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 Timetable  

 Start : 1/1/2012 

 End : 30/6/2015 

 Duration : 40 months 

 Deliverables 

 1 technical report (τεχνικές εκθέσεις) 

 3 research papers (επιστημονικά άρθρα) 
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Interface Relaxation (IR) Methods for General 
Elliptic PDEs 

1. Introduction 
• Basic target. 
• A composed Problem. 
• Basic Methodology 
• General stuff. 

2. IR Methods. 
• AVE. 
• GEO. 
• ROB. 

3. Convergence Analysis. 
4. Numerical Results. 
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Main Target 
The creation of a general methodology for the 

solution of the composite PDE problems with 
the following properties: 

1. Consists of a set of collaboration solvers for local (simple) 
problems. 

2. Allow the choice of the most appropriate discretization 
method of the local problem.  

3. Simplifies the geometry and the physics of the global 
problem. 

4. Software reuse. 
5. Wide applicability and high efficiency. 
6. Increased adaptivity and inherent parallelism. 

21/7/2012 8 Kick Off Meeting - WP2 - Task 2.2 
Yota Tsompanopoulou 



23/7/2012 

5 

A Composed PDE Problem 

         Uxx + Uyy = 0 

U = 1.5Un 

Uxx+Uyy= -1.0 Uxx+Uyy + yUx = -1.0 

Uxx+Uyy + xUx = -1.0 

Heat Radiaton 
Region 

Mounting Region 

Heat Producing Region 
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Basic Methodology 

1. Split the problem in the PDE level. 

2. Use solution’s properties to set conditions on the 
common boundaries (interfaces) 

3. Give initial values on the interfaces.  

4. Solve each PDE locally.  

5. Use relaxation method to smooth the 
solution/derivatives or/and operators on the 
interfaces. 

6. Check convergence criteria and go back to 4. 
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Basic Methodology 
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Basic Methodology 
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Basic Methodology 
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Overview in IR Methods 
 Primitive Relaxers: 
 About 10 proposed/implemented/analysed. 

 Smooth values and normal derivatives in various ways 

 Advanced Relaxers: 
 Smooth additional operators (continuity of mass, 

temperature, conservation of energy/momentum, 
equilibrium conditions, Lagrange multipliers, Steklov-
Poincare operators, etc.) 

 Differences in convergence and applicability. 
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AVE 

For  k=0,1,2,…                                           

 Define:  

 

 Solve the Neumann problems:            

1,...,1,1
2

1

2









pi
dx

du
)β(

dx

du
βg

ii xx

k)(

i
i

xx

k)(

i
ii

,1

)12(

11 fuL k 

0
0

)12(

1 




xx

ku

1

)12(

1

1

g
dx

du

xx

k







στο Ω1 ,)12(

p

k

pp fuL 

1

)12(

1











p

xx

k

p
g

dx

du

p

0)12( 




pxx

k

pu

στο Ωp ,)12(

i

k

ii fuL 

1

)12(

1











i

xx

k

i g
dx

du

i

i

xx

k

i g
dx

du

i





 )12(

στο Ωi 

i=2,…,p-1 

21/7/2012 15 Kick Off Meeting - WP2 - Task 2.2 
Yota Tsompanopoulou 

AVE (cont’d) 

 Define: 

 

 Solve the Dirichlet problems:  
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GEO 

For  k=0,1,2,… 

 Define: 

 

 Solve the Dirichlet problems: 
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2
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ROB 

For k=0,1,2,… 

 Define: 

 

 Solve the problems: 
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Convergence Analysis 

 The model problem. 

 Convergence conditions and “optimum” values for 
the relaxation parameters of AVE. 

 Optimum values for the relaxation parameters of 
ROB. 

 Convergence conditions for GEO.  

21/7/2012 19 Kick Off Meeting - WP2 - Task 2.2 
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Model problem (1-dim) 

 
 

 

  

0xa  1x
1ix ix 1px bxp 

1 i
p

(a,b)x 

0)()(  buau

,2 fuγuxx 
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It is known that: 

The solution of  -uxx + γ2u =  0 ,  

 

with 
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D.E. for the error functions (AVE) 
                         i=1,…,p , k=0,1,… 

 Neumann steps (similar for  the Dirichlet steps): 
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Error functions (AVE)  
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Relation between two consecutive errors (AVE)  
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Convergence, optimum values (AVE)  

Theorem: Let                                               of length                        
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D.E. for the error functions (GEO) 
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Error functions (GEO) 
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Structure of iteration matrix (GEO) 
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Region of convergence (GEO) 

Lemma:  The non-identically zero eigenvalues of Matrix M, 
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D.E. for the error functions (ROB) 
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Error functions (ROB) 
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Structure of iteration matrix (ROB) 
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Optimal parameters (ROB) 
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Numerical experiments 

 4 composed problems 

 History of convergence 

 Verification of “optimum” parameters 

 Effect of descritization of the domain 

 Effect of descritization of the operator 
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4 composed problems 

PDE1: Helmholtz equations with 
Cartesian decomposition of domain  
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PDE2:  Helmholtz equations with 
general decomposition of domain  
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4 composed problems 
PDE3: Linear operator with general 
decomposition of domain  
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general decomposition of domain  

IVIVinuΔu 31 ,    ,04.0 
IV

y

u

x

u
inuΔu 2   ,03.0)(10 









IV

u

in

yxuΔu

0

22

1000

  

  ,0)2(60)1(2.0





IVIVinuΔu 31 ,    ,04.0 

 

IV

u

inu

y

u

x

u

y

u
Δu

2

500

1

2

2

1000

    ,03.0

31



























21/7/2012 36 Kick Off Meeting - WP2 - Task 2.2 
Yota Tsompanopoulou 



23/7/2012 

19 

History of convergence for PDE4 (ROB) 

3η επαν. 2η επαν. 1η επαν. 
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Verification of “optimum” parameters (PDE1) 

ROB 
AVE 
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Verification of “optimum” parameters (PDE3) 

ROB 
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Effect of descritization of the operator  
History of convergence for ROB (PDE2) 

Finite Difference (5 point star) 

Collocation 

Bi-linear Finite Elements 
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Effect of discretization of the domain 

History of convergence for ROB with bi-linear finite elements 

for PDE2. 

h=0.10 

h=0.20 
21/7/2012 41 Kick Off Meeting - WP2 - Task 2.2 

Yota Tsompanopoulou 

Conclusions 
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 The IR methodology is suitable for composed PDE 
problems. 

 There are theoretical results for convergence, with 
“optimum” relaxation parameters. 

 Theoretical results are verified with numerical 
experiments (model and general problems). 
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 ACAdEMy   Advanced mathematiCAl Engineering Medical  
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