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Gliomas

Gliomas are primary brain tumours that originate from brain's glial
cells. They usually occur in the cerebral (upper) brain’s hemisphere
and they are characterized by their aggressive diffusive invasion of

brain normal tissue.




Analytical Deterministic Models

dc

9 = V- (DVc)+ pg(c) , (Cruywagen et.al 1995)

c(x, t) : tumour cell density at location x and time t

D : diffusion coefficient representing the active motility
(0.0013 cm?/day)

p : net proliferation rate (0.012/day)

(c) = c , exponential growth
g\l = c(1-£) , logistic growth , K : carrying capacity

Zero flux BC on the anatomy boundaries : 2€ =0

an
Initial spatial distribution malignant cells : c¢(x,0) = f(x)
e



Analytical Deterministic Models

Homogeneous Brain Tissue (Cruywagen et.al 1995)

D is constant

Jdc
— = DV?
o ¢+ pg(c)



Analytical Deterministic Models

Heterogeneous Brain Tissue (Swanson 1999)

i}
| Dg , xin Grey Matter
D(x) —{ D, . xinWhite Matter ° Dw > De
1
0
37(; =V (DVc) + pg(c)

continuity and flux preservation conditions at the interfaces



Exponential Growth 3-region Model in 1+1 Dimensions

Dy,
box ., tept c(x,t)ec(,/&x,pt) G
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D= 1 w < x<wy |, 7:%<1
¥ wr < x < b
1 1
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{ Continuity :

c(x, t) = etu(x, t)

[u] =uvt —u" =0,
Conservation of flux : [Duy]:= Dtu} — D™ ug

=0,
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Exponential Growth 3-region Model in 1+1 Dimensions

Uy =0

up=Duy , xeRy, £=1,23,t>0
ug(a,t) =0 and ux(b,t) =0

[u]=0 and [Duy] =0 atx=wy, k=1,2

u(x,0) = f(x)

Rl = (Oly Wl) ) RZ = (Wla W2) ’ R3 = (W2’ b)

. .
Ut = YUzz E Ut = Ugg 9 Ut = YUzz I
.

Uy

a wy w2 b



Domain Discretization

tn+1
b e tn = nAt
At (T, tn) '
3 — n—1
he
t=0
=« r=>5
Xm:=a+(m=1)h, m=1,...,N+1 | t,=nt, n=0,1,
hl = (W1 — Oé)/Nl
h= h2:=(W2—W1)/N2 , N=N1—|—N2—|—N3 s T = At



Hermite Collocation

N+1

U(x,t) = Z [aom—1(t)p2m—1(x) + a2m(t)Ppam(x)]
m=1

¢ (%) ) X € [Xm—lvxm]
om-1(x) =9 & (5F2) X € [Xm, Xmy1]
0 , otherwise

—h (%) , X € [Xm—1,Xm]
dam(x) = ¢ o (5F=) X € [Xm, Xmy1] (1)

0 , otherwise

o(s)=(1—5)%(1+2s) , p(s)=s(1—5s)> , sel0,1]

0]



Interface Conditions

[DU,] :=D"Uf —D Uy =0, atx=wy, k=1,2

Y bai(x7) = bai(x;)
Xji = W1
i=N+1

1
5w (5)
Gailx) = § b (55

0

bai(x) = vai(x;)
Xji = Wp
=N+ N +1

1
—hp (7%)
by (25%)

0
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Hermite Elements at the Interfaces



Boundary Collocation equations

Uc(a,t) =0 — aa(t)=0 — ap(t)=0

UX(b, t) =0 — a2N+2(t) =0 — d2N+2(t) =0
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Interior Collocation equations

N+1 N+1

> enj-1(t)paj1(07) + doj(t)doj(07)] = DD [aoj-1(t)di—1(07) + aaj(t) b (7))
Jj=1 j=1
where o; , i =1,...,2N are the Gauss points (two per subinterval)
I
Elemental Collocation equations
[oj_1] [ i1 ]
Qj o
o I e R S
Q2j+1 Q2j+1
| 42 L azjt2 |
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Elemental Collocation matrices

51 Cj 52 S3 /Bj
) = . k=0,2
(o 2 RORNE : ()

50)79+4ﬂ 5(0)73+\/§ s(0),974\/5 5(0)*3’\/5
— 18 2 T 73 >3 — 18 ' %% — 36

(

1

s£2) = 72\/57 séz) =-1- \/g, s§2) =23 and sf) =-1++3
1 ’ J#N1+N2+1 1 ) J#Nl
Yo, J:N1+N2+]- Yo, ./:Nl
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Collocation system of ODEs

Aa = Ba

where a = [dl d3 s 0'42/\/4_1} T, a = [051 a3 - 052N+1] T

Al Bl F_l Gl
A2 BQ F2 G2
A= N , B= AN
An-1 Bn-1 Fno1 Gn-1
AN BN FN éN

a=C(a,t)
where C(a,t) = A"'Ba
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Backward Euler (BE) - Crank Nicolson (CN)

BE: (n41) _ (n)
&t l(a,p)

T

or

(A—7B)al"1) = Aa(")

N (1) _ (n)
A (@ ) + Ca,1)

or

IB)al") = (A+ ZB) al"

(A_z 2
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Diagonally Implicit RK3 (DIRK)

DIRK:

a(nvl) — a(n) + 7 C‘(ml)(a7 t)
a™? = al" 4+ [(1—-2))C™(a, t) + A\C"?(a, 1)]
a1 = 2 1 2 [0 (a, 1) + C"2(a, )]

or

(A—7AB) al™) = A al")
(A—7AB) al™? = A al” 1 7(1 - 2))B a(™V
Aam) = Aal” + L (B alrd) 4 B aln?)]

2
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Numerical Results - Model Problem 1

Ri:=(-5,-1), Ry :=(-1,1), R3:=(1,5), y=0.5
and f(x) = ﬁe”z/’ﬁ , with n = 0.2.

=01t =4
max

Tumour growth c(x,t)

Spatial variable x
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Numerical Results - Model Problem 2

Ry :=(-5,1), Ry :=(1,1.5), Rz :=(1.5,5), y =05

and f(x) = ﬁ(e*(”‘a'sy/772 + ef(xf3)2/’72) , with n = 0.2.

t=0.1,t =4
max

Tumour growth c(x,t)

= o 1
Spatial variable x
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Numerical Results - Spatial Relative Error

Model Problem 1 Model Problem 2

——DIRK

——DIRK

CN

Relative Error
Relative Error

Number of Elements Number of Elements
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Logistic Growth 3-region Model in 141 Dimensions

ct=Dcx+c(l—c), xeRy, (=1,2,3,t>0
cx(a,t) =0 and cy(b,t)=0
[c] =0 and [Dcx] =0 atx=wx, k=1,2

c(x,0) = f(x)



Interior Collocation equations

Z[O‘J )$i(o1)] = D Z[O‘J ¢1” o) + Z[% )$5(7)] (Z[O‘J(t éj UI)])

. 2
Qj_1 Qoj_1 Qi1 Qoj_1
0 Qoj 2 Qo) 0 Q) 0 Qoj
Cj( ) 22 — DC-( ) 2j CJ( ) J _ Cj( ) J
Q211 Q2j+1 Q2j+1 Q2j+1
Q2j 42 Q2j42 Q2j42 Q2j42
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Collocation System of ODEs

Aa = Ma + (Cj(o)a) 2

where .
P1 @1
P,
M = AN )
Pn-1 Qn-1

Pv  Qu

7 Q=67+ g”

a=K(a,t)

where K(a,t) = A1 [/\/la + (C(O)a)'z]
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Time Discretization

BE:
(A— rM)al™D _ (C(O)a(n+1>)'2 _ Aa

CN:

2 2
(A—ZM)al™ D7 (C(°>a("+1>) = (A+5M) a4 (C(°>a(">)

DIRK:

2
(A= raM) 2V — 7 (P2l D) " = Ao

2 .2
(A—71aM) a™? — 7\ (C(O)a("’Z)) =Aa" +7(1-2)) (M a™ + (C(O)a("’l)) )

Aat) = Aa™ 4 T m a4 (C(f>>‘.1,(n,1))‘2 LM a4 (C(O)a("’2)>2]
2
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Numerical Results

Model Problem 1 Model Problem 2
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Numerical Results - Spatial Relative Error

Model Problem 1 Model Problem 2

—+—DIRK ——DIRK

oN CN

Relative Error
Relative Error

Number of Elements Number of Elemets
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Generalization in m+1 Regions

Ri=(,m), Ro=(wi,wm2), ..., Rmt1 = (Wm,b)

Dx)=1{ 7 > x € [a,w1) U [wa, w3) U...U [wp, b
1 , x else

[c]=0 and [Dcy] =0 atx=wy, k=1,....,m
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Interface Conditions

[DU,] :=D"Uf —D U, =0, atx=wy, k=1,....m

I

Y ¢2i(x7) = dai(x")

X; = wg, k odd
i = ij N;+1
j=1
i
—hy (25)
h (551)

0

$2i(x) =

I

Gai(X7) = v2i(x;)

X; = wg, k even
| = Zk: Nj +1
j=1
i
—hy (%)
by (252)

$2i(x) =

0
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Numerical Results

Model Problem 1 Model Problem 2

=04t =4 ) =01t 4

Tumour growth c(x,t)
Tumour growth c(x,t)

Spatial variable x
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Numerical Results - Spatial Relative Error

Model Problem 1 Model Problem 2

——DIRK

——DIRK

Relative Error

Relative Error

Number of Elements Number of Elements
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Exponential Growth 3-region Model in 2+1 Dimensions

, (x,y) € [wi,w2) X [a, b]

{ v o, (x,y) € o, wy) X [a, b]
D = 1
Yo (Xay) S [W27b] X [a7 b]

us = Duyc +Duyy, , xRy, £=1,23,t>0

ou
a—n—O

[uU]=0 and [D*u] =0 atx=wx, k=1,2and y € («, b)

u(x,y,0) = f(x,y)

R1 = (a, wr)x(a, b), Ra := (wy, wz)x(a, b), Rz := (wa, b)x(, b)
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Exponential Growth 3-region Model in 2+1 Dimensions

Diffusion coefficient D
9



Exponential Growth 3-region Model in 2+1 Dimensions

Ny+1 Ny+1

U(x,y,t Z Z [a2m—1(t)P2m—1(x) + c2m(t)d2m(x)]

m=1 n=1

[B2n—1(t)P2n—1(y) + Ban(t)d2n(y)]

!
[DU,] :=DTUf —D Uy =0, atx=wx, k=1,2

{ {
Y ¢oi(x) = dai(x") G2i(x7) = vai(x")
Xji = w1 Xji = Wp
=N, +1 = Ny + Ny, +1
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2-D Model Problem - Solution

(Loading movie2.mpg)
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