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Talk Overview

= Hermite Collocation for elliptic BVPs &

Derlvation of the Collocation linear system

= Development of a parallel algorithm for the
Schur Complement method on Shared
Memory Parallel Architectures

= Parallel implementation on multicore computers
with GPUSs
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Hermite Collocation Method
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Red — Black Collocation Linear system

000X 0OX |0X 00X 00X 00X 00X 00 DX
00X X XX[XX XXXX XXXX 00 KX
Q0XXK XXXXK XXXX XXXX o0 XX
00X X XXXX XXXX XXXX 00 KX
000X 0 X 0X 0X 0X 0 X 0X 00 0X
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Red — Black Collocation Linear system

DO00X 00X [0X 0X [0OX 00X [0X 00 pPX
DOXX XXXX XXXX XXXX 00 KX
DOXX XXXX XX[XX XXXX 00 KX
DOXX XXXX XXEXX XXXX 00 KX
000X 0 X 0X 00X 0X 0O X 0X 00 0X
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Red — Black Collocation Linear system
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Red — Black Collocation Linear system
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Red — Black Collocation Linear system
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Model
Problem

Vau(x,y)—Au(x,y)=f(xy) , (Xy)eQ

-

Dgr
Hpg

ux,y)=9(x,y) , (X,¥)€oQ with 21>0

Hg 1 |
Dpg
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Helmholtz

Collocation l
Matrix
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Red — Black Collocation Linear system

[ as as —ay O 0 - 0 0 0 0 0
ay ay —az 0 0 e 0 0 0 0 0
0 a ao az —ayg --- 0 0 0 0 0
0 as €Ly a —as - 0 0 (0 0 0
Ai = D . ; ; S ; ;
0 0 0 0 0 -+ a1 as as —dg 0
0 0 0 0 0 -+ az aq ay;  —aso 0
0 0 0 0 () e 0 0 a s —ay
|0 0 0 0 0 -0 0 ag ay —az |

with
E:—Tj‘ﬁg , g =24+ 22
r = 86e — 24 & (48¢ — 18)V/3 ,
st =13 — 12 4 (Te — 8)4/3 ,
t*¥ =bhe +3+ (e +1)v/3,
ut =2 — 34 (e — 2)V/3.
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Iterative
+

Parallel

/ o)
- The collocation matrix is large, sparse and enjoys no pleasant
properties (e.g. symmetric, definite)
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taraiive Soluiijc
lterative Solution 41— | Dr Hs
o HR DB

A=Dy — Ly — Uy

with

[ Dr O [ o o [0 -Hp
R R A R
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lterative Solution

e

M; ' AM; ' Mox = M;'b

where My = Dao—La = Da(I — D;'Ly)

and M, = I —D,'Ua

I O tr+ Dy Hrep | [ br
O S rpB B b

where S=Dpg— HRDI?HB

BR — Déle and BB — bp —HRBR
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cigenvalues of Collocaiion rnairix
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r Cormplarnent lieraiive Soluiion

1L

k—

S1: Solve Dgrbr = bg

S2: Fvaluate BB — bp —HRBR

S3:  Solve with BiCGSTAB S xp = bg

S4: Bwvaluale ©p = Hpxp

SH: Solve DrEp = Xp

S6: Fvaluate xrp = br — TR
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Parallel Iterative Solution of Collocation Linear system
on Shared Memory Architectures

= Uniform Load Balancing between core threads
= Minimal Idle Cycles of core threads
= Minimal Communication
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Mapping into a fixed size Architecture of N Cores

4 Y
‘ ‘ ‘ ‘ ) ) ] ‘ ‘ ‘ ‘
\ S

case of k= 2p/N even 2k virtual threads
Xl(R) I=(j-Dk+1,...,jk
ey . |
X 1=2p+(j-Dk+1, ..., 2p+jk




Parallel Schur Cornplernent lierative Soluiion

S1:  Solve in parallel on host DRBR — bp

S2:  Send matrices Az and A4 to GPU

S3:  Evaluate in parallel on GPU BB = bp — HRBR
S4:  Solve in parallel with BiICGSTAB S xp = BB
S5:  Evaluate in parallel on GPU &g = Hpxp

S6:  Solve in parallel on host DrITp = T p

S7:  Evaluate in parallel on host xrp = br — Tg
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raralle] BiCGS rr\J
Choose initial sscimation () of the solution = p
0 — €
Y &1 NG
Choose 7 (usually » = (@)
for: = 1,2,...

picy = 7T ri=1)
if p;_1 = 0 method fails

if ¢ =4
p(l) — (0
else
By = B 5=

p¥ = (-0 4 B 1 (P Y — wyq v )

eni Ii
— Fi—1

Qi = Frpm
s = r(i=1) — g, ()
if || s| issmall enough then
@ _ .0
x

I = a:g—l) + a; p'¥ stop

Wi = 71
:c(é) = :I'S; b = aip(i) + w; s

Check for Convergence
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Paralle]l BICGSTAB

Evaluation oft = Sp

S1:  Send p from host to GPU

S2:  Evaluate in parallel on GPUt = Hp p

S3:  Send t from GPU to host

S4:  Solve in parallel on host Drs = t

S5:  Send s from host to GPU

S6:  Evaluate in parallel on GPU q = Hpr s

S7:  Send q from GPU to host

S8:  Evaluate in parallel on hostt = Dpp — q

TECHNICAL UNIVERSITY OF CRETE :
APPLIED MATHEMATICS AND COMPUTERS LABORATORY  §




he Dirichlet Helmholtz Problem

u(x,y)=10p(x)e(y) ., (xy)<l[01]<[0.1]

2
with  @(X) = (X2 —x)e100(x-0.1)
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HP SL390s - Tesla M2070 GPUs

HP SL390s

TECHNICAL SPECIFICATIONS

6 core Xeon@2.8GHz
Tesla M2070 / M2075
24GB memory Peak doubl: ision floati 515 Gigafl
) eak double precision floating igaflops
Oracle Linux 6.3 x64 point performance
PGl 13.5 Fortran Peak single precision floating 1030 Gigaflops

point performance
PCl-e gen2 x16
CUDA cores 448

Memory size (GDDR5) 6 GigaBytes
Memory bandwidth (ECC off) 150 GBytes/sec

DIRECTIVES FOR ACCELERATORS

Q%s..,% The Portland Group | OpenAcC. OpenMP S
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Realization on HP SL390s Tesla GPU machine
Iterations / Error measurements

N Steraions I D= Al
256 294 6.06e-11
512 589 2.85e-11

1024 1161 1.39e-11
2048 3726 9.59e-12
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Realization on HP SL390s Tesla GPU machine
Time measurements

cPU
IlCPU - GPU

256
@ o o
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Realization on HP SL390s Tesla GPU machine
Time measurements
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Realization on HP SL390s Tesla GPU machine
Time measurements
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Realization on HP SL390s Tesla GPU machine
Time measurements
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Realization on HP SL390s Tesla GPU machine
Time measurements
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Realization on HP SL390s Tesla GPU machine
Time measurements
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Conclusions

* A new parallel algorithm implementing the Schur
complement with BiCGSTAB iterative method for
Hermite Collocation equations has been developed.

* The algorithm is realized on Shared Memory multi-core
machines with GPUs .

+ A performance acceleration of up o 30% is observed.
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Future work

» Design an efficient parallel Schur complement
algorithm of the Hermite Collocation equations
for Multiprocessor /Grid machines with GPUs.
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