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Abstract. Motivated by proliferation-diffusion mathematical models for studying highly
diffusive brain tumors, that also take into account the heterogeneity of the brain tissue, in the
present work we consider a multi-domain linear reaction-diffusion equation with a discontinuous
diffusion coefficient. For the solution of the problem at hand we implement Fokas transform
method by directly following, and extending in this way, our recent work for a white-gray-
white matter brain model pertaining to high grade gliomas. Fokas’s novel approach for the
solution of linear PDE problems, yields novel integral representations of the solution in the
complex plane that, for appropriately chosen integration contours, decay exponentially fast
and converge uniformly at the boundaries. Combining these method-inherent advantages with
simple numerical quadrature rules, we produce an efficient method, with fast decaying error
properties, for the solution of the discontinuous reaction-diffusion problem.

1. Introduction
Reaction-diffusion linear PDEs have been the core biomathematical model for studying highly
invasive and aggressive forms of brain tumors for many years now (e.g. [1] and the references
therein). The incorporation (cf. [2], [3]) of brain’s tissue heterogeneity (white-gray matter) into
the basic model led to the differential equation:

Jc = o _
5= V - (D(z)Ve) + pe, (1)
where ¢(7,t) denotes the tumor cell density at location T and time ¢, p denotes the net
proliferation rate, and D(Z) is the diffusion coefficient representing the active motility of
malignant cells satisfying;:

, (2)

where D,, and D, are scalars and D,, > D,. The model formulation had zero flux boundary
conditions, which impose no migration of cells beyond the brain boundaries, and an initial
condition ¢(%,0) = f(T), where f(Z) is the initial spatial distribution of malignant cells.

Using the classical transformation ¢(z,t) = e'u(z, t), the dimensionless initial-boundary value
problem (cf. [2], [4]), in 1D, may be written as

D(@) = D,,, 7 in white matter
| Dy, 7 in gray matter

ur = (Dug)z, x €la,b], t>0
ug(a,t) =0 and wuy(b,t) =0
u(z,0) = f(z) :=>0(x—&), & € (a,b)
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where §(x) denotes Dirac delta function.

Due to brain tissue heterogeneity, the domain [a, b] is considered partitioned into n+1 regions
R; = (wj_1,w;), witha =wo < w1 <wa < ... < w, < wypy1 = b, and if, for some j, R; is white
matter region, then R;_1 and R;,; are grey matter regions. Thus, the dimensionless diffusion
coefficient D(z) is defined to be:

Dy/D,,, when R; is grey matter
1, when R; is white matter

D(z)=7v;,z€R;j,j=1,...,n+1 with 73’3:{ . (4)

Furthermore, notice that the parabolic nature of the problem directly implies continuity of both
u and Du, across each interface point w;. Hence:

w(wj, t) = lim wu(z,t) = lim w(x,t), Vji=1,2,...,n (5)
1’—>w].+ x—>w;
Duy(wj,t) = lim D(x)uz(z,t) = lim D(z)uy(x,t), Vji=1,2,...,n. (6)
wﬁw;} :Eﬁ'w;
t
”H Ut = V1Uzx ut = fy2uzz§ut = 73“11 Ut = Y4Uzy e o o Ut = YnUzx ut = Tn+1Uzx ”H
® ® ® *® ® ® x
a w1 w2 w3 w4 Wp—1 Wp, b
u(z,0) = f(x)

Figure 1. The multi-domain initial-boundary value problem
With the multi-domain problem depicted in Figure 1 above, we proceed, in Section 2, with

the development of Fokas method (cf. [5], [6]) for its solution and the numerical investigation of
its behaviour in Section 3.

2. Fokas Method

Let u'9)(x,t) denote the solution of the multi-domain problem defined over R; = [wj_1,wj].
Namely,
u(z,t), r € R;
ud(z,t) = { Mg w(@,t), T=wir 5o py, (7)
lim, ., -wu(z,t), z=w,
J

and, naturally,

ugj)(wj_l,t) = lim wuy(z,t) and u;j)(wj,t) = lim wug(x,t). (8)

T=wi g T—w;

Apparently then,
() _ (

Uy

uf)a = vl (9)

while, recalling the constrains (5)-(6), there also holds:

ul (wy t) = D (wy ) and yul (g, 1) = il D (wy, ) | (10)
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Working similarly as in [4], we write equation (9) in divergence form

(e_ikx""yfk%u(j))t - (e_ikm+71k2t'yj () + iku))), =0, k € C arbitrary,

(11)

and by integrating over A; := {(z,t) : x € R;, 0 <t < T}, using Green’s Theorem and Fourier
transforms we obtain the ”global relation” in the form:

G0 (k1) = FO(k) — yem i [@8 (w1, k) 4 kT (w1, 7,k2)]

(12)
+ e[ (wy k) ka9 (wy, k)],
where _ _
. wj . . ) Wi ) .
Fo) = [ et @, @k = [ et ), (13)
wj—1 Wj—1
and
. T 2 . . T 2 .
ﬁ(])(x,'yjk‘Q) ::/ R ) (., ¢)dt, ﬁ(w])(x,'yjk:Q) ::/ R ) (1) dt. (14)
0 0

Inverting the windowed Fourier transform @) (k, t), setting k2 < v;k2, ¢; ’yj_l/ 2, applying

conditions (10), and after some algebraic manipulations we find that the solution, for all
Jj=1,2,...,n,is given by

. . [T .
w9 (z,t) = ;J/ ewfkm_k%f(])(cjk:)dk‘
T J-—x

1 too . ) .
— / ewfk(f”_“’j—l)_k%[Mﬂfg_l)(wj,l,k:2)+icjkﬂ(1_1)(wj,1,k2)]dk (15)
2rcj J - Vi

1 too ) .
s / M=) RGO (10 k) + i ka (wj, K)]dk |
¢ J_oo

where %’ (wj, k%) and @) (w;, k?) are given by the following 2(n 4+ 1) x 2(n + 1) linear system:

Gu =T, (16)
where:
r AL Al A o 0 0 0 0 0 0 ]
ALY A Al 0 o 0 0 0 0 0
0 AP AP AP AP 0 0 0 0 0
2 2 2 2
0 AP AP AP AP 0 0 0 0 0
G = : : : : : : : : : :
o 0 0 0 0 A A A Al 0
o 0 0 0 0 Al Al Al 4l 0
0 0 0 0 0 0 0 AT Al gLty
) 0 0 0 0 0 0 Al plrth o gD
i AQ SN (erk)
1 . k —ZiCjkwj_l H(l)(w07k2) i J/C\(l)(iclk)
e ™ (wy, k?) F@ (cak)
2 T-e T Jk ; u“)(w k%) f(Z)(—c k)
3| —icjyjke "R L N 2
4 —fyjeficjkwj , u = and f = :
5 | —ieyyzkettitein 4 (1w, k) 7 (enk)
S T (wn, k) 7 (~eak)
! wmk-ew; - @™ (w1, k%) FU D (engak)
8 o _6’LC]' w ? - n
7 [ F ) (—enaak) ]
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Finally we point out that the analytic nature of the integrand functions in relation (15) above
allows the determination of appropriate integration contours in the complex plane (cf. [7], [4])
to achieve fast decay of the integrands hence stability of the whole calculation.

3. Numerical Solution

Following our work in [4], to numerically evaluate the integrals in relation (15) above, we apply

the trapezoid rule on appropriate hyperbolic contours (cf. [8]) defined by mapping the points 6

on the real line to the points +k(6) of the complex plane, where ky = k(0) := isin(5 — i6).
The numerical model used in our experiments is described by:

la, w1, w2, ws, wy, ws, bl = [—4,—-2,-1.5,0,3,4,5], v1 =Dy/Dyy =02, =-3 .5 =25 (17)

The relative error used in our calculations is given by En := [[un, ; — un; | /l|Un 4 |loo, Where
N denotes the number of quadrature points, and is depicted in Figure 2 that follows.

201

clc)

Figure 2. Time evolution of cell density c¢(x,t) and the corresponding relative error En

4. Conclusion

The Fokas transform method, combined with numerical integration on hyperbolic contours, is
applied to the solution of a multi-domain brain tumor invasion model. The analytical solution is
produced in integral form at any space-time point and evaluated by a fast convergent quadrature.
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