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Timetable - Deliverables

» Timetable
Start:1/1/2012
End :30/6/2015
Duration : 40 months
» Deliverables
1 technical report (texvikég ekBEOELC)
3 research papers (emiotnuovika dpBpa)
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Interface Relaxation (IR) Methods for General
Elliptic PDEs

1. Introduction
Basic target.
A composed Problem.
Basic Methodology
General stuff.

2. IR Methods.

AVE.
GEO.
ROB.

Convergence Analysis.
4. Numerical Results.
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Main Target

The creation of a general methodology for the
solution of the composite PDE problems with
the following properties:

1. Consists of a set of collaboration solvers for local (simple)
problems.

2. Allow the choice of the most appropriate discretization
method of the local problem.

3. Simplifies the geometry and the physics of the global
problem.

Software reuse.
Wide applicability and high efficiency.
Increased adaptivity and inherent parallelism.
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A Composed PDE Problem

UptUy=-1.0  Ug+U, +yU,=-1.0

U=40
D:
Heat Radiaton
E = D Region
Il Il
=) = . Mounting Region
D Heat Producing Region
/ N\
~ U=15U,
U=0 Uy tUyy + XU, = -1.0
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Basic Methodology

1. Split the problem in the PDE level.

2. Use solution’s properties to set conditions on the
common boundaries (interfaces)

3. Giveinitial values on the interfaces.
4. Solve each PDE locally.

5. Use relaxation method to smooth the
solution/derivatives or/and operators on the
interfaces.

6. Check convergence criteria and go back to 4.
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Basic Methodology
Initial global composed PDE problem
Lu=f, in Q10Q
- u=u’, on oQ
0,5
L,=0
- @3 _.U I
L:=0 '(.3_25‘:; : _‘1‘_',_‘
o
o L,=0 ”
' 2,0y (5,00
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Basic Methodology
Set of simple PDE subproblems
Lu="f, in
Gyu, =0, on (0Q,NAQ)N\IQ Vi ]
w—_ u =u’, on 0Q;NoQ
L.=0 Solver | ~ Mediator
T 100 Q, 22
' 23 Solver
E 100 '1”. ! 2, I
0z L3=IZI G52 S Mediator Mediator Mediator
s = IT
o La=0 : Solver Mediator Solver
T Q |0,1 Q
2.0) (5,0
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Basic Methodology
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Overview in IR Methods

» Primitive Relaxers:

About 10 proposed/implemented/analysed.

Smooth values and normal derivatives in various ways
» Advanced Relaxers:

Smooth additional operators (continuity of mass,
temperature, conservation of energy/momentum,
equilibrium conditions, Lagrange multipliers, Steklov-
Poincare operators, etc.)

» Differences in convergence and applicability.

14 Kick Off Meeting - WP2 - Task 2.2 21/7/2012
Yota Tsompanopoulou

23/7/2012



AVE

For k=0,1,2,...

» Define: (2K (2k)
D Y e o R CEy L R E B
dx | _ dx |

» Solve the Neumann problems:

2k+1 2k+1 2k+1
Lu® = o0, | LUPY = f, owa | LUPY = £ owa,
u(2k+l) =0 du,(zkfl) B du;ﬂvi)
! X=Xg dx . =0ia .~ = gp?l
(2k+1) o X=Xp 4
du,™ =g, dul (@D ~0
dx d =0 p o
X=X X X=X; X Xp
i=2,..,p-1
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AVE (cont’d)
» Define:
_ (2k+1) (2k+1) .
h = o,U; . +(1-a)u; Il =1,.,p-1

» Solve the Dirichlet problems:

L1u1(2k+2) — fl,mo Q,

u1(2k+2) -0
X=Xo

(2k+2)

u =

A

16

Liui(2k+2) — fi; 610 O, Lpué2k+2) — fp,cro Q,
u|(2k+2) . =h, uéﬂ”z) - = hp—l
S| uézmz) B 0
X=%; P
i=2,...,p-1
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GEO

For k=0,1,2,...

» Define: u® 1 y®

i i+1

du®
+p| = i
2 P dx

X=X;

» Solve the Dirichlet problems:

+ L Ji=1...

du®
dx

k+1 K+1 K+1
Liul( ) = fl, oto Q Liui( = fi’ 610 Q Lpué = fp, 010
(k+1) _ (k+1) o
u =0 (k+1) _ u =
1 X=Xg U X=%1 Gia p X=X, 9 p-1
(k+1) (k+1)
u = K+l =
N A Uf)xﬁ‘—gl u, - 0
i=2,..,p-1
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For k=0,1,2,...
(k)
i dui+l +/"L_u_(k)
» Define: Lok | e
e dy® =1...p-1
g|+1 — i iy (k)
' dx T e
X=X;

» Solve the problems:

L1U1(k+l) = fl’ 610 £

k+1
u P =0
X=Xo
du(k\l)
1 51 (kel) _ Al
dx +A4Up =0
X=X, Yy
18

Liui(k+1) e fi’ oto Q;

du*® O
- (Ijx +ul =04
X=Xi4 X=¥%; 1
dut) o
l 7L/“|u|(K Y :gll
dx |, -
i=2,..,p-1
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(k+1) _
= o610 Q
Lpu P fp ' ’
dutkn
77de + 2, ul =92,
U(kﬂ) _ O
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Convergence Analysis

» The model problem.

» Convergence conditions and “optimum” values for

the relaxation parameters of AVE.

» Optimum values for the relaxation parameters of

ROB.
» Convergence conditions for GEO.
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Model problem (1-dim)

2 -
—u, +yu=f, xeQ=(ab)
u(@)=u)=0
Q, Q, Q,
a=x, X X, X X,y Xp =D
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It is known that:
The solution of -u +y2u= 0, Xe(ah)

cu'(@-+cu@=o,

with ,
c,u'(b)+c,u(bd) =0,
is given by
*%*) (b-
~ a1+ ¢ )™ + (cr+c )™ .
) 1
_(_Cﬂ""Cz)(C3Y+04)e{(H) +(C Y +GC, )(= C;y+C,y e 1o
—(=Cy+C,)e"™ ™ +(cy+c,)e T
V,.
y(b- y(b-a) "2
—(—Cly+C2)(C3y+C4)e Y +(C17+C )(= Cyy +C4) '
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D.E. for the error functions (AVE)
y &¥=u¥—u,=1,.,p,k=0,1,..
» Neumann steps (similar for the Dirichlet steps):
de( de(29 _
g‘c"i :lBi 2 (1 ﬁ) 8H1 i :1!"'! p_l
X X=X; X=X;
Le®™ =0, in0, | Le™™ =0, ina | L™ =0, inq,
(2k+1) del?<) de@kD
& X=Xg TX:XH =06, SX =0&,,
d8;2k+1) B e X=Xpy
dx - = 981 gidX B =g g;zkﬂ) . —
i=2,..p-1
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Error functions (AVE)

Neumann:

700 = e (B0, + (1 B el
! i=2,..p-1
c0sh((x—xj_4)) (,b’d (2K +(1 ﬁ )dg(zk)) P

7;sinh(z; ;) i+1,i

Dirichlet:

(2k+2)(yy _ SinhG;x;—x) (2k+1) (2k+1)
gi (X) - sinhl(yilﬁi) (OC —1 i-1,i-1 +(1 al l)gll -1 )

SN (g (1 )2V i=2,..,p-1
p

sinh(;¢;) Gi€ii i+Li
(Zk)
where d8(2k) de; (Xj ) o(2k4) (2k+1)(X_ )
dxk = M 7
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Relation between two consecutive errors (AVE)

y o0 [0 0 L® ]T Ul
g [811'82 2r€pgpa] dg(k) I:dglkl)’dgg()z, dg(pl)()lp 1] '
o (2 k k K
§(2 +2):|\/|Dd_8(2 +1)’ %\(2 +1):MN§(2)
* Milil,i:_zai , 1=1..,p-2 Mi,[?ﬂ:M’ i=2,..p-1
m;y, M

MPD = %M % i=2,..p-2

miyi |+ly|+1
. 21— S s
VT B R
m; i+1
MN = Biny; _(1_:Bi)ni+1yi+l i=2,..p-2
" m i1 ,
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Convergence, optimum values (AVE)

Theorem: Let Q:O?Ji, O =(x,x) oflength /i, i=1..p

i1 B
and y=y, i=1,...,p. If ¢, > "2 =1 p) then
N D . .« . .
Y H is minimized by
mn.,, mn, .

Y u NN LL LU R P )

Lomn +mn, and  / mn;,, + M n; "
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D.E. for the error functions (GEO)

8i(k) + gi(tl) d 8i(k) dgﬁ(l) .
TR 14 S M= S Y S [
2 dx dx
X=X; X=X;
K+1] k+1 K+1
L18(+)=0, 610 Q L& +)=O, 070 Q L& +)=O, ot0 Qp
1 1 i“i p=p
(k+1) _ K41 (k+1) -
& - Si( o s =0&,4 €p X=X 1 =0e,,
(k+1) (k+1)
& & + =
Tl 94 gi(k K — ge; &p X=X, 0
i=2,..,p-1
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Error functions (GEO)

_ eyi(xi’x) + e*}’i(xifx) 8»(k) o+ g(k)
(k+1) _ i-1,i-1 ii-1 (k) ()
g (%)= R 5 + PH(‘ dely iy + dgi,i—l) +

_eVi(X’Xi—l) +e’7i(X’Xi—1) 8-(k-) +8-(k) ) -
L 5 e +pi(— dei(? +dg¥ ) , i=2..p-1

eVi(i _e’}’i/i L

— ®_].0 0 0 0 k) k) K) K)

p=3, & = 611162116221 €3,, ey, gy, e 5,03
§(k+l) = Mg(k), k=01,..., M e R*®,

1 .

A=—o B=—— =12
tanh(y,/;) sinh(y,¢,)
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Structure of iteration matrix (GEO)

0 0 % % 0 0 -p, Py
o 0 0 % % 0 0 -p, P2
% % 0 0 -pAn  pAN 0 0
- /;”2 - '2”2 Bzzyz Bzzyz pAT  —pAY =By, poBy
- Bzzyz BZZVZ % Azzyz P8, —pBs =AY, P
0 o = /;”3 - /;”3 0 0 pAYN —pA
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Region of convergence (GEO)

Lemma: The non-identically zero eigenvalues of Matrix M,

are equal to the non-identically zero eigenvalues of M

where

M

Theorem: If © =0 Jo,| Jo.,

7 1-p(nA +7,A)

P2y

p1.B,

QBZ

1-py(72 A +75A) .

@, =(x_,.x ) of length

Yota Tsompanopoulou

¢y, 1=12,3 , GEO converges to the solution of the original
roblem iff 2 2-pC
P O<p<—, 0<p,<2 P S
C, 2C, - p(C,C, -7,B;)
where  C; =yA+y, A, =12
29 Kick Off Meeting - WP2 - Task 2.2 21/7/2012
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D.E. for the error functions (ROB)
L de® |
ge, =—" + 48
' dx X=X;
X=X; o .
i de® . (i=1..p-1
gelt =S5 4500
' dx ex. X=X;
Le* =0, ing (k+1)
k+1 . ! =
ngi =0, in & d (klu)l ’ Lpgp =0, ing,
E; i k+1
- _ _Ug 2 ek — el de® D .
8](, Y x=%, - O dX X=X * 1% — gé|71 - SC;JX +/Lp’18(: Y = gggfl
det? &) ol dei(kﬂ) (k+1) i (k+1) - o
™ MM@ N =ge o N + &l =05 | &, - =0
i=2,..,p-1
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Error functions (ROB)

- (}’I + /1i )eyi(xiix) + (—yi + /li)e”/i(xi*x)
1+ A) o+ — (2 + )
! i-1 ! ! i i i i-1

_(yi +/1i71)eyi(><*xi4) +(_Vi +/1i71)efyi(x—xi,1) (d
(=7 + A=y + ii)eiwi —(+ A+ /liil)e”éi

» eXH(x) =

i+1,i i“i+1,i

o« Y= [de®, 0,6, del, . de®, e, e de®

p-1p—1'®p-1p-1'“p,p-17

=M, k=041,...,

M., ) =
A di |7 imy +40) =y, (i +40;)

31 Kick Off Meeting - WP2 - Task 2.2
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K ®)
(_ d‘("i—l‘i—l + }*i—lgi—l,i—l)_{_

¥+ 1Y ),

1 [_ (Vini +j'imi) ii—l(yini +/1imi) }

Structure of iteration matrix (ROB)

0 M, 0 0 0 0
My 0 0 M, 0 0
My, 0 0 M, 0 0
0 0 M, O 0 M,
M= 0 0 M, 0 Mg
0 0 M 2(p-1)-2,2(p-1)-3
M 2(p-1)-1,2(p-1)-3
L 0 0 0 M 2(p-1)2(p-1)-1
32 Kick Off Meeting - WP2 - Task 2.2
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i=2,..,p-1
]T
p,p-1
21/7/2012
0 _
0
0
0
0
Map 1) 2261)
Map 1y 1200)
0
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Optimal parameters (ROB)

Lemma: Let M the iteration matrix of the method, then
o(M)\{0} = U(]\Z)\{o}., where | has the same structure with M
and

~ /"LI7 (yini +}L|m|)7/1if (yinl +)le|) 1 — —
Mo g,26-01 = - aq - L 1=2,...,p-],

d, = (Vi2 +;Li;“i—1)rni + (/Li +)‘i—1)ni'

Theorem: Consider the decomposition of Q2 into p subdomains Q;
oflength 7., i=1..p

The spectral radious of the iterative matrix is zero if the
parameters A;, are selected as

, Ve A= M i

/Lp 1= ) i1 T . A '
m, N +4m;

33 Kick Off Meeting - WP2 - Task 2.2 21/7/2012
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=p-1...,2.

Numerical experiments

» 4 composed problems

» History of convergence

» Verification of “optimum” parameters
» Effect of descritization of the domain
» Effect of descritization of the operator

34 Kick Off Meeting - WP2 - Task 2.2 21/7/2012
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4 composed problems
PDE1: Helmholtz equations with
Cartesian decomposition of domain
U=X*+64
o8 2 . s
—Adu+yu=f,in Q,i=0,.7
1
2 = — x+y 1)2 = "12 = 72 =
o " Vo 2exp , ir =10, y, =16, y; =20,
%\ : «” "/j = Z(Siﬂ ((X + y)71')+ 4—)Y y: =15,
Py
\ X+
y % =25, 7 =5exp(* )
03) ] £ Uy =16
(o % o of el Ty
R R - = PDE2: Helmholtz equations with
© 1)‘§§20n § ot S, general decomposition of domain
R4 1 | 1 H
o o e e - 20, : s _
Um0 e S 60 T00) Aul‘")’i u=f,in Q7,i=0,.3
=0, 57 =16, 91 =25
- 5 X+
y2 =sin((x+ y)rr)+—exp(—y) +4
35 Kick Off Meeting - WP2 - Task 2.2 2 21/7/2012
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4 composed problems
e PDE3: Linear operator with general
0,5 decomposition of domain
o U= 100 - 20(y-3)
- Au +0.2u + 60(x* + y* +2) =0,
“ in QY
QIV
U=0 3 .- =100 . NV AV
: 23) &7 Au+0.4u=0, in Q" ,Q,
/! 40 T .
Ve U100 (o329 Au—10(* +)+0.3u=0,in QY
Qé“ 2 6252 . OX oy
©.2)
- PDE4: Non-Linear operator with
Q o .
0 Uee general decomposition of domain
©.1) vV ) u
7 05 Mu+0.2u(1+ L) +60(x + y? +2) =0,
U= 1000 af of in Q!
0
10 2,0 U=0 6.0) .
o eo ’ Au+0.4u=0, in QY QY
~2 ~ N
¢ \O%U . ou ou
Au +(l+m)—6y2 +[m&+3j§+
36 Kick Off Meeting - WP2 - Task 2.2 0.3U=Q, iRof25’
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History of convergence for PDE4 (ROB)

o . .
o,
A\m -
%o e
N N
.y T %5, W
i e Rea,
E SRR e
0 e
A o
= o %,
£) fo0,
g a
g ] tag,
-~ Interface 2
a G M e = ] E F3 ©

iterations
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Verification of “optimum” parameters (PDE1)

i
£
T Interface 3 Inferface 3
e a
v '
= Vo N °
'y S o
- “ :
-. \, o
S . A
” ~ ~t Iy ]
o . \
- " . o
ROB 4 s 5w w W e 3 v s w w w w n wm
o
N &
{a
Subxdomain 0 as \f’ o Subdomain 0
= Ve
2 ! o
5 Vo
N 7 Vo e
. \ 2
. Ly
N _ o
- R 4 iy
\
o &

Kick Off Meeting - WP2 - Task 2.2
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Verification of “optimum” parameters (PDE3)

2 v T ™
u’\v\ o

! & 7ome0., 3'\“"9-:0,%

B Ty TTeeay, L %%eay,
= \ L Tfeeag i . %o,
: B e, \, "ooen,
;1 K\‘-\\ °°°°° ', \\.‘\‘ cog
Ed N\ (=N

| - \

e T Yo :
~ Interface 0 &N\f\f\ Vl'\;. ] T Interiace 1 \ﬁ\‘ VN ,\/.,_'7 o
ROB q‘“ ® = E3 EY = © & & = L e E3 £
° Eh

b ks
N /\5\\”“ uuuuuuuu il ‘.\Y' R
£l - ©%%a0, . M el TTeeen,
i. . \ °ea,, ) \ kkkkkkk
i § s 2o
% \‘_7\:\ ) ;\\

A R
. Yl P at 3 T
Interface 2 = /,gs\/-\_/f. g . Interface 3 \/, \‘/\/ >
o e 5 o L
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Effect of descritization of the operator
History of convergence for ROB (PDE2)

RIS Interface 1 -1k Interface 6
Finite Difference (5 point star)
............................................... Collocation
T Bi-linear Finite Elements
40 Kick Off Meeting - WP2 - Task 2.2 21/7/2012
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Effect of discretization of the domain

History of convergence for ROB with bi-linear finite elements
for PDE2.

-1k Interf 1
! mertace 5 Subdomain 2
S
I
4 1
L
L
o
o
ot 4 e R
[ 2 4 & 4 L 1z " 16 18 x iterations
41 Kick Off Meeting - WP2 - Task 2.2 21/7/2012

Yota Tsompanopoulou

Conclusions

» The IR methodology is suitable for composed PDE
problems.

» There are theoretical results for convergence, with
“optimum” relaxation parameters.

» Theoretical results are verified with numerical
experiments (model and general problems).

42 Kick Off Meeting - WP2 - Task 2.2 21/7/2012
Yota Tsompanopoulou

23/7/2012

21



References

» Analysis of an Interface Relaxation Method for Composite Elliptic
Differential Equations, P. Tsompanopoulou and E. Vavalis, Journal of
Computational and Applied Mathematics, 226(2), (Apr. 2009), pp 370-387.

» An Experimental Study of Interface Relaxation Methods for Composite
Elliptic Differential Equations, P. Tsompanopoulou and E. Vavalis, Applied
Mathematical Modelling, 32, (Aug. 2008), pp 1620-1641.

» Fine Tunning Interface Relaxation Methods for Elliptic Differential
Equations, J.R. Rice, P. Tsompanopoulou and E.A. Vavalis, Applied
Numerical Mathematics, 43(4), (Nov. 2002), pp 459-481.

» Interface Relaxation Methods for Elliptic Differential Equations, J.R.
Rice, P. Tsompanopoulou and E.A. Vavalis, Applied Numerical Mathematics,
32 (2000), pp 219-245.

43 Kick Off Meeting - WP2 - Task 2.2 21/7/2012
Yota Tsompanopoulou

Thanks!

44 Kick Off Meeting - WP2 - Task 2.2 21/7/2012
Yota Tsompanopoulou

23/7/2012

22



Possible project acronyms

v Vv Vv VvV VvV VvV VvV VvV VvV VvV Vv v

ACAdEMy Advanced mathematiCAl Engineering Medical
ACCEPt AdvanCed mathematiCal Engineering Problems
ADVISE ADVanced mathematlcal Software Engineering
AMALTHEA Advanced MAthematical meTHods EnviromentAl
AMETHyYST Advanced Mathematical mETHods SofTware
ANIMATED AdvaNced MAThematical Engineering meDical
ANIMATE AdvaNced MAthematical meThods Engineering
ANAEMIA AdvaNced mAthematical Engineering MedIcAl
ANEMONE AdvaNcEd Mathematical envirOmeNtal Engineering
ACHIEVE AdvanCed matHematlcal EnViromental Engineering
CoMMENd advanCed Mathematical Methods ENgineering

CoMPLETE advanCed Mathematical PLatform EnviromenTal
Engineering
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