporate the heterogeneity of
the brain tissue. To study the spatiotemporal dynamics of the model
problem, the DHC spatial discretization is coupled with Implicit-
Explicit (IMEX) Runge-Kutta (RK) third order schemes for the time
discretization. The effectiveness of the resulting DHC-RK method is
being demonstrated through several numerical experiments.

Keywords—High-grade Gliomas, Radiotherapy, Chemotherapy,
Reaction-Diffusion PDEs, Discontinuous Hermite Collocation,
Implicit-Explicit Runge-Kutta.

I. INTRODUCTION

H IGH-GRADE GLIOMAS are among the most common
and aggressive forms of primary brain tumors. The most

typical problem in diagnosis and treatment of patients with
high-grade glioma, even after an extensive surgical procedure,
is the rapid infiltration of tumor cells in adjacent normal tissue.
Postoperative therapeutic treatment, such as radiotherapy and
chemotherapy, is considered absolutely necessary to reduce
tumor expansion.

As gliomas are known to consist of motile cells able to
proliferate as well as migrate, well known and successful
mathematical models, such as [11], [27], [28] and [9] (for a
review see [13]), have been using reaction-diffusion evolution
equations to describe the core spatiotemporal model’s dynam-
ics. The incorporation of brain’s tissue heterogeneity (white-
grey matter) was achieved in [19], [25] and [26] by introducing
an appropriately discontinuous diffusion coefficient.

Recently, in [20], the effects of low-dose-rate radiotherapy,
as a generalized linear quadratic model, and chemotherapy,
as a simple log-kill model, were incorporated into a logistic
growth reaction-diffusion model and several different sched-
ules of sequential or combined therapy were studied in detail.

Manuscript received May 31, 2015; revised June 30, 2015.
‡School of Production Engineering and Management, Applied Math &

Computers Laboratory, Technical University of Crete, 73100 Chania, Greece
†School of Mineral Resources Engineering, Applied Math & Computers

Laboratory, Technical University of Crete, 73100 Chania, Greece
Email of the corresponding author : y.saridakis@amcl.tuc.gr

A very interesting approach, as it pertains to radiotherapy
modeling, was also presented in [10] (see also [21]) where a
patient-specific, biologically optimized radiotherapy plan was
presented.

Collocation (cf. [22], [8]) is an easily implemented spatial
discretization method for BVPs that requires no numerical
integration as it does not rely on a variational formulation.
Combined with third degree finite element basis function, such
as Hermite cubic or Spline elements, produces fourth order
approximations to sufficiently smooth solutions.

Since the introduction of a class of discontinuous Hermite
elements and their combined usage with the Collocation
method (cf. [15], [16]), for the treatment of linear reaction-
diffusion problems with discontinuous diffusion coefficients,
the method has been also coupled (cf. [3], [4]) with high order
Runge-Kutta to increase performance and stability.

Following our recent results in [3] and [4], the main
objective in this work is to study the performance of the
DHC method, combined with Implicit-Explicit Runge-Kutta
schemes, as it pertains to the solution of the logistic quasi-
linear heterogeneous brain tumor invasion model that also
incorporates the effects from radiotherapy and chemotherapy.
In the present study we include the results from the 1+1
dimension case, while the results for higher dimensions will
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Abstract—Over the past few years several mathematical models
have been developed to simulate and study the growth of treated
or untreated aggressive forms of brain tumors. Encouraged by our
recent results on the development of fourth order Discontinuous
Hermite Collocation (DHC) numerical schemes to approximate the
classical solution of parabolic evolution problems, in the present
work we consider employing the DHC method for the solution of
a quasi-linear tumor growth model which, apart from proliferation
and diffusion, incorporates as well the effects from radiotherapy
and chemotherapy. The model is also being characterized by a
discontinuous diffusion coefficient to incorporate the heterogeneity of
the brain tissue. To study the spatiotemporal dynamics of the model
problem, the DHC spatial discretization is coupled with Implicit-
Explicit (IMEX) Runge-Kutta (RK) third order schemes for the time
discretization. The effectiveness of the resulting DHC-RK method is
being demonstrated through several numerical experiments.
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Reaction-Diffusion PDEs, Discontinuous Hermite Collocation,
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I. INTRODUCTION

H IGH-GRADE GLIOMAS are among the most common
and aggressive forms of primary brain tumors. The most

typical problem in diagnosis and treatment of patients with
high-grade glioma, even after an extensive surgical procedure,
is the rapid infiltration of tumor cells in adjacent normal tissue.
Postoperative therapeutic treatment, such as radiotherapy and
chemotherapy, is considered absolutely necessary to reduce
tumor expansion.

As gliomas are known to consist of motile cells able to
proliferate as well as migrate, well known and successful
mathematical models, such as [11], [27], [28] and [9] (for a
review see [13]), have been using reaction-diffusion evolution
equations to describe the core spatiotemporal model’s dynam-
ics. The incorporation of brain’s tissue heterogeneity (white-
grey matter) was achieved in [19], [25] and [26] by introducing
an appropriately discontinuous diffusion coefficient.

Recently, in [20], the effects of low-dose-rate radiotherapy,
as a generalized linear quadratic model, and chemotherapy,
as a simple log-kill model, were incorporated into a logistic
growth reaction-diffusion model and several different sched-
ules of sequential or combined therapy were studied in detail.
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A very interesting approach, as it pertains to radiotherapy
modeling, was also presented in [10] (see also [21]) where a
patient-specific, biologically optimized radiotherapy plan was
presented.

Collocation (cf. [22], [8]) is an easily implemented spatial
discretization method for BVPs that requires no numerical
integration as it does not rely on a variational formulation.
Combined with third degree finite element basis function, such
as Hermite cubic or Spline elements, produces fourth order
approximations to sufficiently smooth solutions.

Since the introduction of a class of discontinuous Hermite
elements and their combined usage with the Collocation
method (cf. [15], [16]), for the treatment of linear reaction-
diffusion problems with discontinuous diffusion coefficients,
the method has been also coupled (cf. [3], [4]) with high order
Runge-Kutta to increase performance and stability.

Following our recent results in [3] and [4], the main
objective in this work is to study the performance of the
DHC method, combined with Implicit-Explicit Runge-Kutta
schemes, as it pertains to the solution of the logistic quasi-
linear heterogeneous brain tumor invasion model that also
incorporates the effects from radiotherapy and chemotherapy.
In the present study we include the results from the 1+1
dimension case, while the results for higher dimensions will
be presented elsewhere (cf. [5]).

II. METHODOLOGY

A. The Mathematical Model
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with N0 =
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f(x)dx to denote the initial number of tumor

cells in the brain, the model equation in (1) becomes
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We remark that the parabolic nature of the above equation
implies continuity of c as well as of both @c/@t and Drc.
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where ↵ and � are sensitivity parameters, d is the dose rate, µ
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with N0 =
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f(x)dx to denote the initial number of tumor

cells in the brain, the model equation in (1) becomes

@c

@t
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schedule has to be followed in order to distinguish and
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therapy protocol, especially if it is to follow a time step other
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where ↵ and � are sensitivity parameters, d is the dose rate, µ
is the half time for repair of DNA damage, ⌧ is the irradiation
duration and � = e

�µ(⌧+�⌧) with �⌧ denoting the time
interval between fractions.
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are imposed while for t = 0 an initial spatial distribution of
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with N0 =
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f(x)dx to denote the initial number of tumor

cells in the brain, the model equation in (1) becomes

@c
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= r · (Drc) + c(1� c)�Rc�Gc . (7)

We remark that the parabolic nature of the above equation
implies continuity of c as well as of both @c/@t and Drc.
Therefore, in view of the jump discontinuities of the diffusion,
radiotherapy and chemotherapy parameters, described in rela-
tions (2), (3) and (6) respectively, appropriate compatibility
conditions have to be imposed on the interface between white
⌦
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and gray ⌦
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matter regions, as well as a proper time
schedule has to be followed in order to distinguish and
properly implement time intervals with no or any kind of

therapy protocol, especially if it is to follow a time step other
than the time step of one day.

To be more precise and in order to fix notation let us
assume that radiotherapy and chemotherapy are respectively
administered in the time intervals

T1 < t  T3 and T2 < t  T4

with
0 = T0 < T1 < T2  T3 < T4 < T5 = T.
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matter. To be more specific, assume that
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where ↵ and � are sensitivity parameters, d is the dose rate, µ
is the half time for repair of DNA damage, ⌧ is the irradiation
duration and � = e

�µ(⌧+�⌧) with �⌧ denoting the time
interval between fractions.

In analogy to the radiotherapy equation in (3), the term
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simple log-kill mode, is defined by (cf. [20] and the relevant
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are imposed while for t = 0 an initial spatial distribution of
malignant cells c̄(x̄, 0) =
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with N0 =

R
f(x)dx to denote the initial number of tumor

cells in the brain, the model equation in (1) becomes

@c

@t

= r · (Drc) + c(1� c)�Rc�Gc . (7)

We remark that the parabolic nature of the above equation
implies continuity of c as well as of both @c/@t and Drc.
Therefore, in view of the jump discontinuities of the diffusion,
radiotherapy and chemotherapy parameters, described in rela-
tions (2), (3) and (6) respectively, appropriate compatibility
conditions have to be imposed on the interface between white
⌦
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and gray ⌦

g

matter regions, as well as a proper time
schedule has to be followed in order to distinguish and
properly implement time intervals with no or any kind of

therapy protocol, especially if it is to follow a time step other
than the time step of one day.

To be more precise and in order to fix notation let us
assume that radiotherapy and chemotherapy are respectively
administered in the time intervals

T1 < t  T3 and T2 < t  T4

with
0 = T0 < T1 < T2  T3 < T4 < T5 = T.
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f(x)dx to denote the initial number of tumor

cells in the brain, the model equation in (1) becomes
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= r · (Drc) + c(1� c)�Rc�Gc . (7)

We remark that the parabolic nature of the above equation
implies continuity of c as well as of both @c/@t and Drc.
Therefore, in view of the jump discontinuities of the diffusion,
radiotherapy and chemotherapy parameters, described in rela-
tions (2), (3) and (6) respectively, appropriate compatibility
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therapy protocol, especially if it is to follow a time step other
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To be more precise and in order to fix notation let us
assume that radiotherapy and chemotherapy are respectively
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Furthermore, let us also assume that there are K interface
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in the region [a, b] that distinguish white from gray
matter. To be more specific, assume that

a = w0 < w1 < · · · < w
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where ↵ and � are sensitivity parameters, d is the dose rate, µ
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Finally, we remark that the convergence and stability prop-
erties of the above scheme have been studied in [17].

III. NUMERICAL SIMULATIONS

In this section, we report the results from the numerical
investigation of the performance of the IMEX-DHC method
on two virtual model problems.

For both model problems the values of the radiotherapy
and chemotherapy parameters used are given by (cf. [20])
G = 0.0571 day�1 and R = 0.0196 day�1, respectively.
The radiotherapy protocol followed included equal doses of
1.8Gy per day for 35 days, from day 170 to day 205, while
the chemotherapy protocol, starting from day 205, included
six cycles of daily treatment for 5 consecutive days followed
by a 20 day recess.

A. Model Problem I
For the first single source model, centered at x̄ = 1, we
consider the values:8
>>>>>><

>>>>>>:

ā = �10 cm,

¯

b = 10 cm, w̄1 = �6 cm, w̄2 = 8 cm
¯

⌦

g

= [ā, w̄1) [ (w̄2,
¯

b] and ¯

⌦

w

= [w̄1, w̄2]

D

g

= 0.0013 cm2day�1
, D

w

= 0.0065 cm2day�1

⇢̄ = 0.012 day�1
, N0 = 2⇥ 10

4 cells

.

The results form the numerical simulation are depicted in Figs.
1 and 2, as well as in Table I.

More specifically, Fig. 1 depicts the evolution of the cell
density function c̄(x̄,

¯

t). One may easily identify periods of
untreated and treated tumor growth.

Fig. 1: Time evolution of the cell density c̄(x̄,

¯

t)

The radiotherapy effect on the total number of tumor cells
¯

N(

¯

t)/N0, where N(

¯

t) =

R
b̄

ā

c̄(x̄,

¯

t)dx̄ , is depicted in Fig. 2.
Finally, Table I summarizes the performance of the DHC-

IMEX method. One may easily observe the 4-th order of
convergence of the DHC method.

Fig. 2: The effect of radiotherapy on the total number of tumor
cells.

Table I DCH-IMEX Performance

h Error O.o.c. Time (sec)

1/8 3.5687e-06 - 0.24

1/16 2.3357e-07 3.93 0.30

1/32 1.4760e-08 3.98 0.42

1/64 9.2474e-10 3.99 0.88

1/128 5.6156e-11 4.04 1.55

B. Model Problem II

For the triple source model we consider the values:
8
>>>>>><

>>>>>>:

ā = �10 cm,

¯

b = 10 cm, w̄1 = �4 cm, w̄2 = 6 cm
¯

⌦

g
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w
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D

g

= 0.0013 cm2day�1
, D

w

= 0.0065 cm2day�1

⇢̄ = 0.012 day�1
, N0 = 2⇥ 10

4 cells

All results are summarized in Figs. 3 and 4 as well as Table
II and are completely similar to the corresponding ones of the
previous model case.

Fig. 3: Time evolution of the cell density c̄(x̄,

¯

t) .
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Finally, we remark that the convergence and stability prop-
erties of the above scheme have been studied in [17].

III. NUMERICAL SIMULATIONS

In this section, we report the results from the numerical
investigation of the performance of the IMEX-DHC method
on two virtual model problems.

For both model problems the values of the radiotherapy
and chemotherapy parameters used are given by (cf. [20])
G = 0.0571 day�1 and R = 0.0196 day�1, respectively.
The radiotherapy protocol followed included equal doses of
1.8Gy per day for 35 days, from day 170 to day 205, while
the chemotherapy protocol, starting from day 205, included
six cycles of daily treatment for 5 consecutive days followed
by a 20 day recess.

A. Model Problem I
For the first single source model, centered at x̄ = 1, we
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density function c̄(x̄,
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untreated and treated tumor growth.
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Table I DCH-IMEX Performance

h Error O.o.c. Time (sec)

1/8 3.5687e-06 - 0.24

1/16 2.3357e-07 3.93 0.30

1/32 1.4760e-08 3.98 0.42

1/64 9.2474e-10 3.99 0.88

1/128 5.6156e-11 4.04 1.55
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Finally, we remark that the convergence and stability prop-
erties of the above scheme have been studied in [17].

III. NUMERICAL SIMULATIONS

In this section, we report the results from the numerical
investigation of the performance of the IMEX-DHC method
on two virtual model problems.

For both model problems the values of the radiotherapy
and chemotherapy parameters used are given by (cf. [20])
G = 0.0571 day�1 and R = 0.0196 day�1, respectively.
The radiotherapy protocol followed included equal doses of
1.8Gy per day for 35 days, from day 170 to day 205, while
the chemotherapy protocol, starting from day 205, included
six cycles of daily treatment for 5 consecutive days followed
by a 20 day recess.
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1 and 2, as well as in Table I.
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density function c̄(x̄,

¯

t). One may easily identify periods of
untreated and treated tumor growth.
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cells.
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h Error O.o.c. Time (sec)
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1/16 2.3357e-07 3.93 0.30
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All results are summarized in Figs. 3 and 4 as well as Table
II and are completely similar to the corresponding ones of the
previous model case.
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Fig. 4: The effect of radiotherapy and chemotherapy on the
total number of tumor cells.

Table II DCH-IMEX Performance

h Error O.o.c. Time (sec)

1/8 5.3380e-06 - 0.22

1/16 3.4585e-07 3.94 0.28

1/32 2.1802e-08 3.98 0.40

1/64 1.3655e-09 3.99 0.90

1/128 8.5010e-11 4.00 1.52

IV. CONCLUSION

We have developed and investigated the performance of
a high order Derivative Discontinuous Hermite Collocation,
coupled with an IMEX Runge-Kutta scheme, for the solution
of a quasi-linear reaction diffusion IBVP that models the brain
tumor growth taking into consideration brain’s heterogeneity
and the effects of radiotherapy and chemotherapy. The results
obtained justify and encourage further analysis as well as
implementation in higher dimensions.
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ct = ∇ · (Dc) + c(1− c)−R(c)−G(c)

hx = hy Error O.o.c. Time (sec)
1/4 4.8857e-03 - 1.74
1/8 2.5397e-05 7.5877 9.05
1/16 1.9079e-06 3.7347 64.77
1/32 1.1629e-07 4.0361 480.96
1/64 7.7066e-09 3.9155 4190.50
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Συμπεράσματα	
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ü Αναπτύξαµε την ασυνεχή Μέθοδο Collocation (dDHC) τετάρτης 
τάξεως για γραµµικά και µη γραµµικά προβλήµα σε 1+1, 2+1 
διαστάσεις 

ü Συνδυάσαµε την dDHC µε χρονικά σχήµατα υψηλής τάξης 
ü Αναπτύξαµε την µέθοδο Hermite Collocation – Interface 

Relaxation 
ü Αναπτύξαµε την υβριδική µέθοδο Continuous Diffusion Coeff. 
ü Εφαρµόσαµε τις µεθόδους σε προβληµατα Βιολογικής Εισβολής 
και Ιατρικής 


