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ɞʌʅʎʐʙʈʂ ʆɻʅ ɬʀʔʉʋʇʋɾʚɻ ɭʌʋʇʋɾʅʎʐʡʉ 
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ʑʌʋʇʋɾʅʎʐʅʆʘʏ ɻʍʔʅʐʀʆʐʋʉʅʆʘʏ 
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H ʌɻʍʋʞʎɻ ʘʍʀʑʉɻ ʘʔʀʅ ʎʑɾʔʍʂʈɻʐʋɿʋʐʂʃʀʚ ɻʌʝ ʐʂʉ ɞʑʍʖʌɻʛʆʙ 

ɳʉʖʎʂ ɉɞʑʍʖʌɻʛʆʝ ɣʋʅʉʖʉʅʆʝ ɬɻʈʀʚʋ - ɞɣɬɊ ʆɻʅ ɻʌʝ ʀʃʉʅʆʋʞʏ 

ʌʝʍʋʑʏ ʈʘʎʖ ʐʋʑ ɞʌʅʔʀʅʍʂʎʅɻʆʋʞ ɩʍʋɾʍʗʈʈɻʐʋʏ Ⱥɞʆʌɻʚɿʀʑʎʂ ʆɻʅ 

ɝʅɻ ɛʚʋʑ ɥʗʃʂʎʂȻ ʐʋʑ ɞʃʉʅʆʋʞ ɫʐʍɻʐʂɾʅʆʋʞ ɩʇɻʅʎʚʋʑ ɚʉɻʒʋʍʗʏ 

ɉɞɫɩɚɊ ɀ ɞʍʀʑʉʂʐʅʆʝ ɯʍʂʈɻʐʋɿʋʐʋʞʈʀʉʋ ɳʍɾʋȡ ɡɚɤɠɫȢ ɞʌʘʉɿʑʎʂ 

ʎʐʂʉ ʆʋʅʉʖʉʚɻ ʐʂʏ ɾʉʡʎʂʏ ʈʘʎʖ ʐʋʑ ɞʑʍʖʌɻʛʆʋʞ ɣʋʅʉʖʉʅʆʋʞ 

ɬɻʈʀʚʋʑ ɉ-)3 σχωτρφɊȢ 
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ɩʍʝʇʋɾʋʏ 

ɱʽʰ ˍʹ˄ ʶˉʾ˂ˎˋʹ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˉˇ˂˂ʰˉ˂˗˄ ˉʶʵʾ˖˄ κ ˉˇ˂˂ʰˉ˂˗˄ ˒ˎˋʽˁ˗˄ ʷ˔ˇˎ˄ 

ˉˊˇˍʰʻʶʾ ʵʽʱ˒ˇˊʶˌ ˍʶ˔˄ʽˁʷˌ ˋˍʹ ʲʽʲ˂ʽˇʴˊʰ˒ʾʰΦ ʁʽ ˃ʷʻˇʵˇʽ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʽˌ 

ʵʽʶˉʰ˒ʷˌ ʶʾ˄ʰʽ ˃ʽʰ ʶ˄ʵʽʰ˒ʷˊˇˎˋʰ ˉˊˇˋʷʴʴʽˋʹ ʴʽʰ ˍʹ˄ ʶˉʾ˂ˎˋʹ ˍʷˍˇʽ˖˄ 

ˉˊˇʲ˂ʹ˃ʱˍ˖˄Φ ɳˉʾˋʹˌΣ ˋˍʽˌ ˃ʷˊʶˌ ˃ʰˌ ʹ ʰˊ˔ʽˍʶˁˍˇ˄ʽˁʺ ˍ˖˄ ˋˎˋˍˇʽ˔ʽ˗˄ ˎˉˇ˂ˇʴʽˋˍ˗˄ 

ό/ƭǳǎǘŜǊǎύ ʰ˄ʰʵʶʾ˔ʻʹˁʶ ˁʰʽ ˁʰʻʽʶˊ˗ʻʹˁʶ ˖ˌ ʹ ˉ˂ʷˇ˄ ˁʰˍʱ˂˂ʹ˂ʹ ˉ˂ʰˍ˒ˈˊ˃ʰ ʴʽʰ ˍʹ˄ 

ʶˉʾ˂ˎˋʹ ˎˉˇ˂ˇʴʽˋˍʽˁʱ ʰˉʰʽˍʹˍʽˁ˗˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄Φ ʆʰˎˍˈ˔ˊˇ˄ʰΣ ʹ ˉˊˈˋ˒ʰˍʹ 

ʰ˄ʱˉˍˎ˅ʹ ˁʰʽ ˉˊˇˍˎˉˇˉˇʾʹˋʹ ˍ˖˄ ʵʽʰʵʽˁˍˎʰˁ˗˄ ˎˉʹˊʶˋʽ˗˄ όǿŜō ǎŜǊǾƛŎŜǎύ ʷ˔ʶʽ 

ˋˎ˄ʵˊʱ˃ʶʽ ˋʹ˃ʰ˄ˍʽˁʱ ˋˍʹ˄ ʶˏ˔ˊʹˋˍʹ ˁʰʽ ˇ˃ˇʽˈ˃ˇˊ˒ʹ ʵʽʱʻʶˋʹ ˍ˖˄ ˎˉˇ˂ˇʴʽˋˍʽˁ˗˄ 

ˉˈˊ˖˄ ˉˇˎ ʲˊʾˋˁˇ˄ˍʰʽ ʵʽʰʻʷˋʽ˃ˇʽ ˃ʷˋ˖ ˍ˖˄ ˎˉˇʵˇ˃˗˄ ˍ˖˄ /ƭƻǳŘǎ. 

ʅˁˇˉˈˌ ˍʹˌ ˉʰˊˇˏˋʰˌ ʵʽˉ˂˖˃ʰˍʽˁʺˌ ʶˊʴʰˋʾʰˌ ʶʾ˄ʰʽ ʹ ˎ˂ˇˉˇʾʹˋʹ ˍʹˌ ˃ʶʻˇʵˇ˂ˇʴʾʰˌ 

˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ ʶ˄ˍˈˌ ʶ˄ˈˌ ˉʶˊʽʲʱ˂˂ˇ˄ˍˇˌ ʶˉʾ˂ˎˋʹˌ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ 

ˉˇ˂˂ʰˉ˂˗˄ ˉʶʵʾ˖˄ κ ˉˇ˂˂ʰˉ˂˗˄ ˒ˎˋʽˁ˗˄Σ ˃ʶ ˉʰˊʱ˂˂ʹ˂ʹ ʰ˅ʽˇˉˇʾʹˋʹ ˍ˖˄ 

ˋˏʴ˔ˊˇ˄˖˄ ˎˉˇ˂ˇʴʽˋˍʽˁ˗˄ ʰˊ˔ʽˍʶˁˍˇ˄ʽˁ˗˄Φ 

ʅʶ ʰˎˍˈ ˍˇ ˋʹ˃ʶʾˇ ʻʰ ˉˊʷˉʶʽ ˄ʰ ʰ˄ʰ˒ʶˊʻʶʾ ˈˍʽ ʹ ˉʰˊˇˏˋʰ ʶˊʶˎ˄ʹˍʽˁʺ ʶˊʴʰˋʾʰ ʷ˔ʶʽ 

ʵʹ˃ˇˋʽʶˎˍʶʾ ˋˍʰ ˉˊʰˁˍʽˁʱ ˍˇˎ ʵʽʶʻ˄ˇˏˌ ˋˎ˄ʶʵˊʾˇˎ 6th INTERNATIONAL 

CONFERENCE ON NUMERICAL ANALYSIS NumAn 2014 [101]. 

ɶ ˉʰˊˇˏˋʰ ʵʽˉ˂˖˃ʰˍʽˁʺ ʶˊʴʰˋʾʰ ˋˎʴ˔ˊʹ˃ʰˍˇʵˇˍʺʻʹˁʶ ʰˉˈ ˍˇ ˉˊˈʴˊʰ˃˃ʰ ɸɮɽɶʅΦ 
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ɞʑʔɻʍʅʎʐʚʀʏ 

ʅˍʹ˄ ʶˉʽˋˍʹ˃ˇ˄ʽˁʺ ˁʰʽ ʶˊʶˎ˄ʹˍʽˁʺ ʵˇˎ˂ʶʽʱ ˉˇˎ ʷʴʽ˄ʶ ʴʽʰ ˍʹ˄ ˇ˂ˇˁ˂ʺˊ˖ˋʹ ˍʹˌ 

ˉʰˊˇˏˋʰˌ ʵʽˉ˂˖˃ʰˍʽˁʺˌ ʶˊʴʰˋʾʰˌ ˋˎ˄ˍʷ˂ʶˋʶ ˁʰʽ ʲˇʺʻʹˋʶΣ ʶˉʽˋˍʹ˃ˇ˄ʽˁʱ ˁʰʽ ʹʻʽˁʱΣ  

ʷ˄ʰ ˉ˂ʺʻˇˌ ʰˍˈ˃˖˄ ˉˇˎ ʻʰ ʺʻʶ˂ʰ ˄ʰ ʶˎ˔ʰˊʽˋˍʺˋ˖, ˁʰʻ˗ˌ ˔˖ˊʾˌ ˍʹ˄ ʰˊ˖ʴʺ ˁʰʽ ˍʹ 

ˋˎ˃ˉʰˊʱˋˍʰˋʺ ˍˇˎˌ ʵʶ˄ ʻʰ ˃ˉˇˊˇˏˋʰ ˄ʰ ʲʴʱ˂˖ ʶʽˌ ˉʷˊʰˌ ˍˇ ʰˉʰʽˍʹˍʽˁˈ ʷˊʴˇ ʴʽʰ 

ˍʹ˄ ʶˁˉˈ˄ʹˋʹ ʰˎˍʺˌ ˍʹˌ ʶˊʴʰˋʾʰˌΦ 

ɮˊ˔ʽˁʱΣ ˍʽˌ ʻʶˊ˃ˈˍʶˊʶˌ ʶˎ˔ʰˊʽˋˍʾʶˌ ˃ˇˎ ʰˉʶˎʻˏ˄˖ ˋˍˇ˄ ˁʰʻʹʴʹˍʺ ˃ˇˎΣ ʅˉˏˊˇ 

ɽˎˁˇʻʰ˄ʱˋʹΣ ˇ ˇˉˇʾˇˌ ˉˊ˗ˍʰ ˃ˇˎ ʶ˃ˉʽˋˍʶˏʻʹˁʶ ˍˇ ˋˎʴˁʶˁˊʽ˃ʷ˄ˇ ʶˉʽˋˍʹ˃ˇ˄ʽˁˈ 

ʻʷ˃ʰ ˁʰʽ ˋˍʹ ˋˎ˄ʷ˔ʶʽʰ ʲˇʺʻʹˋʶ ˈˋˇ ʺˍʰ˄ ʵˎ˄ʰˍˈ ˉʶˊʽˋˋˈˍʶˊˇ ˉˊˇˋ˒ʷˊˇ˄ˍʰˌ 

ˍʶ˔˄ˇʴ˄˖ˋʾʰ ˁʰʽ ˉˈˊˇˎˌ ʴʽʰ ˄ʰ ˃ˉˇˊʷˋ˖ ˄ʰ ˇ˂ˇˁ˂ʹˊ˗ˋ˖ ˍʹ˄ ʷˊʶˎ˄ʱ ˃ˇˎΦ  ɳˉʾˋʹˌ 

ʶʾ˄ʰʽ ʱ˅ʽˇ ʴʽʰ ʰˎˍˈ˄ ˄ʰ ʰ˄ʰ˒ʷˊ˖ ˈˍʽ ˉʱ˄ˍʰ ʺˍʰ˄ ˋˍˇ˄ ˉ˂ʱʽ ˃ˇˎ ˁʰˍʱ ˍʹ ʵʽʱˊˁʶʽʰ 

ˁʰ̔ ʰˎˍʺˌ ˍʹˌ ʶˊʴʰˋʾʰ ̩˃ˇˎ ˁhʽ ˉʰ˂ʰʽˈˍʶˊʰ ˁʰʽ ˉʱ˄ˍʰ ˃ʶ ʲˇʹʻˇˏ̀ʶ ˁʰʽ ˃ʶ 

ˁʰʻˇʵʹʴˇˏˋʶΣ ˗ˋˍʶ ˄ʰ ˉˊˇˋˉʶˊʱˋ˖ ˍˎ˔ˈ˄ ʶ˃ˉˈʵʽʰ ˉˇˎ ʶ˃˒ʰ˄ʾˋˍʹˁʰ˄ ˁʰˍʱ ˍʹ 

ʵʽʱˊˁʶʽʰ ˍˇˎ ʶˊʶˎ˄ʹˍʽˁˇˏ ʷˊʴˇˎ ˃ˇˎΦ 

ɹʵʽʰʾˍʶˊʹ ˋˎ˃ʲˇ˂ʺ ˁʰˍʱ ˍʹ˄ ˎ˂ˇˉˇʾʹˋʹ ˍʹˌ ˋˎʴˁʶˁˊʽ˃ʷ˄ʹˌ ʵʽˉ˂˖˃ʰˍʽˁʺˌ ʶˊʴʰˋʾʰˌ 

ʶʾ˔ʶ ˁʰʽ ˇ ˁʰʻʹʴʹˍʺˌ ʃʰ˄ʰʴʽ˗ˍʹˌ ɮ˂ʶ˒ˊʰʴˁʺˌΣ ˇ ˇˉˇʾˇˌ ˃ʶ ˍʽˌ ʴ˄˗ˋʶʽˌ ˍˇˎ ˁʰʽ ˍʹ˄ 

ˁʰʻˇʵʺʴʹˋʺ ˍˇˎ ˃ʶ ʲˇʺʻʹˋʶ ˗ˋˍʶ ˄ʰ ʶˉʶˁˍʶʾ˄˖ ˃ʶ ʶˉʽˍˎ˔ʾʰ ˍʹ˄ ʷ́ ʶˎ˄ʱ ˃ˇˎ ˋʶ 

ʶˉʽˋˍʹ˃ˇ˄ʽˁʱ ˉʶʵʾʰ ˍʰ ˇˉˇʾʰ ʵʶ˄ ʺˍʰ˄ ʰˊ˔ʽˁʱ ʴ˄˖ˋˍʱ ˋʶ ˃ʷ˄ʰΦ  

ʆʽˌ ʶˎ˔ʰˊʽˋˍʾʶˌ ˃ˇˎ ʶˁ˒ˊʱʸ˖ ˁʰʽ ˋˍˇ˄ ˁʰʻʹʴʹˍʺ ɱʶ˗ˊʴʽˇ ʃʰˎ˂ʾʵʹ ˉˇˎ ʵʷ˔ˍʹˁʶ ˄ʰ 

ʶʾ˄ʰʽ ˃ʷ˂ˇˌ ˍʹˌ ˍˊʽ˃ʶ˂ˇˏ̩ ʶˉʽˍˊˇˉʺˌ ʰ˅ʽˇ˂ˈʴʹˋʹˌ ˍʹˌ ˃ʶˍʰˉˍˎ˔ʽʰˁʺˌ ˃ˇˎ ʶˊʴʰˋʾʰˌΦ 

ɿʰ ˋʹ˃ʶʽ˗ˋ˖ ˋʶ ʰˎˍˈ ˍˇ ˋʹ˃ʶʾˇ ˈˍʽ ʹ ʲˇʺʻʶʽʰ ˍʹˌ ˁʰʻʹʴʺˍˊʽʰˌ ɱʽ˗ˍʰˌ 

ʆˋˇ˃ˉʰ˄ˇˉˇˏ˂ˇˎ ʺˍʰ˄ ˁʰʻˇˊʽˋˍʽˁʺ ʴʽʰ ˍʹ˄ ˇ˂ˇˁ˂ʺˊ˖ˋʹ ˍʹˌ ˉʰˊˇˏˋʰˌ ʶˊʴʰˋʾʰˌΦ 

ɮ˒ʶ˄ˈˌΣ ʴʽʰˍʾ ʹ ˃ʷʻˇʵˇˌ ˉˇˎ ˎ˂ˇˉˇʽʺʻʹˁʶ ʶʾ˔ʶ ʰ˄ʰˉˍˎ˔ʻʶʾ ʰˉˈ ʶˁʶʾ˄ʹΦ ɮ˒ʶˍʷˊˇˎΣ 

ʴʽʰ ˍʽˌ ʰ˃ʷˍˊʹˍʶˌ ˗ˊʶˌ ˋˎʸʹˍʺˋʶ˖˄ ˁʰʽ ʲʺ˃ʰ ˉˊˇˌ ʲʺ˃ʰ ˋˎ˄ʶˊʴʰˋʾʰˌ ˋ˔ʶˍʽˁʱ ˃ʶ 

ˍʹ˄ ˉˊˇˍʶʽ˄ˈ˃ʶ˄ʹ ˎ˂ˇˉˇʾʹˋʹΦ 

ɴ˄ʰ ˅ʶ˔˖ˊʽˋˍˈ ʶˎ˔ʰˊʽˋˍ˗ ˇ˒ʶʾ˂˖ ˋˍʹ˄ ˁʰʻʹʴʺˍˊʽʰ ʅʶ˒ʶˊʾ˄ʰ ɾʰˎˊˇˎʵʺ ʴʽʰ ˍʹ 

ˋˍʺˊʽ˅ʹ ˁʰʽ ˍʹ˄ ʷ˃ˉ˄ʶˎˋʹ ˉˇˎ ˃ˇˎ ʷ˔ʶʽ ˉˊˇˋ˒ʷˊʶʽ ʰˉˈ ˍʰ ˒ˇʽˍʹˍʽˁʱ ˃ˇˎ ˔ˊˈ˄ʽʰΦ 

ɳˉʾˋʹˌΣ ʹ ˉʰˊˇˏˋʰ ʶˊʴʰˋʾʰ ʵʶ˄ ʻʰ ʶʾ˔ʶ ʶˉʽˍˎ˔˗ˌ ˇ˂ˇˁ˂ʹˊ˖ʻʶʾ ˔˖ˊʾˌ ˍʹ˄ ʲˇʺʻʶʽʰ 

ˍ˖˄ ʋˊʺˋˍˇˎ ɮ˂ʶ˅ʱˁˇˎ, ɼ˖˄ˋˍʰ˄ˍʾ˄ˇˎ ɸʶˇ˒ʽ˂ʱˍˇˎ ˁʰʽ ɸ˖˃ʱ ɮ˃ˇˊʴʽʰ˄ʽ˗ˍʹΣ ˇʽ 

ˇˉˇʾˇʽ ʷ˔ˇˎ˄ ˎˉʱˊ˅ʶʽ ʱˊʽˋˍˇʽ ˋˎ˄ʶˊʴʱˍʶˌ ˁʰˍʱ ˍʹ˄ ʵʽʱˊˁʶʽʰ ˍ˖˄ ˔ˊˈ˄˖˄ ˉˇˎ ʶʾ˃ʰʽ 

˃ʷ˂ˇˌ ˍˇˎ ɳˊʴʰˋˍʹˊʾˇˎ ɮ˄ʰʴ˄˗ˊʽˋʹˌ ʃˊˇˍˏˉ˖˄. 

ʆʷ˂ˇˌΣ ʻʷ˂˖ ˄ʰ ʶˎ˔ʰˊʽˋˍʺˋ˖ ˍˇˎˌ ʴˇ˄ʶʾˌ ˃ˇˎ ɾʰˊʾ˄ʰ ˁʰʽ ɮ˄ˍ˗˄ʹ, ˍˇ˄ ʰʵʶ˂̍˒  ˃ˇˎ 

ɾʽ˔ʰʺ˂-ɯʴʴʶ˂ˇ ˁʰʽ ˍˇ˄ ˒ʾ˂ˇ ˃ˇˎ ɼ˖˄ˋ̱˄h ˍʾ˄ˇ ɼˎˊʽʰˁˈˉˇˎ˂ˇΣ ˉˇˎ ˃ʶ ˎˉˇ˃ˇ˄ʺ ˁʰʽ 

ˁˇˎˊʱʴʽˇ ˉˊˇ̀ʷ˒ ʶˊʰ˄ ˍʹ˄ ʰˉʰˊʰʾˍʹˍʹ ʹʻʽˁʺ ˋˎ˃ˉʰˊʱˋˍʰˋʹ ʴʽʰ ˍʹ˄ ˇ˂ˇˁ˂ʺˊ˖ˋʹ 

ˍʹˌ ˃ʶˍʰˉˍˎ˔ʽʰˁʺˌ ˃ˇˎ ʶˊʴʰˋʾʰˌΦ 
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ɩʀʍʚʇʂʕʂ 
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Abstract  

Several approaches have been suggested in the literature for the solution of 

multiphysics / multidomain problems. Interface Relaxation (IR) methods are an 

interesting approach for the solution of these problems. Assuming initial guesses on 

the interfaces of the original problem, IR methods iteratively solve the subproblems 

and relax for new values on the interfaces until convergence is succeeded. Their 

main advantages are that their rates of convergence only depend on the parameters 

of the problem itself, the parameters related to its decomposition into subproblems 

and the parameters related to the operator imposed on the interfaces.  

In the present master thesis a new implementation of an IR method named GEO is 

presented. GEO is based on a simple geometric correction mechanism and acts 

iteratively so as to relax the values of the solution on the interfaces. In particular, it 

adds to the old interface values a geometrically weighted combination of the normal 

boundary derivatives of the adjacent subdomains. 

In this thesis GEO is implemented in FEniCS. The FEniCS project is a collection of free 

software for automated, efficient solution of differential equations. In order to 

evaluate the GEO implementation, it is applied on two different PDE problems with 

the same differential equation and boundary conditions and different domains. 

FEniCS methods are used to specify the problem's subdomains properties (i.e. 

geometry, PDE operator and boundary/interface conditions). They are also used to 

generate and/or refine meshes (triangular elements) for each subdomain, solve the 

local PDE problems and show the computed results in the global domain and on the 

interfaces. Getting values of the solutions on the interface (boundaries of the 

subproblems) and passing the new relaxed values back to the subproblems as 

updated values for the boundary conditions is the main challenge of the IR 

methodology implementation. 

Experiments are performed for 2-dimensional elliptic partial differential model 

problems with partitions in multiple subdomains and the results are examined in 

terms of the method's applicability and convergence. A parallel implementation of 

the GEO method using FEniCS is also presented, as well as its performance 

comparison to the serial implementation. The parallel implementation proves to be 

really useful, especially for large problems. 
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ρ ɩʍʋɼʇʙʈɻʐɻ ʌʋʇʇɻʌʇʡʉ ʌʀɿʚʖʉ Ⱦ ʌʋʇʇɻʌʇʡʉ ʒʑʎʅʆʡʉ 

ρȢρ ɞʅʎɻɾʖɾʙ 

ʁʽ ɾʶˊʽˁʷˌ ɲʽʰ˒ˇˊʽˁʷˌ ɳ˅ʽˋ˗ˋʶʽˌ όɾɲɳύ ˔ˊʹˋʽ˃ˇˉˇʽˇˏ˄ˍʰʽ ʶˎˊˏˍʰˍʰ ˋʰ˄ ʲʰˋʽˁʱ 

˃ʰʻʹ˃ʰˍʽˁʱ ˃ˇ˄ˍʷ˂ʰ ʴʽʰ ˍʹ ˃ʶ˂ʷˍʹ ˃ʽʰˌ ˉ˂ʹʻ˗ˊʰˌ ˒ˎˋʽˁ˗˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ʶʵ˗ ˁʰʽ 

ʵʶˁʰʶˍʾʶˌΦ ʅʺ˃ʶˊʰΣ ˋʶ ˉˇ˂˂ʱ ˉˊˇʲ˂ʺ˃ʰˍʰ ʶˉʽˋˍʹ˃ˇ˄ʽˁ˗˄ ˁʰʽ ˍʶ˔˄ˇ˂ˇʴʽˁ˗˄ 

ʶ˒ʰˊ˃ˇʴ˗˄ ʰˉʰʽˍʶʾˍʰʽ ʹ ˔ˊʺˋʹ ˋˏ˄ʻʶˍ˖˄ ɾɲɳ ˋˍʽˌ ˇˉˇʾʶˌ ˇʽ ˁ˂ʰˋʽˁʷˌ ˃ʷʻˇʵˇʽ 

ʶˉʾ˂ˎˋʹˌ ʵʶ˄ ʶʾ˄ʰʽ ʽʵʽʰʾˍʶˊʰ ʰˉˇˍʶ˂ʶˋ˃ʰˍʽˁʷˌΦ 

ʅˍʹ˄ ˉʰˊˇˏˋʰ ʵʽˉ˂˖˃ʰˍʽˁʺΣ ʰ˄ʰ˒ʶˊˈ˃ʶ˄ˇʽ ˁˎˊʾ˖ˌ ˋʶ ˉˊˇʲ˂ʺ˃ʰˍʰ ʶ˒ʰˊ˃ˇʴ˗˄ ˉˇˎ 

˔ʰˊʰˁˍʹˊʾʸˇ˄ˍʰʽ ʰˉˈ ˍʹ˄ ˏˉʰˊ˅ʹκʰ˂˂ʹ˂ʶˉʾʵˊʰˋʹ ʶˍʶˊˇʴʶ˄˗˄ ˎ˂ʽˁ˗˄ όmultiphysics, 

multidomain),  ̌ ʽ ɾɲɳ ˉˇˎ ˔ˊʹˋʽ˃ˇˉˇʽˇˏ˄ˍʰʽ ʴʽʰ ˍʹ˄ ˃ˇ˄ˍʶ˂ˇˉˇʾʹˋʹ ˍˇˎˌ ʶʾ˄ʰʽ 

ʶ˂˂ʶʽˉˍʽˁˇˏ ʺ ˉʰˊʰʲˇ˂ʽˁˇˏ ˍˏˉˇˎ ˁʰʽ ˔ʰˊʰˁˍʹˊʾʸˇ˄ˍʰʽ ʴʽʰ ˉʰˊʱʵʶʽʴ˃ʰ ʰˉˈ ˍʹ˄ 

ˏˉʰˊ˅ʹ h ˋˎ˄ʶ˔˗˄ ˋˎ˄ˍʶ˂ʶˋˍ˗˄ ̀ ˍʰ ʶˋ˖ˍʶˊʽˁʱ ˋˏ˄ˇˊʰ  h ˂˂ʹ˂ʶˉʾʵˊʰˋʹˌ ˍ˖˄ 

ʶˍʶˊˇʴʶ˄˗˄ ˎ˂ʽˁ˗˄Σ ʵʹ˂ʰʵʺ ˋˍʰ ˋʹ˃ʶʾʰ ɻ ʽʶˉʰ˒˗˄ (interfacesύΦ ɮˎˍˈ ˉˊˇ˒ʰ˄˗ˌ 

ˋˎ˄ʶˉʱʴʶˍʰʽ ˍʹ˄ h ˋˎ˄ʷ˔ʶʽʰ ˍʹˌ ˂ˏˋʹˌ ˍʹˌ ɾɲɳ, ̋ κˁʰʽ ˍ˖˄ ˉʰˊʰʴ˗ʴ˖˄ ˍʹˌ. 

ʃʰˊʰʵʶʾʴ˃ʰˍʰ ˍʷˍˇʽ˖˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˉˊˇʷˊ˔ˇ˄ˍʰʽ ʰˉˈ ˍʽˌ ʶ˅ʺˌ ʵˏˇ ˋʹ˃ʰ˄ˍʽˁʺˌ 

ˋˉˇˎʵʰʽˈˍʹˍʰˌ ˁʰʽ ˉˇ˂ˎˉ˂ˇˁˈˍʹˍʰˌ ʶ˒ʰˊ˃ˇʴʷˌ ʰˉˈ ˍˇˎˌ ˔˗ˊˇˎˌ ˍʹˌ ɹʰˍˊʽˁʺˌ ˁʰʽ 

ˍʹˌ ʃʶˊʽʲʰ˂˂ˇ˄ˍʽˁʺˌ ɾʹ˔ʰ˄ʽˁʺˌΥ  

¶ ɲʽʱʵˇˋʹ ˉˊ˖ˍˇʴʶ˄˗˄ ˁʰˊˁʽ˄ʽˁ˗˄ ˈʴˁ˖˄ ʶʴˁʶ˒ʱ˂ˇˎ όʴ˂ˇʾ˖˃ʰκgliomasύ ˁʰʽ  

¶ ʇ˒ʰ˂˃ˏˊʽˋʹ ˎʵˊˇ˒ˇˊʷ˖˄ ʴ˂ˎˁ˗˄ ˎʵʱˍ˖˄ ˂ˈʴ˖ ˎˉʶˊʱ˄ˍ˂ʹˋʹˌ. 

 
ɱʽʰ ˍʹ˄ ʰˉˇˍʶ˂ʶˋ˃ʰˍʽˁʺ ʶˉʾ˂ˎˋʹ ˍʷˍˇʽ˖˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ʰˉʰʽˍʶʾˍʰʽ ʶʾˍʶ ʹ 

ˉˊˇˋʰˊ˃ˇʴʺ ʴ˄˖ˋˍ˗˄ ʰˊʽʻ˃ʹˍʽˁ˗˄ ʺ ʰ˄ʰ˂ˎˍʽˁ˗˄ ˃ʶʻˈʵ˖˄ ʶˉʾ˂ˎˋʹˌ ɾɲɳΣ ˗ˋˍʶ ˄ʰ 

ˉˊˇˋʶʴʴʾʸˇˎ˄ ˊʶʰ˂ʽˋˍʽˁʱ ˍʹ˄ ˂ˏˋʹ ˍ˖˄ ʰ˄ˍʾˋˍˇʽ˔˖˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄Σ ʶʾˍʶ ʹ ʰ˄ʱˉˍˎ˅ʹ 

ˁʰʽ ˃ʶ˂ʷˍʹ ˁʰʽ˄ˇˍˈ˃˖˄ ˃ʶʻˈʵ˖˄Σ ˇʽ ˇˉˇʾʶˌ ˄ʰ ˂ʰ˃ʲʱ˄ˇˎ˄ ˎˉˈ˕ʹ ˋʶ ˎ˕ʹ˂ˈˍʶˊˇ 

ʶˉʾˉʶʵˇ ˃ˇ˄ˍʶ˂ˇˉˇʾʹˋʹˌ ˍʽˌ ʽʵʽʰʽˍʶˊˈˍʹˍʶˌ ˁʰʽ ˉˇ˂ˎˉ˂ˇˁˈˍʹˍʶˌ ˍˇˎ ˉˊˇʲ˂ʺ˃ʰˍˇˌΦ 

ʃʰˊʱ˂˂ʹ˂ʰ ˍʰ ˋˏʴ˔ˊˇ˄ʰ ˎˉˇ˂ˇʴʽˋˍʽˁʱ ˋˎˋˍʺ˃ʰˍʰ ʵʾ˄ˇˎ˄ ˄ʷʶˌ ʶˎˁʰʽˊʾʶˌ ʴʽʰ ˍʹ˄ 

ʶˉʾ˂ˎˋʹ ˉˇ˂ˏˉ˂ˇˁ˖˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˁʰʽ ʰˉʰʽˍʶʾˍʰʽ ʶ˄ʵʶ˂ʶ˔ʺˌ ˃ʶ˂ʷˍʹ ʴʽʰ ˍʹ˄ 

˃ʷʴʽˋˍʹ ʰ˅ʽˇˉˇʾʹˋʹ ˍ˖˄ ʵˎ˄ʰˍˇˍʺˍ˖˄ ˍˇˎˌΦ 

ɱʽʰ ˍʹ˄ ʶˉʾ˂ˎˋʹ ˍ˖˄ ʰ˄˖ˍʷˊ˖ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˁʱˉˇʽˇˌ ʻʰ ʷˉˊʶˉʶ ˄ʰ ˋˍˇ˔ʶˏʶʽ ˋˍʹ˄ 

1. ʰ˄ʱˉˍˎ˅ʹ ˁʰʽ ˃ʶ˂ʷˍʹ ˄ʷ˖˄ ʰ˄ʰ˂ˎˍʽˁ˗˄Σ ʰˊʽʻ˃ʹˍʽˁ˗˄ ˁʰʽ ˎˉˇ˂ˇʴʽˋˍʽˁ˗˄ 

˃ʶʻˈʵ˖˄Σ  

2. ˉˊˇˋʰˊ˃ˇʴʺ ˁ˂ʰˋʽˁ˗˄ ʰˊʽʻ˃ʹˍʽˁ˗˄ ˃ʶʻˈʵ˖˄Σ ʴʽʰ ˍʹ˄ ʶˉʾ˂ˎˋʹ ˍ˖˄ ˉʰˊʰˉʱ˄˖ 

ˋˏ˄ʻʶˍ˖˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ɾɲɳΣ  

3. ˎ˂ˇˉˇʾʹˋʹ ˍ˖˄ ˃ʶʻˈʵ˖˄ ʰˎˍ˗˄ ˋʶ ˋˏʴ˔ˊˇ˄ʰ ˎˉˇ˂ˇʴʽˋˍʽˁʱ ˋˎˋˍʺ˃ʰˍʰΣ  

4. ʵˇˁʽ˃ʺΣ ʰ˅ʽˇ˂ˈʴʹˋʹ ˁʰʽ ˋˏʴˁˊʽˋʹ ˍ˖˄ ˃ʶʻˈʵ˖˄ ˁʰʽ ˍˇˎ ʰ˄ˍʾˋˍˇʽ˔ˇˎ ˂ˇʴʽˋ˃ʽˁˇˏ 

ˁʰʻ˗ˌ ˁʰʽ ˍʹ˄ ʶ˒ʰˊ˃ˇʴʺ ˁʰʽ ʶˉʽˁˏˊ˖ˋʺ ˍˇˎˌ ˋʶ ˉˊˇʲ˂ʺ˃ʰˍʰ-˃ˇ˄ˍʷ˂ʰΦ 
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ʅˍˈ˔ˇˌ ʵʹ˂ʰʵʺ ʶʾ˄ʰʽ ʹ ʵʹ˃ʽˇˎˊʴʾʰ ʶ˄ˈˌ ˄ʷˇˎ ʶˉʽˉʷʵˇˎ ˋˎ˂˂ˇʴʽˋˍʽˁʺˌ ʹ ˇˉˇʾʰ ʻʰ 

˃ʰˌ ʶˉʽˍˊʷ˕ʶʽ ˄ʰ ʰˉˇˁˍʺˋˇˎ˃ʶ ˃ʽʰ ʲʰʻˏˍʶˊʹ ʵʽʰʾˋʻʹˋʹ ˁʰʽ ˁʰˍʰ˄ˈʹˋʹ ˍ˖˄ 

ʴʶ˄ʽˁ˗˄ ˔ʰˊʰˁˍʹˊʽˋˍʽˁ˗˄ ˁʰʽ ˍˇˎ ˃ʹ˔ʰ˄ʽˋ˃ˇˏ ˋˎ˄ʷ́ ʴ̔hˌ ˍ˖˄ ʶ˃ˉ˂ʶˁˇ˃ʷ˄˖˄ 

˒ˎˋʽˁ˗˄ ˄ˈ˃˖˄ ˁʰʽ ʵʽʰʵʽˁʰˋʽ˗˄Φ 

ʊˎˋʽˁʱ ˉˊˇʲ˂ʺ˃ʰˍʰΣ ˈˉ˖ˌ ʹ ˋˎ˃ˉʶˊʽ˒ˇˊʱ ˁʰˊˁʽ˄ʽˁ˗˄ ʶʴˁʶ˒ʰ˂ʽˁ˗˄ ˈʴˁ˖˄ ό˃ʶ ˍʹ˄ 

ˉʰˊˇˎˋʾʰ ʺ ˃ʹ ʻʶˊʰˉʶˎˍʽˁ˗˄ ˃ʶʻˈʵ˖˄ύ ˁʰʽ ʹ ˃ˈ˂ˎ˄ˋʹ ˎˉˈʴʶʽ˖˄ ˍʰ˃ʽʶˎˍʺˊ˖˄ 

ʴ˂ˎˁ˗˄ ˎʵʱˍ˖˄ ˃ʶ ʻʰ˂ʱˋˋʽˇ ˄ʶˊˈΣ ʰˉˇˍʶ˂ˇˏ˄ ʶˎʰʾˋʻʹˍʰ ʻʷ˃ʰˍʰ ˉˇˎ ʰˉʰˋ˔ˇ˂ˇˏ˄ 

ˇ˂ˇʷ˄ʰ ˁʰʽ ˉʶˊʽˋˋˈˍʶˊˇ ˍʹ˄ ˋˏʴ˔ˊˇ˄ʹ ˁˇʽ˄˖˄ʾʰΦ ʍˌ ʶˁ ˍˇˏˍˇˎΣ ʹ ˃ʶ˂ʷˍʹ ʴʽʰ ˍʹ˄ 

ʰ˄ˍʽ˃ʶˍ˗ˉʽˋʺ ˍˇˎˌ ˋˎ˄ʽˋˍʱ ˋˇʲʰˊʺ ˉˊˈˁ˂ʹˋʹ ʴʽʰ ˇ˂ˈˁ˂ʹˊʹ ˍʹ˄ ʶˉʽˋˍʹ˃ˇ˄ʽˁʺ 

ˁˇʽ˄ˈˍʹˍʰΦ ʇˉˈ ˍˇ ˉˊʾˋ˃ʰ ʰˎˍˈ ʴʾ˄ʶˍʰʽ ʱ˃ʶˋʰ ʰ˄ˍʽ˂ʹˉˍʺ ʹ ˋʹ˃ʰˋʾʰ ˍʹˌ ʰˁˊʾʲʶʽʰˌ 

ˍ˖˄ ˎˉˇ˂ˇʴʽʸˈ˃ʶ˄˖˄ ˃ʶʴʶʻ˗˄ ʰ˂˂ʱ ˁʰʽ ʹ ˍʰ˔ˏˍʹˍʰ ˎˉˇ˂ˇʴʽˋ˃ˇˏ ˍˇˎˌΦ 

ɾʶʴʱ˂ʹˌ ˁ˂ʾ˃ʰˁʰˌ ˁʰʽ ˉˇ˂ˎˉ˂ˇˁˈˍʹˍʰˌ ˉˊˇˋˇ˃ˇʽ˗ˋʶʽˌΣ ˈˉ˖ˌ ʰˎˍʷˌ ˉˇˎ 

ʰˉʰʽˍˇˏ˄ˍʰʽ ˋˍʰ ˉˊˇʰ˄ʰ˒ʶˊˈ˃ʶ˄ʰ ˉˊˇʲ˂ʺ˃ʰˍʰΣ ʰˉʰʽˍˇˏ˄ ˍʹ˄ ˋˎ˄ʶˊʴʰˋʾʰ ˁʰʽ 

ʶ˄ˇˉˇʾʹˋʹ ˒ˎˋʽˁ˗˄ ʶ˄˄ˇʽ˗˄Σ ˃ʰʻʹ˃ʰˍʽˁ˗˄ ˃ʶʻˈʵ˖˄ ʶˉʾ˂ˎˋʹˌΣ ˃ʶʻˈʵ˖˄ 

ʵʽʰˁˊʽˍˇˉˇʾʹˋʹˌΣ ˃ʶʻˈʵ˖˄ ʶˉʾ˂ˎˋʹˌ ʰ˂ʴʶʲˊʽˁ˗˄ ˋˎˋˍʹ˃ʱˍ˖˄Σ ˂ˇʴʽˋ˃ʽˁˇˏ ˁʰʽ 

ˎˉˇ˂ˇʴʽˋˍʽˁ˗˄ ʰˊ˔ʽˍʶˁˍˇ˄ʽˁ˗˄Φ ɶ ʵʹ˃ʽˇˎˊʴʾʰ ˃ʾʰˌ ˍʷˍˇʽʰˌ ˉ˂ʰˍ˒ˈˊ˃ʰˌ ˃ʶ˂ʷˍʹˌ 

ˋˏ˄ʻʶˍ˖˄ όmultiphysics, multidomainύ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ʰˉˇˍʶ˂ʶʾ ˍʹ˄ ʲʰˋʽˁʺ ˃ʰˌ 

ʶˉʽʵʾ˖˅ʹΦ ɮˉʰˊʰʾˍʹˍʹ ˉˊˇːˉˈʻʶˋʹ ʴʽʰ ˍʹ ʵʹ˃ʽˇˎˊʴʾʰ ˍʹˌ ˉ˂ʰˍ˒ˈˊ˃ʰˌ ʰˎˍʺˌ 

ʰˉˇˍʶ˂ʶʾ ʹ ˋˎ˄ˍˇ˄ʽˋ˃ʷ˄ʹ ʵʽʶˉʽˋˍʹ˃ˇ˄ʽˁʺ ʶˊʶˎ˄ʹˍʽˁʺ ʵˊʰˋˍʹˊʽˈˍʹˍʰ ˃ʶ ˋˍˈ˔ˇ ˍʹ˄ 

ʰ˄ʱˉˍˎ˅ʹ ˎ˕ʹ˂ʺˌ ʰˁˊʽʲʶʾʰˌΣ ˉʽˋˍˈˍʹˍʰˌ ˁʰʽ ʰˉˇʵˇˍʽˁˈˍʹˍʰˌ ˃ʶʻˈʵ˖˄ ʶˉʾ˂ˎˋʹˌ 

ˍ˖˄ ʶ˄ ˂ˈʴ˖ ˉˊˇʲ˂ʹ˃ʱˍ˖˄Σ ˍʹ˄ ˎ˂ˇˉˇʾʹˋʺ ˍˇˎˌ ˋʶ ˃ˇˊ˒ʺ ˂ˇʴʽˋ˃ʽˁˇˏ ˁʰʽ ˍʹ˄ 

ʶ˒ʰˊ˃ˇʴʺ ˍˇˎˌ ˋʶ ˋˏʴ˔ˊˇ˄ʰ ˎˉˇ˂ˇʴʽˋˍʽˁʱ ˋˎˋˍʺ˃ʰˍʰΦ  

ɳˉʾ ˉˇ˂˂ʷˌ ʵʶˁʰʶˍʾʶˌ ʹ ʰ˄ˍʽ˃ʶˍ˗ˉʽˋʹ ˍ˖˄ ˉˊˇʰ˄ʰ˒ʶˊˈ˃ʶ˄˖˄ ˋˏ˄ʻʶˍ˖˄ 

ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ʲʰˋʽʸˈˍʰ˄ ˋʶ ˃ˇ˄ˍʷ˂ʰ ˁʰʽ ˂ˇʴʽˋ˃ʽˁʱ ˋˎˋˍʺ˃ʰˍʰ ˃ʶ ˔ʰˊʰˁˍʹˊʽˋˍʽˁʱ 

˃ˇ˄ˇ˃ʷˊʶʽʰˌ ʶ˄˗ ˇʽ ʶ˄ ʴʷ˄ʶʽ ˉˊʰˁˍʽˁʷˌ ˁʰʽ ˉ˂ʰˍ˒ˈˊ˃ʶˌ ʶ˂ʱ˔ʽˋˍʰ ʵʽʷ˒ʶˊʰ˄ ʰˉˈ 

ʰˎˍʷˌ ˉˇˎ ʰ˒ˇˊˇˏˋʰ˄ ˋˎ˃ʲʰˍʽˁʱ ˉˊˇʲ˂ʺ˃ʰˍʰ όʷ˄ʰˌ ʵʽʰ˒ˇˊʽˁˈˌ ˍʶ˂ʶˋˍʺˌ ˋʶ ʷ˄ʰ 

ˇ˃ˇʽˇʴʶ˄ʷˌ ˔˖ˊʾˇύΦ ɮˉˇˍʶ˂ʶʾ ˉʶˉˇʾʻʹˋʺ ˃ʰˌ ˈˍʽ ˍʰ ˖ˌ ʱ˄˖ ˋˏ˄ʻʶˍʰ ˉˊˇʲ˂ʺ˃ʰˍʰ ʻʰ 

ˉˊʷˉʶʽ ˄ʰ ʰ˄ˍʽ˃ʶˍ˖ˉʽˋˍˇˏ˄ ˃ʶ ʵʽʰ˒ˇˊʶˍʽˁˈ ˍˊˈˉˇ ˇ ˇˉˇʾˇˌ ʻʰ ʶʴʴˎʹʻʶʾ ˍʹ˄Υ  

¶ ɳˎˁˇ˂ˈˍʶˊʹ ʵʽʰʵʽˁʰˋʾʰ ˍʹˌ ˃ʰʻʹ˃ʰˍʽˁʺˌ ˃ˇ˄ˍʶ˂ˇˉˇʾʹˋʹˌ ˍˇˎˌ. 

¶ ɮˉˇˍʶ˂ʶˋ˃ʰˍʽˁˈˍʶˊʹ ʰ˄ʱˉˍˎ˅ʹ ˍˇˎ ˂ˇʴʽˋ˃ʽˁˇˏ ˃ʶ ʰ˄ˍʾˋˍˇʽ˔ʹ 

ʶˉʰ˄ʰ˔ˊʹˋʽ˃ˇˉˇʾʹˋʹ ʶ˄ʵʶ˔ˈ˃ʶ˄ˇˎ ˎˉʱˊ˔ˇ˄ˍˇˌ ˂ˇʴʽˋ˃ʽˁˇˏ ˋˍˇ ˃ʷʴʽˋˍˇ 

ʵˎ˄ʰˍˈ ʲʰʻ˃ˈΦ 

¶ ɳˎʶ˂ʽ˅ʾʰ ʶˉʽ˂ˇʴʺˌ ˍˇˎ ˋˎ˄ʶˉʷˋˍʶˊˇˎ ˃ʰʻʹ˃ʰˍʽˁˇˏ ˃ˇ˄ˍʷ˂ˇˎΣ ˍˇˎ 

ˁʰˍʰ˂˂ʹ˂ˈˍʶˊˇˎ ˋ˔ʺ˃ʰˍˇˌ ʵʽʰˁˊʽˍˇˉˇʾʹˋʹˌ ˍ˖˄ ʶˉʽ˃ʷˊˇˎˌ ɾɲɳ ˁʰʽ ˍʹˌ 

ʰˉˇʵˇˍʽˁˈˍʶˊʹˌ ˃ʶʻˈʵˇˎ ʶˉʾ˂ˎˋʹˌ ˍˇˎ ˉˊˇˁˏˉˍˇ˄ˍˇˌ ˋˎˋˍʺ˃ʰˍˇˌ ʴˊʰ˃˃ʽˁ˗˄ 

ʰ˂ʴʶʲˊʽˁ˗˄ ʶ˅ʽˋ˗ˋʶ˖˄Φ 

¶ ʃ˂ʺˊʹ ʰ˅ʽˇˉˇʾʹˋʹ ˋˏʴ˔ˊˇ˄˖˄ ʰ˂˂ʱ ˁʰʽ ʰ˄ʰʵˎˈ˃ʶ˄˖˄ ˎˉˇ˂ˇʴʽˋˍʽˁ˗˄ 

ʰˊ˔ʽˍʶˁˍˇ˄ʽˁ˗˄Φ 



20  

 

 

ɮˉ˗ˍʶˊˇˌ ˒ˎˋʽˁʱ ˋˍˈ˔ˇˌ ˃ʰˌ ʶʾ˄ʰʽ ʹ ʵʹ˃ʽˇˎˊʴʾʰ ʶ˄ˈˌ ʴʶ˄ʽˁˈˍʶˊˇˎ ˎˉˈʲʰʻˊˇˎ ʴʽʰ 

ˍʹ˄ ˃ʶ˂ʷˍʹ ˋˏ˄ʻʶˍ˖˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˋʹ˃ʰ˄ˍʽˁʺˌ ˉˇ˂ˎˉ˂ˇˁˈˍʹˍʰˌ ˍˈˋˇ ʰˉˈ ˍʹ˄ 

ʱˉˇ˕ʹ ˍʹˌ ˒ˎˋʽˁʺˌ ˁʰʽ ˍʹˌ ʴʶ˖˃ʶˍˊʾʰˌ ˍ˖˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˈˋˇ ˁʰʽ ʰˉˈ ˍʹ˄ ʱˉˇ˕ʹ 

ˍˇˎ ˂ˇʴʽˋ˃ʽˁˇˏ ˁʰʽ ˍʹˌ ʰˉʰʽˍˇˏ˃ʶ˄ʹˌ ˎˉˇ˂ˇʴʽˋˍʽˁʺˌ ʽˋ˔ˏˇˌΦ 

ʅˍʹ ʲʽʲ˂ʽˇʴˊʰ˒ʾʰ ˋˎ˄ʰ˄ˍʱ ˁʰ˄ʶʾˌ ˍʽˌ ʰˁˈ˂ˇˎʻʶˌ ʰˊʽʻ˃ʹˍʽˁʷˌ ˁʰʽ ʰ˄ʰ˂ˎˍʽˁʷˌ 

˃ʶʻˈʵˇˎˌ ʴʽʰ ʰˋˎ˄ʶ˔ʺ ˉˊˇʲ˂ʺ˃ʰˍʰ ˉˇ˂˂ʰˉ˂˗˄ ˉʶʵʾ˖˄Υ ʇʲˊʽʵʽˁʷˌ κ ɮˋˎ˄ʶ˔ʶʾˌ 

ʰˊʽʻ˃ʹˍʽˁʷˌ ˃ʷʻˇʵˇʽ /ƻƭƭƻŎŀǘƛƻƴ, ʅˍˇ˔ʰˋˍʽˁʷˌ /  ˄ˍʶˍʶˊ˃ʽ˄ʽˋˍʽˁʷˌ ˎʲˊʽʵʽˁʷˌ ˃ʷʻˇʵˇʽ, 

ɾʷʻˇʵˇʽ ˃ʶˍʰˋ˔ʹ˃ʰˍʽˋ˃ˇˏ-ʊ˖ˁʱ ˁʰʽ ɾʷʻˇʵˇʽ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʽˌ ʵʽʶˉʰ˒ʷˌ ˋˍʽˌ 

ˇˉˇʾʶˌ ʴʾ˄ʶˍʰʽ ˋˏ˄ˍˇ˃ʹ ʰ˄ʰ˒ˇˊʱ ˋˍˇ ˉʰˊˈ˄ ˁʶ˒ʱ˂ʰʽˇΦ 

ρȢς ɭɼʍʅɿʅʆʘʏ Ⱦ ɚʎʑʉʀʔʀʚʏ ɻʍʅʃʈʂʐʅʆʘʏ ʈʘʃʋɿʋʅ Collocation   

ɶ ʰˊʽʻ˃ʹˍʽˁʺ ʶˉʾ˂ˎˋʹ ɾɲɳ ˉʶˊʽ˂ʰ˃ʲʱ˄ʶʽ ʵˏˇ ʲʰˋʽˁʱ ʲʺ˃ʰˍʰΥ ˍʹ˄ ʵʽʰˁˊʽˍˇˉˇʾʹˋʹ 

ˍʹˌ ɾɲɳ ˁʰʽ ˍʹ˄ ʶˉʾ˂ˎˋʹ ˍˇˎ ʰ˄ʰʵˎˈ˃ʶ˄ˇˎ ˋˎˋˍʺ˃ʰˍˇˌ ʰ˂ʴʶʲˊʽˁ˗˄ ʶ˅ʽˋ˗ˋʶ˖˄Φ 

ɲˏˇ ʲʰˋʽˁʷˌ ˁʰˍʹʴˇˊʾʶˌ ˃ʶʻˈʵ˖˄ ʵʽʰˁˊʽˍˇˉˇʾʹˋʹˌ ʴʽʰ ɾɲɳ ʶʾ˄ʰʽ ˇʽ ˃ʷʻˇʵˇʽ 

ˉʶˉʶˊʰˋ˃ʷ˄˖˄ ʵʽʰ˒ˇˊ˗˄ όɾʃɲύ ˁʰʽ ˇʽ ˃ʷʻˇʵˇʽ ˉʶˉʶˊʰˋ˃ʷ˄˖˄ ˋˍˇʽ˔ʶʾ˖˄ όɾʃʅύΦ  

ɶ ˃ʷʻˇʵˇˌ ŎƻƭƭƻŎŀǘƛƻƴ ʰ˄ʺˁʶʽ ˋˍʹ˄ ˁʰˍʹʴˇˊʾʰ ɾʃʅ ʰ˂˂ʱ ʷ˔ʶʽ ˁʱˉˇʽʰ 

˔ʰˊʰˁˍʹˊʽˋˍʽˁʱ ˉʰˊˈ˃ˇʽʰ ˃ʶ ʰˎˍʱ ˍ˖˄ ɾʃɲΦ ɳ˄ ˋˎʴˁˊʾˋʶʽ ˃ʶ ˍʽˌ ɾʃɲ ʷ˔ʶʽΣ ˈˉ˖ˌ 

ˁʱʻʶ ɾʃʅΣ ˍˇ ˉ˂ʶˇ˄ʷˁˍʹ˃ʰ ˈˍʽ ˇʽ ˍʽ˃ʷˌ ˍʹˌ ˉˊˇˋʶʴʴʽˋˍʽˁʺˌ ˂ˏˋʹˌ ˁʰʽ ˍ˖˄ 

ˉʰˊʰʴ˗ʴ˖˄ ˍʹˌ ˎˉˇ˂ˇʴʾʸˇ˄ˍʰʽ ʶˏˁˇ˂ʰ ˋʶ ˇˉˇʽˇʵʺˉˇˍʶ ˋʹ˃ʶʾˇ ˍˇˎ ˉʶʵʾˇˎ ˍˇˎ 

ˉˊˇʲ˂ʺ˃ʰˍˇˌΦ ɳ˄ ˋˎʴˁˊʾˋʶʽ ˃ʶ ˍʽˌ ɾʃʅ ʷ˔ʶʽ ˍˇ ˉ˂ʶˇ˄ʷˁˍʹ˃ʰ ˈˍʽ ʴʽʰ ˍʹ˄ ʶ˒ʰˊ˃ˇʴʺ 

ˍʹˌ ʵʶ˄ ˔ˊʶʽʱʸʶˍʰʽ ˎˉˇ˂ˇʴʽˋ˃ˈˌ ˇ˂ˇˁ˂ʹˊ˖˃ʱˍ˖˄Σ ˁʰʽ ʰˉʰʽˍʶʾˍʰʽ ˇ ˎˉˇ˂ˇʴʽˋ˃ˈˌ 

˃ˈ˄ˇ ˃ʽʰˌ ˍʽ˃ʺˌ ˍ˖˄ ˋˎ˄ʰˊˍʺˋʶ˖˄ ˋˎ˄ˍʶ˂ʶˋˍ˗˄ ʰ˄ʱ ʵʶʵˇ˃ʷ˄ˇ ˋʹ˃ʶʾˇΦ 

ɲˏˇ ʶʾ˄ʰʽ ˇʽ ʲʰˋʽˁʷˌ ˁʰˍʹʴˇˊʾʶˌ ŎƻƭƭƻŎŀǘƛƻƴΥ ʹ ˇˊʻˇʴ˗˄ʽʰ ŎƻƭƭƻŎŀǘƛƻƴ ˃ʶ ˍ˃ʹ˃ʰˍʽˁʱ 

ˉˇ˂ˎ˗˄ˎ˃ʰ [1] ˁʰʽ ʹ ŎƻƭƭƻŎŀǘƛƻƴ ˃ʶ ˍ˃ʹ˃ʰˍʽˁʱ ˉˇ˂ˎ˗˄ˎ˃ʰ ˃ʶʴʾˋˍˇˎ ʲʰʻ˃ˇˏ 

ˋˎ˄ʷ˔ʶʽʰˌΣ ʵʹ˂Φ ǎǇƭƛƴŜǎΦ ɶ ˇˊʻˇʴ˗˄ʽʰ ŎƻƭƭƻŎŀǘƛƻƴ ˔ˊʹˋʽ˃ˇˉˇʽʶʾ ˍ˃ʹ˃ʰˍʽˁʱ 

ˉˇ˂ˎ˗˄ˎ˃ʰ ˋˎ˄ʷ˔ʶʽʰˌ Cm-1 ˁʰʽ ʲʰʻ˃ˇˏ ƳҌƪ-мΣ ʴʽʰ ˉˊˇʲ˂ʺ˃ʰˍʰ Ƴ ˍʱ˅ʶ˖ˌΣ ˁʰʽ ƪ 

ˋʹ˃ʶʾʰ ʰ˄ʱ ˎˉˇʵʽʱˋˍʹ˃ʰ όkd ˋʶ Ř ʵʽʰˋˍʱˋʶʽˌύΣ ˁʰˍʰ˂ʺʴˇ˄ˍʰˌ ˋʶ ˉˊˇˋʷʴʴʽˋʹ ˍʱ˅ʶ˖ˌ 

ƳҌƪ όˋʶ ˇˊʽˋ˃ʷ˄ʰ ˋʹ˃ʶʾʰ ʹ ˍʱ˅ʹ ʰ˄ʷˊ˔ʶˍʰʽ ˋʶ нƪύΦ ɮˎˍʺ ʹ ˃ʷʻˇʵˇˌ ʷ˔ʶʽ ˃ʶ˂ʶˍʹʻʶʾ 

ˋʶ ʲʱʻˇˌ ʴʽʰ ˉˊˇʲ˂ʺ˃ʰˍʰ ˃ʶ ˋˎ˄ʶ˔ʶʾˌ ˋˎ˄ˍʶ˂ʶˋˍʷˌΦ ɳ˒ʰˊ˃ˈʸʶˍʰʽ ʶˎˊʷ˖ˌ ˋʶ 

ˉˊˇʲ˂ʺ˃ʰˍʰ ˇˉˇʽʰˋʵʺˉˇˍʶ ˍʱ˅ʶ˖ˌ ˃ʶ ˋˎ˄ʶ˔ʶʾˌ ˋˎ˄ˍʶ˂ʶˋˍʷˌΣ ˃ʶ ˍ˃ʹ˃ʰˍʽˁʱ 

ˉˇ˂ˎ˗˄ˎ˃ʰ ˇˉˇʽˇˎʵʺˉˇˍʶ ʲʰʻ˃ˇˏΣ ˁʰʽ ˃ʶ ʰ˄ˇ˃ˇʽˈ˃ˇˊ˒ʰ ˁʰʽ ˉˊˇˋʰˊ˃ˇˋˍʽˁʱ 

ˉ˂ʷʴ˃ʰˍʰΦ ɶ ŎƻƭƭƻŎŀǘƛƻƴ ˃ʶ ǎǇƭƛƴŜǎ ʷ˔ʶʽ ʰ˄ʰˉˍˎ˔ʻʶʾ ʴʽʰ ˉʶˊʽˇˊʽˋ˃ʷ˄ˇˎˌ ʲʰʻ˃ˇˏˌ 

ǎǇƭƛƴŜǎ όˉΦ˔Φ нΣ оΣ п ˁʰʽ рύΣ ˁʰʽ ˉʶˊʽˇˊʽˋ˃ʷ˄ʹ ˍʱ˅ʹ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˋˎ˄ʶ˔˗˄ 

ˋˎ˄ˍʶ˂ʶˋˍ˗˄ όˉΦ˔Φ н ˁʰʽ пύ [2-9]Φ ɳˉʾˋʹˌ ʹ ʶ˒ʰˊ˃ˇʴʺ ˍʹˌ ˗ˋˍʶ ˄ʰ ʶˉʽˍʶˎ˔ʻʶʾ ʹ 

˃ʷʴʽˋˍʹ ˍʱ˅ʹ ˉˊˇˋʷʴʴʽˋʹˌ ʵʶ˄ ʶʾ˄ʰʽ ʰˉ˂ʺΥ ʰˉʰʽˍʶʾ ˉˊˇˋʶˁˍʽˁʺ ʰ˄ʱˉˍˎ˅ʹ ˁʱˉˇʽ˖˄ 

ˍʶ˂ʶˋˍ˗˄ ʵʽʰˍʱˊʰ˅ʹˌ ˍˇˎ ˉˊˇʲ˂ʺ˃ʰˍˇˌΦ ɶ ʵʶ ˔ˊʺˋʹ ʰ˄ˇ˃ˇʽˈ˃ˇˊ˒˖˄ ˁʰʽ 

ˉˊˇˋʰˊ˃ˇˋˍʽˁ˗˄ ˉ˂ʶʴ˃ʱˍ˖˄ ʰ˄ʰˉˍˏ˔ʻʹˁʶ ˃ˈ˄ˇ ˉˊˈˋ˒ʰˍʰ ˁʰʽ ˃ˈ˄ˇ ʴʽʰ 



21  

 

ˍʶˍˊʰʴ˖˄ʽˁʷˌ ˁʰʽ ˁˎʲʽˁʷˌ ǎǇƭƛƴŜǎ [10, 11]Φ ʂ˃˖ˌ ʹ ŎƻƭƭƻŎŀǘƛƻƴ ˃ʶ ǎǇƭƛƴŜǎ ʷ˔ʶʽ ˁʱˉˇʽʰ 

ˋʹ˃ʰ˄ˍʽˁʱ ˉ˂ʶˇ˄ʶˁˍʺ˃ʰˍʰ ˋʶ ˋ˔ʷˋʹ ˃ʶ ˍʹ˄ ˇˊʻˇʴ˗˄ʽʰΣ ˃ʶˍʰ˅ˏ ˍ˖˄ ˇˉˇʾ˖˄ ʶʾ˄ʰʽ ˈˍʽ 

˔ˊʶʽʱʸʶˍʰʽ ˃ˈ˄ˇ ʷ˄ʰ ˋʹ˃ʶʾˇ ʰ˄ʱ ˎˉˇʵʽʱˋˍʹ˃ʰ ˍˈˋˇ ˋˍʹ˄ ˃ʽʰ ʵʽʱˋˍʰˋʹ ˈˋˇ ˁʰʽ ˋʶ 

ˉʶˊʽˋˋˈˍʶˊʶˌ ʵʽʰˋˍʱˋʶʽˌΣ ˁʰʽ ˈˍʽ ˁʰˍʰ˂ʺʴʶʽ ˋʶ ʴˊʰ˃˃ʽˁˈ ˋˏˋˍʹ˃ʰ ˃ʽˁˊˈˍʶˊˇˎ 

˃ʶʴʷʻˇˎˌΣ ˉʶˊʽˋˋˈˍʶˊˇ ʰˊʰʽˈ ˁʰʽ ˃ʶ ˇˊʽˋ˃ʷ˄ʶˌ ʶˉʽʻˎ˃ʹˍʷˌ ʽʵʽˈˍʹˍʶˌΣ ˈˉ˖ˌ 

ʵʽʰʴ˗˄ʽʰ ˁˎˊʾʰˊ˔ˇˌ ˉʾ˄ʰˁʰˌΣ ˁΦʰΦ 

ʃˊˈˋ˒ʰˍʰ ʹ ŎƻƭƭƻŎŀǘƛƻƴ ˃ʶ ˍʶˍˊʰʴ˖˄ʽˁʷˌ ǎǇƭƛƴŜǎ ʰ˄ʰˉˍˏ˔ʻʹˁʶ ʴʽʰ ˉʰˊʰʲˇ˂ʽˁʱ 

ˉˊˇʲ˂ʺ˃ʰˍʰ ˋʶ ˃ʾʰ ʵʽʱˋˍʰˋʹ ˋˍˇ˄ ˔˗ˊˇ ώ12ϐΦ ɶ ˃ʷʻˇʵˇˌ ʰˉˇʵʶʽˁ˄ˏʶˍʰʽ ʰˉˇʵˇˍʽˁʺΣ 

ʵʶʵˇ˃ʷ˄ˇˎ ˈˍʽ ʰˉʰʽˍʶʾ ˍʹ˄ ʶˉʾ˂ˎˋʹ ˃ˈ˄ˇ ʶ˄ˈˌ ˍˊʽʵʽʰʴ˗˄ʽˇˎ ʴˊʰ˃˃ʽˁˇˏ ˋˎˋˍʺ˃ʰˍˇˌ 

ʰ˄ʱ ˔ˊˇ˄ʽˁˈ ʲʺ˃ʰΦ ɶ ˃ʷʻˇʵˇˌ ʶ˒ʰˊ˃ˈˋˍʹˁʶ ˃ʱ˂ʽˋˍʰ ˋʶ ˉˊˇʲ˂ʺ˃ʰˍʰ ˎˉˇ˂ˇʴʽˋ˃ˇˏ 

ˍʽ˃ʺˌ ˉʰˊʰʴ˗ʴ˖˄ ˍˇˎ ˔ˊʹ˃ʰˍʽˋˍʹˊʾˇˎΣ ˈˉ˖ˌ !ƳŜǊƛŎŀƴ ƻǇǘƛƻƴǎΣ ˋʶ ˋˎ˄ʵˎʰˋ˃ˈ ˃ʶ 

ˉˊˇˋʰˊ˃ˇˋˍʽˁʷˌ ˃ʶʻˈʵˇˎˌ ˉ˂ʷʴ˃ʰˍˇˌ ˁʰʽ ʰˉˇʵʶʾ˔ʻʹˁʶ ʽʵʽʰʾˍʶˊʰ ʶˉʽˍˎ˔ʺˌΦ  

ɳˉʽˉ˂ʷˇ˄ ʶˉʽˋʹ˃ʰʾ˄ˇˎ˃ʶ ˈˍʽ ʴʽʰ ˍʰ ʴˊʰ˃˃ʽˁʱ ˋˎˋˍʺ˃ʰˍʰ ˉˇˎ ˉˊˇʷˊ˔ˇ˄ˍʰʽ ʰˉˈ 

ʵʽʰˁˊʽˍˇˉˇʾʹˋʹ ɾɲɳ ˃ʶ ˇˊʻˇʴ˗˄ʽʰ ʺ spline collocation ʷ˔ˇˎ˄ ʰ˄ʰˉˍˎ˔ʻʶʾ ˍʰ˔ʶʾˌ 

˃ʷʻˇʵˇʽ ʶˉʾ˂ˎˋʹˌ ʰˉˈ ˍʽˌ ʶˊʶˎ˄ʹˍʽˁʺ ˇ˃ʱʵʶˌ ˉˇˎ ˋˎ˃˃ʶˍʷ˔ˇˎ˄ ˋˍʹ˄ ˉʰˊˇˏˋʰ 

ˉˊˈˍʰˋʹΣ ˈˉ˖ˌ ʴʽʰ ˉʰˊʱʵʶʽʴ˃ʰ ʲʷ˂ˍʽˋˍʶˌ ˃ʷʻˇʵˇʽ ˔ʰ˂ʱˊ˖ˋʹˌΣ ˉˊˇˊˎʻ˃ʽˋ˃ʷ˄ʶˌ 

ʶˉʰ˄ʰ˂ʹˉˍʽˁʷˌ ˃ʷʻˇʵˇʽΣ ˉˇ˂ˎˉ˂ʶʴ˃ʰˍʽˁʷˌ ˃ʷʻˇʵˇʽΣ FFT ˃ʷʻˇʵˇʽ ώмо-17] ˁʰʽ ʷ˔ˇˎ˄ 

ˎ˂ˇˉˇʽʹʻʶʾ ˇʽ ʰ˄ˍʾˋˍˇʽ˔ˇʽ ʰ˂ʴˈˊʽʻ˃ˇʽ ˋʶ ˋˏʴ˔ˊˇ˄ʶˌ ˎˉˇ˂ˇʴʽˋˍʽˁʷˌ ʰˊ˔ʽˍʶˁˍˇ˄ʽˁʷˌ 

όˁˇʽ˄ʺˌ ˁʰʽ ʵʽʰ˄ʶ˃ʹ˃ʷ˄ʹˌ ˃˄ʺ˃ʹˌ ˉʰˊʱ˂˂ʹ˂ʰ ˎˉˇ˂ˇʴʽˋˍʽˁʱ ˋˎˋˍʺ˃ʰˍʰΣ Clusters, 

VLSIΣ ˁΦ˂ΦˉΦ ώму-22]. 

ʂ˃˖ˌΣ ˉʰˊʱ ˍˇˎ ˈˍʽ ʷ˔ʶʽ ʴʾ˄ʶʽ ʶ˄ʵʶ˂ʶ˔ʺˌ ˃ʶ˂ʷˍʹ ˍʹˌ ˃ʶʻˈʵˇˎ collocation ˋʶ 

ˉˊˇʲ˂ʺ˃ʰˍʰ ˃ʶ ˋˎ˄ʶ˔ʶʾˌ ˋˎ˄ˍʶ˂ʶˋˍʷˌΣ ˍˇ ʰ˄ˍʾˋˍˇʽ˔ˇ ʵʶ˄ ʶʾ˄ʰʽ ˁʰʻˈ˂ˇˎ ʰ˂ʹʻʷˌ ʴʽʰ 

ˉˊˇʲ˂ʺ˃ʰˍʰ ˃ʶ ʰˋˎ˄ʶ˔ʶʾˌ ˋˎ˄ˍʶ˂ʶˋˍʷˌ ʺ ˉˊˇʲ˂ʺ˃ʰˍʰ ˃ʶ ʰˉˈˍˇ˃ʹ ʰ˂˂ʰʴʺ 

ˋˎ˃ˉʶˊʽ˒ˇˊʱˌ ˍʹˌ ˂ˏˋʹˌ ˋʶ ˇˊʽˋ˃ʷ˄ʰ ˍ˃ʺ˃ʰˍʰ ˍˇˎ ˉʶʵʾˇˎΦ  

ρȢσ ɫʐʋʔɻʎʐʅʆʘʏ /  ʉʐʀʐʀʍʈʅʉʅʎʐʅʆʘʏ ʑɼʍʅɿʅʆʘʏ ʈʘʃʋɿʋʅ 

ʁʽ ˃ʷʻˇʵˇʽ Monte Carlo ʷ˔ˇˎ˄ ˍʹ˄ ʽˁʰ˄ˈˍʹˍʰΣ ʶˁˍʶ˂˗˄ˍʰˌ ʰˉ˂ʷˌ ʵʽʰʵʽˁʰˋʾʶˌ 

ˋˍʰˍʽˋˍʽˁʺˌ ʵʶʽʴ˃ʰˍˇ˂ʹ˕ʾʰˌΣ  ˄ʰ ˃ʰˌ ʵʾ˄ˇˎ˄ ˉˊˇˋʶʴʴʽˋˍʽˁʷˌ ˂ˏˋʶʽˌ ˋʶ ˃ʽʰ ˉ˂ʹʻ˗ˊʰ 

˃ʰʻʹ˃ʰˍʽˁ˗˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˉˇʽˁʾ˂ʹˌ ˃ˇˊ˒ʺˌΣ ˔ʰˊʰˁˍʹˊʽˋˍʽˁ˗˄ ˁʰʽ ʽʵʽʰʽˍʶˊˇˍʺˍ˖˄Φ  

ɴ˔ʶʽ ʺʵʹ ˉʶˊʱˋʶʽ ʷ˄ʰˌ ʰʽ˗˄ʰˌ ʰˉˈ ˍʹ˄ ʰ˄ʰˁʱ˂ˎ˕ʹ ˃ʶʻˈʵ˖˄ ˇʽ ˇˉˇʾʶˌ ʲʰˋʽʸˈ˃ʶ˄ʶˌ 

ˋʶ ʷ˄˄ˇʽʶˌ ˁʰʽ ˉˊʰˁˍʽˁʷˌ Monte Carlo ˎˉˇ˂ˇʴʾʸˇˎ˄ ˉˊˇˋʶʴʴʽˋˍʽˁʷˌ ˂ˏˋʶʽˌ 

ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˋˍʰ ˇˉˇʾʰ ʶ˃ˉ˂ʷˁˇ˄ˍʰʽ ɲʽʰ˒ˇˊʽˁʷˌ ɳ˅ʽˋ˗ˋʶʽˌ ˃ʶ ɾʶˊʽˁʷˌ 

ʃʰˊʰʴ˗ʴˇˎˌ ʺ ɾʶˊʽˁʷˌ ɲʽʰ˒ˇˊʽˁʷˌ ɳ˅ʽˋ˗ˋʶʽˌ όɾɲɳύΦ ʁʽ ʶ˄ ˂ˈʴ˖ ˃ʷʻˇʵˇʽ ˉʰˊʱʴˇˎ˄ 

ʰˁˇ˂ˇˎʻʾʶˌ ˍˎ˔ʰʾ˖˄ ʰˊʽʻ˃˗˄ ˁʰʽ ˉʰˊʰˍʹˊ˗˄ˍʰˌ ˋˎʴˁʶˁˊʽ˃ʷ˄ʰ ʰˉˈ ˍʰ 

˔ʰˊʰˁˍʹˊʽˋˍʽˁʱ  ˁʰʽ ˍʽˌ ˋˎ˃ˉʶˊʽ˒ˇˊʷˌ ˍˇˎˌ ʷ˔ˇˎ˄ ˍʹ˄ ʵˎ˄ʰˍˈˍʹˍʰ ˄ʰ ˎˉˇ˂ˇʴʾˋˇˎ˄ 

ˉˊˇˋʶʴʴʾˋʶʽˌ ˂ˏˋʶ˖˄ ˍ˖˄ ɲɳɾʃΦ   
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ʅˎʴˁʶˁˊʽ˃ʷ˄ʰΣ ˇ Rayleigh [23ϐ ʺˍʰ˄ ˇ ˉˊ˗ˍˇˌ ˇ ˇˉˇʾˇˌ ˃ʶ˂ʷˍʹˋʶ ˍʹ˄ ˋ˔ʷˋʹ ˃ʶˍʰ˅ˏ 

ˋˍˇ˔ʰˋˍʽˁ˗˄ ʵʽʰʵʽˁʰˋʽ˗˄ ˁʰʽ ˉʰˊʰʲˇ˂ʽˁ˗˄ ʵʽʰ˒ˇˊʽˁ˗˄ ʶ˅ʽˋ˗ˋʶ˖˄Σ 

ʰˁˇ˂ˇˎʻˇˏ˃ʶ˄ˇˌ ʰˉˈ ˍˇ˄ Courant [24ϐ ˇ ˇˉˇʾˇˌ ʺˍʰ˄ ˇ ˉˊ˗ˍˇˌ ˉˇˎ ˉˊˈˍʶʽ˄ʶ 

ˋˍˇ˔ʰˋˍʽˁʷˌ ʰˊʽʻ˃ʹˍʽˁʷˌ ʵʽʰʵʽˁʰˋʾʶˌ ʴʽʰ ˍʹ˄ ˂ˏˋʹ ɲɳɾʃ ʶ˂˂ʶʽˉˍʽˁˇˏ ˍˏˉˇˎΣ ʶ˄˗ ˇʽ 

Metropolis ˁʰʽ Ulman [25ϐ ʺˍʰ˄ ˇʽ ˉˊ˗ˍˇʽ ˉˇˎ ˋˎ˄ʷʵʶˋʰ˄ ˍʹ˄ ˋˍˇ˔ʰˋˍʽˁˇˏ ˍˏˉˇˎ 

ʰˎˍʺ ˉˊˇˋʷʴʴʽˋʹ ˃ʶ ʷ˄ʰ ˈ˄ˇ˃ʰ ˍˇ ˇˉˇʾˇ ˉʰˊʰˉʷ˃ˉʶʽ ˋˍʽˌ ʶʴˁʰˍʰˋˍʱˋʶʽˌ ˍˎ˔ʶˊ˗˄ 

ˉʰʽ˔˄ʽʵʽ˗˄ ˉˇˎ ˎˉʱˊ˔ˇˎ˄ ˋˍʹ˄ ˉˈ˂ʹ ˍˇˎ Monte Carlo ˁʰʽ ˍˇ ˇˉˇʾˇ ˉˊˈˍʶʽ˄ʶ ˋʰ˄ 

ʷ˄ʰ˄ ʴʶ˄ʽˁˈ ˈˊˇ ʴʽʰ ʰˊʽʻ˃ʹˍʽˁʷˌ ˃ʶʻˈʵˇˎˌ ˉˇˎ ˔ˊʹˋʽ˃ˇˉˇʽˇˏ˄ ʵʶʽʴ˃ʰˍˇ˂ʹ˕ʾʶˌ 

ˍˎ˔ʰʾ˖˄ ʰˊʽʻ˃˗˄Φ 

ɮˉˈ ˍˈˍʶ ˇʽ ˃ʷʻˇʵˇʽ Monte Carlo ˔ˊʹˋʽ˃ˇˉˇʽˇˏ˄ˍʰʽ ˋˎ˔˄ˈˍʰˍʰ ˁʰʽ ˋʶ ʶˎˊˏˍʰˍʹ 

ʰˉˈ ˁʱʻʶ ʱˉˇ˕ʹ ˁ˂ʾ˃ʰˁʰΦ ʋʰˊʰˁˍʹˊʽˋˍʽˁʱ ʰ˄ʰ˒ʷˊˇˎ˃ʶ ˈˍʽ ˋˏ˃˒˖˄ʰ ˃ʶ ˍˇ  U.S.A. 

Department of Energy ˇʽ ˉˊˇˋˇ˃ˇʽ˗ˋʶʽˌ Monte Carlo ʷ˔ˇˎ˄ ˋˎˋˍʹ˃ʰˍʽˁʱ 

ˁʰˍʰ˄ʰ˂˗ˋʶʽ ˍʹ˄ ˃ʽˋʺ ʰˉˈ ˍʹ˄ ˋˎ˄ˇ˂ʽˁʺ ˎˉˇ˂ˇʴʽˋˍʽˁʺ ʵˏ˄ʰ˃ʹ ˈ˂˖˄ ˍ˖˄ 

ˎˉʶˊˎˉˇ˂ˇʴʽˋˍ˗˄ ˉˇˎ ʵʽʷʻʶˍʶ ʺ ʵʽʰʻʷˍʶʽΦ ʋˊʹˋʽ˃ˇˉˇʽˇˏ˄ˍʰʽ ˉˊˇ˒ʰ˄˗ˌ ʴʽʰ ˍʹ˄ 

˂ˏˋʹ ˃ʽʰˌ ˉ˂ʹʻ˗ˊʰˌ ˋʹ˃ʰ˄ˍʽˁ˗˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ʰ˂˂ʱ ˈ˔ʽ ˍˈˋˇ ˋˎ˔˄ʱ ʴʽʰ 

ʶ˒ʰˊ˃ˇʴʷˌ ˉˇˎ ʶ˃ˉ˂ʷˁˇˎ˄ ʴˊʰ˃˃ʽˁʷˌ ɲɳɾʃΦ  ɸʶ˖ˊˇˏ˄ˍʰʽ ʵʶ ʴʶ˄ʽˁ˗ˌ ˋʰ˄ ˃ʷʻˇʵˇʽ 

ʰ˄ʱʴˁʹˌ όlast resortύ ʽʵʰ˄ʽˁʱ ˁʰˍʱ˂˂ʹ˂ʶˌ ˃ˈ˄ˇ˄ ʴʽʰ ˉˊˇʲ˂ʺ˃ʰˍʰ ˋʶ ˉˇ˂˂ʷˌ 

ʵʽʰˋˍʱˋʶʽˌ  ʺ ˋʶ ˔˖ˊʾʰ ˃ʶ ˉʶˊʾˉ˂ˇˁʹ ʴʶ˖˃ʶˍˊʾʰ ώнсϐΦ ɳ˄ʵʶʵʶʽʴ˃ʷ˄ʹ ʶʾ˄ʰʽ ˋˍˇ 

ˋʹ˃ʶʾˇ ʰˎˍˈ ʹ ʶ˅ʺˌ ˊʺˋʹ ˍˇˎ ˉˊ˖ˍˇˉˈˊˇˎ ˍ˖˄ ˃ʶʻˈʵ˖˄ Monte Carlo  Mark Kac's 

ζYou use Monte Carlo methods until you understand the problemη ʹ ˇˉˇʾʰ ˉʰˊˈ˂ˇ 

ˉˇˎ ʵʽʰˍˎˉ˗ʻʹˁʶ ˉˊʽ˄ ˉˇ˂˂ʷˌ ʵʶˁʰʶˍʾʶˌ ˉʶˊʽʴˊʱ˒ʶʽ ˍʹ˄ ˁˎˊʾʰˊ˔ʹ ʻʶ˗ˊʹˋʹ 

ˉˇ˂˂˗˄ ʶˊʶˎ˄ʹˍ˗˄ ɹ ʽʰ ˍʽˌ ˃ʶʻˈʵˇˎˌ Monte Carlo h ˁˈ˃ʰ ˁʰʽ ˋʺ˃ʶˊʰΦ   

ʃˊˇʲ˂ʺ˃ʰˍʰ ˉˇˎ ʶ˃ˉ˂ʷˁˇˎ˄ ɲɳɾʃ ʷ˔ˇˎ˄ ˋˎˋ˔ʶˍʽˋˍʶʾ ˃ʶ ˍʹ˄ ʷ˄˄ˇʽʰ Monte Carlo ˃ ʶ 

ˉˇ˂˂ˇˏˌ ˍˊˈˉˇˎˌΦ ʆˇ ώ27ϐ ˉʶˊʽʷ˔ʶʽ ˃ʽʰ ˋ˔ʶˍʽˁʺ ˉˊˈˋ˒ʰˍʹ ʰ˄ʰˋˁˈˉʹˋʹΦ ɱʽʰ 

ˉʰˊʱʵʶʽʴ˃ʰΣ ʹ ʴ˄˖ˋˍʺ ʶ˅ʾˋ˖ˋʹ Feynman-Kac ˁʰʻʽʷˊ˖ˋʶ ʷ˄ʰ˄ ʶ˄ʵʽʰ˒ʷˊˇ˄ˍʰ 

ˋˏ˄ʵʶˋ˃ˇ ˃ʶˍʰ˅ˏ ɲɳɾʃ ˁʰʽ ˋˍˇ˔ʰˋˍʽˁ˗˄ ʵʽʰʵʽˁʰˋʽ˗˄Φ ʁʽ ˃ʷʻˇʵˇʽ Monte Carlo  

ˎˉʺˊ˅ʰ˄ ˋˍˇ ˉʰˊʶ˂ʻˈ˄Σ ˁʰʽ ˋʶ ˃ʶʴʱ˂ˇ ʲʰʻ˃ˈ ˉʰˊʰ˃ʷ˄ˇˎ˄Σ ʹ ˃ˈ˄ʹ ˎˉˇ˂ˇʴʽˋˍʽˁʺ 

ʶˉʽ˂ˇʴʺ ʴʽʰ ʰˊˁʶˍʱ ˃ʹ-ʴˊʰ˃˃ʽˁʱ ˉˊˇʲ˂ʺ˃ʰˍʰ ʶ˄˗ ˉʰˊʱ˂˂ʹ˂ʰ ʰ˄ʰʴ˄˖ˊʾʸˇ˄ˍʰʽ ˋʰ˄ 

˃ʽʰ ˁʰ˂ʺ ʶˉʽ˂ˇʴʺ ʴʽʰ ˉˇ˂˂ʱ ʱ˂˂ʰ ʵˏˋˁˇ˂ʰΣ ʰˉˈ ˍʹ˄ ʱˉˇ˕ʹ ˍ˖˄ ˎˉˇ˂ˇʴʽˋ˃˗˄Σ ˃ʹ-

ʴˊʰ˃˃ʽˁʱ ˉˊˇʲ˂ʺ˃ʰˍʰΦ ɳˉʽˉˊˈˋʻʶˍʰΣ ˒ʰʾ˄ʶˍʰʽ ˄ʰ ʰˉˇˍʶ˂ˇˏ˄ ˃ʽʰ ˂ˇʴʽˁʱ ˉˊˇ˒ʰ˄ʺ 

ʶˉʽ˂ˇʴʺ ʴʽʰ ˁʱʻʶ ʵʽʰ˒ˇˊʽˁʺ ʶ˅ʾˋ˖ˋʹ ˍʹˌ ˇˉˇʾʰˌ ʷ˄ʰˌ ʺ ˉʶˊʽˋˋˈˍʶˊˇʽ ˈˊˇʽ ʶʾ˄ʰʽ 

ˋˍˇ˔ʰˋˍʽˁʷˌ ʵʽʰʵʽˁʰˋʾʶˌΣ ˈˉˇˍʶ ˁʰʽ ʹ ˋˎ˄ʶˉʰʴˈ˃ʶ˄ʹ ˂ˏˋʹ ʶʾ˄ʰʽ ˁʰʽ ʰˎˍʺ ˃ʶ ˍʹ˄ 

ˋʶʽˊʱ ˍʹˌ ˃ʽʰ ˋˍˇ˔ʰˋˍʽˁʺ ʵʽʰʵʽˁʰˋʾʰΦ  ʆˇ ʴʶʴˇ˄ˈˌ ʰˎˍˈ ˋˎ˄ʱʵʶʽ ˅ʶˁʱʻʰˊʰ ˃ʶ ˍʹ˄ 

ˉ˂ʹʻ˗ˊʰ ˍ˖˄ ʶ˅ʰʽˊʶˍʽˁ˗˄ ˉˇ˂ˏ ˉˊˈˋ˒ʰˍ˖˄ ʶˊʶˎ˄ʹˍʽˁ˗˄ ˉˊˇˋˉʰʻʶʽ˗˄ ˉˇˎ 

ʲʰˋʾʸˇ˄ˍʰʽ ʰˉˇˁ˂ʶʽˋˍʽˁʱ ˋʶ ˃ʶʻˈʵˇˎˌ Monte Carlo ʴʽʰ ˍʹ˄ ʰˊʽʻ˃ʹˍʽˁʺ ʶˉʾ˂ˎˋʹ 

ˍʷˍˇʽ˖˄ ʶ˅ʽˋ˗ˋʶ˖˄ ˉˇˎ ʶʾ˄ʰʽ ʴ˄˖ˋˍʷˌ ˋʰ˄ ˋˍˇ˔ʰˋˍʽˁʷˌ ʵʽʰ˒ˇˊʽˁʷˌ ʶ˅ʽˋ˗ˋʶʽˌΦ 

ʆˎˉʽˁʱ ˉʰˊʰʵʶʾʴ˃ʰˍʰ ˍʷˍˇʽ˖˄ ˉˊˇˋˉʰʻʶʽ˗˄ ʶʾ˄ʰʽ ˍʰ ώ28, 29ϐ ʴʽʰ ˉˊˇʲ˂ʺ˃ʰˍʰ 

ʶ˅ʰˊˍ˗˃ʶ˄ʰ ʰˉˈ ˍˇ˄ ˔ˊˈ˄ˇ ˁʰʽ ˍʰ ώ28, 30-32ϐ ʴʽʰ ʶ˂˂ʶʽˉˍʽˁʱ ˉˊˇʲ˂ʺ˃ʰˍʰΦ 
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ʂˉ˖ˌ ʷ˔ʶʽ ʺʵʹ ʶˉʽˋʹ˃ʰ˄ʻʶʾΣ ʰˁˈ˃ʰ ˁʰʽ ˇʽ ʴˊʰ˃˃ʽˁʷˌ ɲɳɾʃ ʶʾ˄ʰʽ ˋˍʶ˄ʱ 

ˋˎ˄ʵʶʵʶ˃ʷ˄ʶˌ ˃ʶ ˍʹ˄ ˋˍˇ˔ʰˋˍʽˁˈˍʹˍʰΦ ɱʽʰ ˉʰˊʱʵʶʽʴ˃ʰΣ ʶʾ˄ʰʽ ʴʶʴˇ˄ˈˌ ˈˍʽ ʹ ʵʽʱ˔ˎˋʹ 

ʶʾ˄ʰʽ ˋˍʹ˄ ˇˎˋʾʰ ˃ʽʰ ˃ˇˊ˒ʺ ˁʾ˄ʹˋʹˌ Brown ˋʶ ˃ʽˁˊˇˋˁˇˉʽˁʺ ˁ˂ʾ˃ʰˁʰΦ ʇˉʺˊ˔ʶ 

˂ˇʽˉˈ˄ ˇˎˋʽʰˋˍʽˁˈ ˁʾ˄ʹˍˊˇ ˍˇ ˇˉˇʾˇ ˇʵʺʴʹˋʶ ʶˊʶˎ˄ʹˍʷˌ ˋʶ ʵʽʰʵˇ˔ʽˁʷˌ ˉˊˇˋˉʱʻʶʽʶˌ 

ˉˇˎ ʰ˒ˇˊˇˏˋʰ˄ ˍʹ˄ ʰ˄ʱˉˍˎ˅ʹ ˁʰʽ ˍʹ˄ ʵʽʱʵˇˋʹ ʰˊʽʻ˃ʹˍʽˁ˗˄ ʶˉʽ˂ˎˍ˗˄ ˍˏˉˇˎ Monte 

Carlo ʴʽʰ ɲɳɾʃ ʶ˅ʰˊˍ˗˃ʶ˄ʶˌ ʰˉˈ ˍˇ˄ ˔ˊˈ˄ˇ [27, 33-36]Φ ɲʽʱ˒ˇˊʰ ʴˊʰ˃˃ʽˁʱΣ ˃ʹ-

ˋˍˇ˔ʰˋˍʽˁʱ ʶ˂˂ʶʽˉˍʽˁʱ ˉˊˇʲ˂ʺ˃ʰˍʰ ˋˎ˄ˇˊʽʰˁ˗˄ ˍʽ˃˗˄ ʶʾ˄ʰʽ ʶˉʾˋʹˌ ˋˍʶ˄ʱ ˃ʶ ˍʹ˄ 

ʴʶ˄ʽˁˈˍʶˊʹ ˉʽʻʰ˄ˇʻʶ˖ˊʹˍʽˁʺ ˉʶˊʽˇ˔ʺ ώ24ϐΦ ʆʷ˂ˇˌ ʰ˅ʾʸʶʽ ˄ʰ ˋʹ˃ʶʽ˖ʻʶʾ ˉ˖ˌ 

ˎˉʱˊ˔ˇˎ˄ ʰˊˁʶˍʷˌ ˉˊˈˋ˒ʰˍʶˌ ʶˊʶˎ˄ʹˍʽˁʷˌ ˉˊˇˋˉʱʻʶʽʶˌ ˉˇˎ ʰ˒ˇˊˇˏ˄ 

ˉʽʻʰ˄ˇʻʶ˖ˊʹˍʽˁʷˌ ʶˊ˃ʹ˄ʶʾʶˌ ˍʹˌ ʰˊ˃ˇ˄ʽˁˈˍʹˍʰˌ  ˁʰʻ˗ˌ ˁʰʽ ʻʶ˃ʶ˂ʽ˖ʵ˗˄ ɲɳɾʃ 

ʶ˂˂ʶʽˉˍʽˁˇˏ ˍˏˉˇˎ ˔ˊʹˋʽ˃ˇˉˇʽ˗˄ˍʰˌ ˁʾ˄ʹˋʹ Brown ˁʰʽ ˋˍˇ˔ʰˋˍʽˁˈ ˂ˇʴʽˋ˃ˈ 

(calculus) [37].  

ɮ˅ʾʸʶʽ ˍʷ˂ˇˌ ˄ʰ ˍˇ˄ʾˋˇˎ˃ʶ ˈˍʽ ˉʰˊΩ ˈ˂ʶˌ ˍʽˌ ˋ˔ʶˍʽˁʱ ˋʹ˃ʰ˄ˍʽˁʷˌ  ˉʰ˂ʰʽˈˍʶˊʶˌ ʰ˂˂ʱ 

ˁʰʽ ˉˊˈˋ˒ʰˍʶˌ ˋ˔ʶˍʽˁʷˌ ʶˊʶˎ˄ʹˍʽˁʷˌ ˉˊˇˋˉʱʻʶʽʶˌΣ ˇʽ ˋˎʴˁʶˁˊʽ˃ʷ˄ʶˌ ˃ʷʻˇʵˇʽ ʵʶ˄ 

ʷ˔ˇˎ˄ ʰˁˈ˃ʰ ʶ˂ˁˏˋʶʽ ˍʹ˄ ʰ˄ʰ˃ʶ˄ˈ˃ʶ˄ʹ ʴʶ˄ʽˁˈˍʶˊʹ ˉˊˇˋˇ˔ʺΦ ʅʹ˃ʰ˄ˍʽˁˈ ʶʾ˄ʰʽ ˄ʰ 

ˋʹ˃ʶʽ˗ˋˇˎ˃ʶ ˍˇ ʴʶʴˇ˄ˈˌ ˈˍʽ ʶ˂ʱ˔ʽˋˍʰ ˋ˔ʶˍʽˁʱ ˂ˇʴʽˋ˃ʽˁʱ ˋˎˋˍʺ˃ʰˍʰ ˎˉʱˊ˔ˇˎ˄ 

ʵʽʰʻʷˋʽ˃ʰΦ ɶ ʰ˄ʰʸʺˍʹˋʹ ʴʽʰ ˉʰˊʱʵʶʽʴ˃ʰ ˋˍʹ˄ ʲʽʲ˂ʽˇʴˊʰ˒ʾʰ ˍˇˎ ACM Transaction 

on Mathematical Software ˃ʶ ˂ʷ˅ʹ ˁ˂ʶʽʵʾ ˍˇ˄ ˈˊˇ ζMonte Carloη ˃ʰˌ ʶˉʷˋˍˊʶ˕ʶ 

˃ˈ˄ˇ˄ мл ˋ˔ʶˍʽˁʷˌ ʰ˄ʰ˒ˇˊʷˌΦ 

ρȢτ ɥʘʃʋɿʋʅ ʈʀʐɻʎʔʂʈɻʐʅʎʈʋʞ ɮʖʆʗ 

ʃˊˈˋ˒ʰˍʰΣ ˃ʾʰ ˄ʷʰ ˁʰʽ˄ˇˍˈ˃ˇˌ ʰ˄ʰ˂ˎˍʽˁʺ ˃ʷʻˇʵˇˌ ˃ʶˍʰˋ˔ʹ˃ʰˍʽˋ˃ˇˏ ʴʽʰ ˍʹ˄ ˂ˏˋʹ 

ʴˊʰ˃˃ʽˁ˗˄ ˁʰʽ ˇ˂ˇˁ˂ʹˊ˗ˋʽ˃˖˄ ˃ʹ-ʴˊʰ˃˃ʽˁ˗˄ ɾɲɳ ʶʽˋʺ˔ʻʹ [38, 39] ʰˉˈ ˍˇ˄ 

ɮʻʰ˄ʱˋʽˇ ʊ˖ˁʱΦ ɶ ˃ʷʻˇʵˇˌ ʰˎˍʺΣ ʹ ˇˉˇʾʰ ˔ʰˊʰˁˍʹˊʾˋˍʹˁʶ ʰˉˈ ˍʹ˄ London 

Mathematical Society ̟ ˌ ζpioneering workη ˁʰˍʱ ˍʹ˄ ʰˉˇ˄ˇ˃ʺ ˍˇˎ ʲˊʰʲʶʾˇˎ Naylor 

ʴʽʰ ˍˇ нллл ˋˍˇ˄ ɼʰʻΦ ɮΦ ʊ˖ˁʱΣ ʴʽʰ ʴˊʰ˃˃ʽˁʷˌ ɾɲɳ ˃ˉˇˊʶʾ ˄ʰ ʻʶ˖ˊʹʻʶʾ ˖ˌ ˍˇ 

ʰ˄ʱ˂ˇʴˇ ˍʹˌ ˉˊˇˋʷʴʴʽˋʹˌ ˍˇˎ Green ˋˍˇ ˒ʰˋ˃ʰˍʽˁˈ όFourierύ ʶˉʾˉʶʵˇ ˁʰʽ 

ˉʶˊʽ˂ʰ˃ʲʱ˄ʶʽ ˍʰ ʶ˅ʺˌ ʲʺ˃ʰˍʰΥ 

¶ ɼʰˍʰˋˁʶˎʺ ʶ˄ˈˌ ʸʶˏʴˇˎˌ ʴˊʰ˃˃ʽˁ˗˄ ʶ˅ʽˋ˗ˋʶ˖˄ ʽʵʽˇˍʽ˃˗˄ όˋʶ ʰ˄ʰ˂ˇʴʾʰ ˃ʶ 

ˍˇ ʸʶˎʴʱˊʽ Lax ʴʽʰ ˃ʹ-ʴˊʰ˃˃ʽˁʷˌ ˇ˂ˇˁ˂ʹˊ˗ˋʽ˃ʶˌ ɾɲɳύ ˋˎ˃ʲʰˍ˗˄ ˃ʶ ˍʹ˄ 

ɾɲɳΣ 

¶ ɳˁˍʷ˂ʶˋʹ ˒ʰˋ˃ʰˍʽˁʺˌ ʰ˄ʱ˂ˎˋʹˌ ˋˍˇ ˉʰˊʰˉʱ˄˖ ʸʶˏʴˇˌ ˁʰʽ ʰ˒ʶ˄ˈˌ ˃ʶ˄ 

ʷˁ˒ˊʰˋʹ ˍʹˌ ˂ˏˋʹˌ ˍʹˌ ɾɲɳ ˃ʶ ˃ʾʰ ˉʰˊʱˋˍʰˋʹ ˇ˂ˇˁ˂ʹˊ˗˃ʰˍˇˌ ˃ʾʰˌ 

˒ʰˋ˃ʰˍʽˁʺˌ ˋˎ˄ʱˊˍʹˋʹˌΣ ʰ˒ʶˍʷˊˇˎ ʵʶ ʷˁ˒ˊʰˋʹ ˍʹˌ ˒ʰˋ˃ʰˍʽˁʺˌ 

ˋˎ˄ʱˊˍʹˋʹˌ ˃ʶ ˃ʾʰ ˉʰˊʱˋˍʰˋʹ ˇ˂ˇˁ˂ʹˊ˗˃ʰˍˇˌ ʴ˄˖ˋˍ˗˄ ˁʰʽ ʱʴ˄˖ˋˍ˖˄ 

ˉˇˋˇˍʺˍ˖˄ ˍʹˌ ˂ˏˋʹˌ ˍʹˌ ɾɲɳ ˁʰʽ ˍ˖˄ ˉʰˊʰʴ˗ʴ˖˄ ˍʹˌΣ ˋˍˇ ˋˏ˄ˇˊˇ ˍˇˎ 

ˉʶʵʾˇˎΣ ˁʰʽ 
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¶ ɼʰʻˇˊʽˋ˃ˈˌ ˍʹˌ ˒ʰˋ˃ʰˍʽˁʺˌ ˋˎ˄ʱˊˍʹˋʹˌ ˃ʶ ˔ˊʺˋʹ ˋˎ˄ˇˊʽʰˁ˗˄ ˋˎ˄ʻʹˁ˗˄ 

ˍʹˌ ˂ˏˋʹˌ ˍʹˌ ɾɲɳ ʺκˁʰʽ ˍ˖˄ ˉʰˊʰʴ˗ʴ˖˄ ˍʹˌΦ 

ɳˉʽˋʹ˃ʰʾ˄ˇˎ˃ʶ ˈˍʽ ˇ ˃ˈ˄ˇˌ ˉʶˊʽˇˊʽˋ˃ˈˌ ˉˇˎ ˍʾʻʶˍʰʽ ˋˍʹ˄ ˈ˂ʹ ʵʽʰʵʽˁʰˋʾʰ ʶʾ˄ʰʽ 

ʰˎˍˈˌ ˍʹˌ ˏˉʰˊ˅ʹˌ ˂ˏˋʹˌ ˍʹˌ ɾɲɳ ʶ˄˗ ʹ ʵʽʰʵʽˁʰˋʾʰ ʶʾ˄ʰʽ ʰ˄ʶ˅ʱˊˍʹˍʹ ˍʹˌ ˃ˇˊ˒ʺˌ 

ˍ˖˄ ˋˎ˄ˇˊʽʰˁ˗˄ ʵʶʵˇ˃ʷ˄˖˄Φ  

ɶ ʷˁ˒ˊʰˋʹ ˍʹˌ ˒ʰˋ˃ʰˍʽˁʺˌ ˋˎ˄ʱˊˍʹˋʹˌ ˋˍˇ ʵʶˏˍʶˊˇ ˋˍʱʵʽˇ ˍʹˌ ˉʰˊʰˉʱ˄˖ 

ʵʽʰʵʽˁʰˋʾʰˌ ˁʰ˂ʶʾˍʰʽ ʴʶ˄ʽˁʶˎ˃ʷ˄ʹ ˋˎ˄ʻʺˁʹ ˁʰʽ ʰˉˇˍʶ˂ʶʾ ˁ˂ʶʽʵʾ ˍʹˌ ˃ʶʻˈʵˇˎ ʊ˖ˁʱΦ 

ʁ ˁʰʻˇˊʽˋ˃ˈˌ ˍʹˌ ˋˍˇ ˍˊʾˍˇ ˋˍʱʵʽˇ ʶˉʽˍˎʴ˔ʱ˄ʶˍʰʽ ˃ʶ ˍʹ˄ ʶˉʾ˂ˎˋʹ ˃ʽʰˌ ʴʶ˄ʽˁʶˎ˃ʷ˄ʹˌ 

Dirichlet-Neumann (D-Nύ ʰˉʶʽˁˈ˄ʽˋʹˌΦ ɱʽʰ ˃ʾʰ ˃ʶʴʱ˂ʹ ˁ˂ʱˋʹ ˋˎ˄ˇˊʽʰˁ˗˄ 

ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ʹ ʴʶ˄ʽˁʶˎ˃ʷ˄ʹ D-N ʰˉʶʽˁˈ˄ʽˋʹ ˃ˉˇˊʶʾ ˄ʰ ʶˉʽ˂ˎʻʶʾ ˋʶ ˁ˂ʶʽˋˍʺ ˃ˇˊ˒ʺΦ 

ɱʽʰ ˉʰˊʱʵʶʽʴ˃ʰ ʰˎˍˈ ʷ˔ʶʽ ʶˉʽˍʶˎ˔ʻʶʾ ʴʽʰ ʶ˅ʶ˂ʽˁˍʽˁʷˌ ʴˊʰ˃˃ʽˁʷˌ ɾɲɳ ˃ʶ ˔˖ˊʽˁʷˌ 

ˉʰˊʱʴ˖ʴʶˌ ʰˎʻʰʾˊʶˍʹˌ ˍʱ˅ʹˌ ώофΣ 40], ɹ ʽʰ ˍʽˌ ɾɲɳ ˍˇˎ LaplaceΣ ˍʹˌ ˍˊˇˉˇˉˇʽʹ˃ʷ˄ʹˌ 

Helmholtz ˁʰʽ ˍʹ˄ ɲʽʰˊ˃ˇ˄ʽˁʺ ˋʶ ʰˉ˂ʱ ˉˇ˂ˎʴ˖˄ʽˁʱ ˉʶʵʾʰ ώпм-44] ˁʰʻ˗ˌ ˁʰʽ ʴʽʰ ˍʽˌ 

ʲʰˋʽˁʷˌ ˇ˂ˇˁ˂ʹˊ˗ˋʽ˃ʶˌ ˃ʹ-ʴˊʰ˃˃ʽˁʷˌ ʶ˅ʶ˂ʽˁˍʽˁʷˌ ɾɲɳ ʴʽʰ ʰˉ˂ʷˌ ˋˎ˄ˇˊʽʰˁʷˌ 

ˋˎ˄ʻʺˁʶˌ ώпрΣ 46]Φ ɱʽʰ ʴʶ˄ʽˁʱ ˋˎ˄ˇˊʽʰˁʱ ˉˊˇʲ˂ʺ˃ʰˍʰΣ ʴʽʰ ˍʰ ˇˉˇʾʰ ʵʶ˄ ˃ˉˇˊˇˏ˄ ˄ʰ 

ˉʰˊʰ˔ʻˇˏ˄ ˂ˏˋʶʽˌ ˁ˂ʶʽˋˍʺˌ ˃ˇˊ˒ʺˌΣ ʷ˔ʶʽ ʰ˄ʰˉˍˎ˔ʻʶʾ ˃ʶ ʶˉʽˍˎ˔ʾʰ ˃ʾʰ ʰˊʽʻ˃ʹˍʽˁʺ 

ˉˊˇˋʶʴʴʽˋˍʽˁʺ ˃ʷʻˇʵˇ ̩ʴʽʰ ʶ˂˂ʶʽˉˍʽˁʺˌ ˃ˇˊ˒ʺˌ ɾɲɳ ˋʶ ʴʶ˄ʽˁʱ ˁˎˊˍʱ ˉˇ˂ˎʴ˖˄ʽˁʱ 

ˉʶʵʾʰ [47, 48] ʹ ˇˉˇʾʰ ʲʰˋʾʸʶˍʰʽ ˋˍʹ˄ ʶ˒ʰˊ˃ˇʴʺ ˃ʽʰˌ ˒ʰˋ˃ʰˍʽˁʺˌ collocation 

˃ʶʻˈʵˇˎ ˋˍˇ ˋˏ˄ˇˊˇ ˍˇˎ ˉʶʵʾˇˎΦ ɶ ˃ʷʻˇʵˇˌ ˔ˊʹˋʽ˃ˇˉˇʽʺʻʹˁʶ ˉˊˈˋ˒ʰˍʰ ˃ʶ 

ʶˉʽˍˎ˔ʾʰ ʴʽʰ ˍʹ˄ ˃ʶ˂ʷˍʹ ˋˎ˄ˇˊʽʰˁ˗˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˍˏˉˇˎ Helmholtz [49]. 

1.5 ɥʘʃʋɿʋʅ ʔɻʇʗʍʖʎʂʏ ʎʐʅʏ ɿʅʀʌɻʒʘʏ 

ɱʽʰ ˍʹ˄ ˉˊˇˋˇ˃ˇʾ˖ˋʹ ˁʰʽ ʶˉʾ˂ˎˋʹ ˃ʶʴʱ˂˖˄ ˁʰʽ ˋˏ˄ʻʶˍ˖˄ ʶˉʽˋˍʹ˃ˇ˄ʽˁ˗˄ 

ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˔ˊʹˋʽ˃ˇˉˇʽˇˏ˄ˍʰʽ ˍˊʶʽˌ ʵʽʰ˒ˇˊʶˍʽˁʷˌ ˃ʶʻˇʵˇ˂ˇʴʾʶˌΥ ʹ ˃ʷʻˇʵˇˌ 

ʵʽʰ˔˖ˊʽˋ˃ˇˏ ˔˖ˊʾ˖˄Σ ʹ ˃ʷʻˇʵˇˌ ʵʽʰ˔˖ˊʽˋ˃ˇˏ {ŎƘǿŀǊȊ ˁʰʽ ʹ ˃ʷʻˇʵˇˌ ˔ʰ˂ʱˊ˖ˋʹˌ 

ˋˍʹ ʵʽʶˉʰ˒ʺΦ  

ɶ ˉˊ˗ˍʹ ˃ ʷʻˇʵˇˌ [50-55] ɻ ʹ˃ʽˇˎˊʴʶʾ ʷ˄ʰ ˉ˂ʷʴ˃ʰ ʵʽʰˁˊʽˍˇˉˇʾʹˋʹˌ ˍˇˎ ʴʶ˖˃ʶˍˊʽˁˇˏ 

˔˖ˊʾˇˎ ˍˇˎ ʰˊ˔ʽˁˇˏ ˉˊˇʲ˂ʺ˃ʰˍˇˌ ˃ʶˍʰˍˊʷˉˇ˄ˍʱˌ ˍˇ ʰˉˈ ˋˎ˄ʶ˔ʷˌ ˋʶ ʵʽʰˁˊʽˍˈ 

ˉˊˈʲ˂ʹ˃ʰΦ ʆˇ ˉ˂ʷʴ˃ʰ ʰˎˍˈ ˔˖ˊʾʸʶˍʰʽ ˋʶ ˃ʽˁˊˈˍʶˊʰ ˉ˂ʷʴ˃ʰˍʰΣ ˃ʶ ˍʰ ˋˍˇʽ˔ʶʾʰ ˍˇˎˌ 

˄ʰ ʰˉˇˍʶ˂ˇˏ˄ ˃ʽˁˊˈˍʶˊʰ ʵʽʰˁˊʽˍʱ ˎˉˇˉˊˇʲ˂ʺ˃ʰˍʰ ˍʰ ˇˉˇʾʰ ʶʾ˄ʰʽ ʽˋ˔ˎˊʱ 

ˋˎ˄ʵʶʵʶ˃ʷ˄ʰ ˃ʶˍʰ˅ˏ ˍˇˎˌ ˁʰʻ˗ˌ ˍʰ ˃ʰʻʹ˃ʰˍʽˁʱ ˃ˇ˄ˍʷ˂ʰ ˍʹˌ ˁˇʽ˄ʺˌ ʵʽʶˉʽ˒ʱ˄ʶʽʰˌ 

ʶ˃ˉ˂ʷˁˇˎ˄ ˉ˂ʹˊˇ˒ˇˊʾʰ ˁʰʽ ʰˉˈ ˍʰ ʵˏˇ ˎˉˇ˔˖ˊʾʰΦ 

ɶ ʵʶˏˍʶˊʹ ˃ʷʻˇʵˇˌ ώ56, 57] ̝ ˖ˊʾʸʶʽ ˍˇ ʴʶ˖˃ʶˍˊʽˁˈ ˔˖ˊʾˇ ˋʶ ˃ʽˁˊˈˍʶˊʰ ˎˉˇ˔˖ˊʾʰ ˃ʶ 

˃ʽˁˊʺ ʶˉʽˁʱ˂ˎ˕ʹΣ ˔ˊʹˋʽ˃ˇˉˇʽʶʾ ʰ˄ʶ˅ʱˊˍʹˍʰ ˃ˇ˄ˍʷ˂ʰ ʴʽʰ ˍʰ ʶˉʽ˃ʷˊˇˎˌ ˉˊˇʲ˂ʺ˃ʰˍʰ 

ˁʰʽ ˎˉˇ˂ˇʴʾʸʶʽ ˍʹ˄ ˂ˏˋʹ ˍˇˎ ʰˊ˔ʽˁˇˏ ˉˊˇʲ˂ʺ˃ʰˍˇˌ ˃ʶ ʶˉʰ˄ʰ˂ʹˉˍʽˁʺ ʵʽʰʵʽˁʰˋʾʰΦ 

ʍˋˍˈˋˇ ˋˍʹ ˋˎʴˁʶˁˊʽ˃ʷ˄ʹ ˃ʶʻˇʵˇ˂ˇʴʾʰΣ ʹ ʶˉʽˁʱ˂ˎ˕ʹ ˍ˖˄ ˎˉˇ˔˖ˊʾ˖˄ ˉˊˇˋʻʷˍʶʽ 

ˋˍʹ˄ ˉˇ˂ˎˉ˂ˇˁˈˍʹˍʰ ˍˇˎ ˉˊˇʲ˂ʺ˃ʰˍˇˌΦ 
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ɶ ˍˊʾˍʹ ˁʰʽ ˄ʶˈˍʶˊʹ ˃ʷʻˇʵˇˌ ώ58-61ϐ ˔˖ˊʾʸʶʽ ˍˇ ʰˊ˔ʽˁˈ ˔˖ˊʾˇ ˋʶ ˎˉˇ˔˖ˊʾʰΣ 

˔ˊʹˋʽ˃ˇˉˇʽʶʾ ʰ˄ʶ˅ʱˊˍʹˍʰ ˃ʰʻʹ˃ʰˍʽˁʱ ˃ˇ˄ˍʷ˂ʰ ʵʽʰˁˊʽˍˇˉˇʾʹˋʹˌ ˋʶ ˁʱʻʶ ʶˉʽ˃ʷˊˇˎˌ 

˔˖ˊʾˇ ˁʰʽ ˃ʷˋʰ ʰˉˈ ˃ʽʰ ʶˉʰ˄ʰ˂ʹˉˍʽˁʺ ʵʽʰʵʽˁʰˋʾʰ ʶˉʽ˂ˏʶʽ ˍʰ ˎˉˇˉˊˇʲ˂ʺ˃ʰˍʰ ˃ʶ 

ˋˁˇ̄̍  ˍˇ˄ ˎˉˇ˂ˇʴʽˋ˃ˈ ˍʹˌ ˂ˏˋʹˌ ˍˇˎ ʰˊ˔ʽˁˇˏ ˉˊˇʲ˂ʺ˃ʰˍˇˌΦ ɼʰˍʱ ˃ʺˁˇˌ ˍʹˌ 

ʵʽʶˉʰ˒ʺˌ ˃ʶˍʰ˅ˏ ʵˏˇ ʴʶʽˍˇ˄ʽˁ˗˄ ˎˉˇ˔˖ˊʾ˖˄ ˁʰʽ ˃ʶ ʲʱˋʹ ˍʹ ˒ˎˋʽˁʺ ˍˇˎ 

ˉˊˇʲ˂ʺ˃ʰˍˇˌΣ ˇˊʾʸˇ˄ˍʰʽ ˇʽ ˋˎ˄ʻʺˁʶˌ ˉˇˎ ˉˊʷˉʶʽ ˄ʰ ʽˁʰ˄ˇˉˇʽˇˏ˄ˍʰʽΣ ˉΦ˔ΦΣ ˋˎ˄ʷ˔ʶʽʰ 

ˍʹˌ ˃ʱʸʰˌΣ ˍʹˌ ʻʶˊ˃ˈˍʹˍʰˌΣ ʵʽʰˍʺˊʹˋʹ ˍʹˌ ˇˊ˃ʺˌΣ ˁ˂ˉΦ ʅʶ ˁʱʻʶ ʲʺ˃ʰ ˍʹˌ ˃ʶʻˈʵˇˎΣ 

ʶˉʽ˂ˏˇ˄ˍʰʽ ˍʰ ʶˉʽ˃ʷˊˇˎˌ ˉˊˇʲ˂ʺ˃ʰˍʰ ʶ˄˗ ˍˇ ˋ˒ʱ˂˃ʰ ˉʱ˄˖ ˋˍʹ ʵʽʶˉʰ˒ʺ 

ʶ˂ʰˍˍ˗˄ʶˍʰʽ ˃ʶ ʵʽʱ˒ˇˊʶˌ ˍʶ˔˄ʽˁʷˌ ʶ˅ˇ˃ʱ˂ˎ˄ˋʹˌ ˃ʶ ˋˁˇˉˈ ˄ʰ ʽˁʰ˄ˇˉˇʽʹʻˇˏ˄ ˇʽ 

ˁʰˍʱ˂˂ʹ˂ʶˌ ˋˎ˄ʻʺˁʶˌ ˁʰʽ ˄ʰ ˎˉˇ˂ˇʴʽˋʻʶʾ ʹ ˇ˂ʽˁʺ ˂ˏˋʹΦ  

ʆʰ ˋˎʴˁʶˁˊʽ˃ʷ˄ʰ ˔ʰˊʰˁˍʹˊʽˋˍʽˁʱ ˁʱ˄ˇˎ˄ ˍʹ ˃ʷʻˇʵˇ ʶ˂ˁˎˋˍʽˁʺ ˁʰʻ˗ˌ ʰˉ˂ˇˉˇʽˇˏ˄ 

ˁʰʽ ʰ˄ˍʽˁʰʻʽˋˍˇˏ˄ ˍˇ ʰˊ˔ʽˁˈ ˃ʶʴʱ˂ˇ ˁʰʽ ʵˎˋʶˉʾ˂ˎˍˇ ˉˊˈʲ˂ʹ˃ʰΣ ˃ʶ ˉˇ˂˂ʱ ˃ʽˁˊʱ 

ʰˉ˂ˇˏˋˍʶˊʰ ˉˊˇʲ˂ʺ˃ʰˍʰΣ ˍʰ ˇˉˇʾʰ ʶʾ˄ʰʽ ˔ʰ˂ʰˊʱ ˋˎ˄ʵʶʵʶ˃ʷ˄ʰ ˃ʶˍʰ˅ˏ ˍˇˎˌΦ ʅˍʽˌ 

˃ʶʻˈʵˇˎˌ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ ˃ˉˇˊˇˏ˄ ˄ʰ ˔ˊʹˋʽ˃ˇˉˇʽʹʻˇˏ˄ ˉˇ˂˂ʱ ˁʰʽ 

ʵʽʰ˒ˇˊʶˍʽˁʱ ˒ˎˋʽˁʱ ˁʰʽ ˃ʰʻʹ˃ʰˍʽˁʱ ˃ˇ˄ˍʷ˂ʰ ʴʽʰ ˍʹ˄ ˁʰ˂ˏˍʶˊʹ ˉˊˇˋˇ˃ˇʾ˖ˋʹ ˁʰʽ 

ʶˉʾ˂ˎˋʹ ˍ˖˄ ˋˏ˄ʻʶˍ˖˄ ˉˊʰʴ˃ʰˍʽˁ˗˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄Φ ɮˎˍˈ ˁʰʻʽˋˍʱ ʵˎ˄ʰˍʺ ʰ˂˂ʱ ˁʰʽ 

ʰ˄ʰʴˁʰʾʰ ˍʹ ˔ˊʺˋʹ ʵʽʰ˒ˇˊʶˍʽˁˇˏ ˂ˇʴʽˋ˃ʽˁˇˏ ʴʽʰ ˍʹ˄ ʰ˄ˍʽ˃ʶˍ˗ˉʽˋʹ ˍ˖˄ ʶˉʽ˃ʷˊˇˎˌ 

ˉˊˇʲ˂ʹ˃ʱˍ˖˄Φ ʆˇ ˂ˇʴʽˋ˃ʽˁˈ ˃ˉˇˊʶʾ ˄ʰ ˎˉʱˊ˔ʶʽ ʺʵʹ ˃ʶ ˍʹ ˃ˇˊ˒ʺ ˉʰˁʷˍˇˎ ʺ 

ʲʽʲ˂ʽˇʻʺˁʹˌ ˁʰʽ ˄ʰ ʷ˔ʶʽ ˎ˂ˇˉˇʽʹʻʶʾ ˁʰʽ ʶ˂ʶʴ˔ʻʶʾ ʴʽʰ ˍʹ˄ ˇˊʻˈˍʹˍʰ ˁʰʽ ˍʹ˄ 

ʰˉˇʵˇˍʽˁˈˍʹˍʰ ˍˇˎΦ ɳˉʾˋʹˌ ʶʾ˄ʰʽ ʵˎ˄ʰˍˈˌ ˇ ˉʶʽˊʰ˃ʰˍʽˋ˃ˈˌ ˃ʶ ˄ʷʰ ˃ˇ˄ˍʷ˂ʰ ˁʰʽ 

˃ʰʻʹ˃ʰˍʽˁʷˌ ˃ʶʻˈʵˇˎˌ ˁʰʽ ˁʰˍʱ ˋˎ˄ʷˉʶʽʰ ʶʾ˄ʰʽ ʵˎ˄ʰˍʺ ˁʰʽ ʹ ˎ˂ˇˉˇʾʹˋʹ ˁʰʽ ˇ 

ʷ˂ʶʴ˔ˇˌ ˄ʷ˖˄ ˃ʶʻˈʵ˖˄Φ ɶ ˋˏʸʶˎ˅ʹ ˍ˖˄ ʶˉʽ˃ʷˊˇˎˌ ʴʶʽˍˇ˄ʽˁ˗˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ʶʾ˄ʰʽ 

˔ʰ˂ʰˊʺ ˁʰʻ˗ˌ ˇʽ ˍʶ˔˄ʽˁʷˌ ˔ʰ˂ʱˊ˖ˋʹˌ ˁʰʻˇˊʾʸˇˎ˄ ˍʽ˃ʷˌ ˉʱ˄˖ ˋˍʽˌ ʵʽʶˉʰ˒ʷˌ ˁʰʽ 

ʶˉʽˍˊʷˉˇˎ˄ ˍʹ˄ ˂ˏˋʹ ˋʶ ˁʱʻʶ ʲʺ˃ʰ ˍʹˌ ˃ʶʻˈʵˇˎΦ ʆˇ ʴʶʴˇ˄ˈˌ ˈˍʽ ˍʰ ʶˉʽ˃ʷˊˇˎˌ 

ˉˊˇʲ˂ʺ˃ʰˍʰ ˉˊˇˋˇ˃ˇʽ˗˄ˇ˄ˍʰʽ ˃ʶ ʰ˄ʶ˅ʱˊˍʹˍʰ ˃ˇ˄ˍʷ˂ʰΣ ˁʰʻʽˋˍʱ ˁʱʻʶ ʲʺ˃ʰ ˍʹˌ 

ʶˉʰ˄ʰ˂ʹˉˍʽˁʺˌ ʵʽʰʵʽˁʰˋʾʰˌ ˉ˂ʺˊ˖ˌ ˉʰˊʰ˂˂ʹ˂ʾˋʽ˃ˇ ˁʰʻ˗ˌ ˍʰ ˎˉˇˉˊˇʲ˂ʺ˃ʰˍʰ 

˃ˉˇˊˇˏ˄ ˄ʰ ˂ˎʻˇˏ˄ ʰ˄ʶ˅ʱˊˍʹˍʰ ˁʰʽ ʱˊʰ ˍʰˎˍˈ˔ˊˇ˄ʰ ώснΣ 63ϐΦ ɶ ˔ˊʺˋʹ ˉʰˊʱ˂˂ʹ˂˖˄ 

ˎˉˇ˂ˇʴʽˋˍ˗˄ ˁʰʽ ʽˋ˔ˎˊ˗˄ ˎˉˇ˂ˇʴʽˋˍʽˁ˗˄ ˋˎˋˍʹ˃ʱˍ˖˄Σ ŎƭǳǎǘŜǊǎΣ DǊƛŘǎ ˁʰʽ /ƭƻǳŘǎ 

ˎ˂ˇˉˇʽʶʾ ˉ˂ʺˊ˖ˌ ˍʹ˄ ˉʰˊʰ˂˂ʹ˂ʾʰ ˁʰʽ ˁʱ˄ʶʽ ʵˎ˄ʰˍʺ ˍʹ˄ ʶˉʾ˂ˎˋʹ ˉˊʰʴ˃ʰˍʽˁ˗˄ ˁʰʽ 

ˉˇ˂ˏˉ˂ˇˁ˖˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˋʶ ˉˊʰʴ˃ʰˍʽˁˈ ˔ˊˈ˄ˇΦ  

ɶ ˃ʶʻˇʵˇ˂ˇʴʾʰ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ ώ6мϐ ʶˉʽˍˎʴ˔ʱ˄ʶʽ ˍʹ˄ ʶˉʾ˂ˎˋʹ ˉˊʰʴ˃ʰˍʽˁ˗˄ 

ˁʰʽ ˉˇ˂ˏˉ˂ˇˁ˖˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˉˇ˂˂ʰˉ˂˗˄ ˉʶʵʾ˖˄ ˃ʶ ʴˊʺʴˇˊˇ ˁʰʽ ˁˇ˃˕ˈ ˍˊˈˉˇΣ 

ʰ˅ʽˇˉˇʽ˗˄ˍʰˌ ˎˉʱˊ˔ˇ˄  ˂ˇʴʽˋ˃ʽˁˈ ˋʶ ˃ˇ˄ˍʷˊ˄ʰ ˁʰʽ ʽˋ˔ˎˊʱ ˎˉˇ˂ˇʴʽˋˍʽˁʱ ˋˎˋˍʺ˃ʰˍʰΣ 

ˋʶ ˉˊʰʴ˃ʰˍʽˁˈ ˔ˊˈ˄ˇΦ 

ʅˍʹ˄ ˉʰˊˇˏˋʰ ʵʽˉ˂˖˃ʰˍʽˁʺ ʻʰ ʶˉʽˁʶ˄ˍˊ˖ʻˇˏ˃ʶ ˋˍʹ ˃ʶʻˇʵˇ˂ˇʴʾʰ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ 

ʵʽʶˉʰ˒ʺ ʴʽʰ ˍʹ˄ ʶˉʾ˂ˎˋʹ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˉˇ˂˂ʰˉ˂˗˄ ˉʶʵʾ˖˄ κ ˉˇ˂˂ʰˉ˂˗˄ ˒ˎˋʽˁ˗˄Φ 

ʃʽˇ ˋˎʴˁʶˁˊʽ˃ʷ˄ʰ ʻʰ ˍʹ˄ ˎ˂ˇˉˇʽʺˋˇˎ˃ʶ ʶ˄ˍˈˌ ʶ˄ˈˌ ˉʶˊʽʲʱ˂˂ˇ˄ˍˇˌ ʶˉʾ˂ˎˋʹˌ 

ˍʷˍˇʽ˖˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄Φ  
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2 ɭʇʋʌʋʅʙʎʀʅʏ ʈʀʃʋɿʋʇʋɾʚɻʏ ʔɻʇʗʍʖʎʂʏ ʎʐʂ ɿʅʀʌɻʒʙ 

ςȢρ ɞʅʎɻɾʖɾʙ 

ɲʶʵˇ˃ʷ˄ˇˎ ˈˍʽ ʹ ˃ʶʻˇʵˇ˂ˇʴʾʰ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ ʶʾ˄ʰʽ ˋ˔ʶˍʽˁʱ ˁʰʽ˄ˇˏˊʴʽʰΣ 

ˎˉʱˊ˔ʶʽ ˃ʽˁˊˈˌ ʰˊʽʻ˃ˈˌ ˎ˂ˇˉˇʽʺˋʶ˖˄ ʵʽʰʻʷˋʽ˃ˇˌ ˋˍʹ ʲʽʲ˂ʽˇʴˊʰ˒ʾʰΦ ɶ aŀǘƭŀō ʷ˔ʶʽ 

˔ˊʹˋʽ˃ˇˉˇʽʹʻʶʾ ʴʽʰ ˍʹ˄ ˎ˂ˇˉˇʾʹˋʹ ʶ˒ˍʱ ˃ʶʻˈʵ˖˄ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ ʴʽʰ 

˃ˇ˄ˇʵʽʱˋˍʰˍʰ ˉˊˇʲ˂ʺ˃ʰˍʰ ώспϐ ˁʰʽ ʴʽʰ ˃ʾʰ ʴʽʰ ʵʽˋʵʽʱˋˍʰˍʰ ώсрϐΣ ˔˖ˊʾˌ ˈ˃˖ˌ ʰˎˍʷˌ 

ˇʽ ˉˊˇˋˉʱʻʶʽʶˌ ˄ʰ ʰˉˇˍʶ˂ˇˏ˄ ʷ˄ʰ ˉʶˊʽʲʱ˂˂ˇ˄ ʶˉʾ˂ˎˋʹˌ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˉˇ˂˂ʰˉ˂˗˄ 

ˉʶʵʾ˖˄ /  ̄ ˇ˂˂ʰˉ˂˗˄ ˒ˎˋʽˁ˗˄Φ 

2.2 SciAgents Framework  

ɾʽʰ ˉˊ˗ˍʹ ˉˊˇˋˉʱʻʶʽʰ ʵʹ˃ʽˇˎˊʴʾʰˌ ʶ˄ˈˌ ˇ˂ˇˁ˂ʹˊ˖˃ʷ˄ˇˎ ˉʶˊʽʲʱ˂˂ˇ˄ˍˇˌ 

ʶˉʾ˂ˎˋʹˌ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˉˇ˂˂ʰˉ˂˗˄ ˉʶʵʾ˖˄κˉˇ˂˂ʰˉ˂˗˄ ˒ˎˋʽˁ˗˄ ʰˉˇˍʶ˂ʶʾ ˍˇ 

SciAgents Framework [66, 67]Φ ɶ ˋˎʴˁʶˁˊʽ˃ʷ˄ʹ ˎ˂ˇˉˇʾʹˋʹ ʶˁ˃ʶˍʰ˂˂ʶˏʶˍʰʽ ˍˇ˄ 

ʶʴʴʶ˄ʺ ˉʰˊʰ˂˂ʹ˂ʽˋ˃ˈ ˍʹˌ ˃ʶʻˇʵˇ˂ˇʴʾʰˌ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʽˌ ʵʽʶˉʰ˒ʷˌΣ 

˔ˊʹˋʽ˃ˇˉˇʽ˗˄ˍʰˌ ˍˇ ˎˉˇ˂ˇʴʽˋˍʽˁˈ ˉʰˊʱʵʶʽʴ˃ʰ ˍ˖˄ ˉˊʰˁˍˈˊ˖˄ ˉʱ˄˖ ˋʶ ʷ˄ʰ ʵʾˁˍˎˇ 

ʰˉˈ ʶˍʶˊˇʴʶ˄ʺ ˁʰˍʰ˄ʶ˃ʹ˃ʷ˄ʰ ˎˉˇ˂ˇʴʽˋˍʽˁʱ ˋˎˋˍʺ˃ʰˍʰΦ ɶ ˎ˂ˇˉˇʾʹˋʹ ˍˇˎ 

{Ŏƛ!ƎŜƴǘǎ ʰˉˇˍʶ˂ʶʾˍʰʽ ʰˉˈ ˃ʾʰ ˁ˂ʱˋʹ ˃ʶʻˈʵ˖˄ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʽˌ ʵʽʶˉʰ˒ʷˌ ˋʶ ʷ˄ʰ 

ˉ˂ʰʾˋʽˇ ʲʰˋʽˋ˃ʷ˄ˇ ˋʶ ˉˊʱˁˍˇˊʶˌ ˁʰʽ ʶʾ˄ʰʽ ʴˊʰ˃˃ʷ˄ʹ ˁˎˊʾ˖ˌ ˋʶ / ˁʰʽ W!±!Φ  

ʃʽˇ ˋˎʴˁʶˁˊʽ˃ʷ˄ʰΣ ˍˇ {Ŏƛ!ƎŜƴǘǎ ˃ʶˍʰˍˊʷˉʶʽ ˍˇ ˒ˎˋʽˁˈ ˉˊˈʲ˂ʹ˃ʰ ˋʶ ʷ˄ʰ ʵʾˁˍˎˇ 

ˍˇˉʽˁ˗˄ ʶˉʽ˂ˎˍ˗˄ ɾɲɳ ˁʰʽ ˔ʰ˂ʰˊ˖ˍ˗˄ ˍ˖˄ ʵʽʶˉʰ˒˗˄Φ ʇˉʱˊ˔ˇˎ˄ ˍˊʶʽˌ ˍˏˉˇʽ 

ˉˊʰˁˍˈˊ˖˄Υ ʷ˄ʰˌ PDECoordinator ˁʰʽ ʵʽʱ˒ˇˊˇʽ PDESolver ˁʰʽ PDEMediator 

ˉˊʱˁˍˇˊʶˌΦ ʁ PDECoordinator ʶʾ˄ʰʽ ˎˉʶˏʻˎ˄ˇˌ ʴʽʰ ˍˇ˄ ʷ˂ʶʴ˔ˇ ˇ˂ˈˁ˂ʹˊʹˌ ˍʹˌ 

ʶ˒ʰˊ˃ˇʴʺˌ ˁʰʽ ˍˇ ˋˎ˄ˍˇ˄ʽˋ˃ˈ ˍʹˌ ˈ˂ʹˌ ʵʽʰʵʽˁʰˋʾʰˌΦ ɴ˄ʰˌ PDEMediator ʵˊʰ ˖ˌ 

ʵʽʰʽˍʹˍʺˌ ˃ʶˍʰ˅ˏ ˍ˖˄ ʵˏˇ ʶˉʽ˂ˎˍ˗˄ ˉˇˎ ˃ˇʽˊʱʸˇ˄ˍʰʽ ʷ˄ʰ ˈˊʽˇ ˃ʶˍʰ˅ˏ ʵˏˇ ˉʶʵʾ˖˄ 

ˁʰʽ ʷ˄ʰˌ PDESolver ʶʾ˄ʰʽ ˃ʽʰ ˃ʷʻˇʵˇˌ ˉʶˊʽˍˎ˂ʾʴ˃ʰˍˇˌ ˃ʽʰˌ ʶ˒ʰˊ˃ˇʴʺˌ ˉˇˎ ʶˉʽ˂ˏʶʽ 

ˍˇ ˍˇˉʽˁˈ ˉˊˈʲ˂ʹ˃ʰΦ 

ʂˍʰ˄ ʶˁˁʽ˄ʶʾˍʰʽ ˇ PDECoordinator ˉˊʱˁˍˇˊʰˌΣ ʵʽʰʲʱʸʶʽ ʷ˄ʰ ʰˊ˔ʶʾˇ ˃ʶ ˍʹ˄ 

ˉʶˊʽʴˊʰ˒ʺ ˍˇˎ ˉˊˇʲ˂ʺ˃ʰˍˇˌ ˁʰʽ ʴˊʱ˒ʶʽ ˍʽˌ ˉ˂ʹˊˇ˒ˇˊʾʶˌ ˋˍˇ ˃ˇ˄ˍʷ˂ˇ ˍˇˎΦ ʆˇ 

ʰˊ˔ʶʾˇ ʶʽˋˈʵˇˎ ˉʶˊʽʷ˔ʶʽ ˉ˂ʹˊˇ˒ˇˊʾʶˌ ˋ˔ʶˍʽˁʱ ˃ʶ ˍˇ˄ ʰˊʽʻ˃ˈ ˍ˖˄ ʶˉʽˎ̠̱˂  ˄ˁʰʽ ˍ˖˄ 

˃ʶˋhy ˈ˄ˍ˖˄Σ ˍʰ ˔ʰˊʰˁˍʹˊʽˋˍʽˁʱ ˍ˖˄ ʵʽʶˉʰ˒˗˄, ˍʽˌ ʰˊ˔ʽˁʷˌ ˃ʰ˄ˍʶ˕ʽʷˌ ˋˍʽˌ 

ʵʽʶˉʰ˒ʷˌΣ ˍʽˌ ˃ʶʻˈʵˇˎˌ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʽˌ ʵʽʶˉʰ˒ʷˌ ˁʰʽ ˍʰ ˇ˄ˈ˃ʰˍʰ ˍ˖˄ ˋˎˋˍʹ˃ʱˍ˖˄ 

ˉˇˎ ʻʰ ˔ˊʹˋʽ˃ˇˉˇʽʹʻˇˏ˄ ʴʽʰ ˍʹ ˋˎ˄ˇ˂ʽˁʺ ʶˉʾ˂ˎˋʹ ˍˇˎ ˉˊˇʲ˂ʺ˃ʰˍˇˌΦ ʆˇ ʶˉˈ˃ʶ˄ˇ 

ʲʺ˃ʰ ˋˍʹ ʵʽʰʵʽˁʰˋʾʰ ʶʾ˄ʰʽ ʹ ʵʹ˃ʽˇˎˊʴʾ hˁʰʽ  ́ʵʽʰ˃ˈ́ ˒̟ˋ ́ˍ˖˄ t59{ƻƭǾŜǊ ˁʰʽ 

PDEMediator ˉˊʰˁˍˈˊ˖˄. ʁ t59/ƻƻǊŘƛƴŀǘƻǊ ˔ˊʹˋʽ˃ˇˉˇʽʶʾ ˍʽˌ ʵʽʶˎʻˏ˄ˋʶʽˌ ˍˇˎˌ ʴʽʰ 

˄ʰ ˊˎʻ˃ʾˋʶ ̱̔ ʹ˄ ʶˉʽˁˇʽ˄˖˄ʾʰ ˃ʶˍʰ˅ˏ ˍˇˎˌΦ ʅˍʹ ˋˎ˄ʷ˔ʶʽʰ ˇ ˋˎ˄ˍˇ˄ʽˋˍʺˌ ˉʶˊʽ˃ʷ˄ʶʽ ʴʽʰ 

˃ʹ˄ˏ˃ʰˍʰ ʰˉˈ ˍˇˎˌ ˃ʶˋʱʸˇ˄ˍʶˌ, ̀ ˔ʶˍʽˁʱ ˃ʶ ˍʹ˄ ˁʰˍʱˋˍʰˋʹ ˍʹˌ ˋˏʴˁ˂ʽˋʹˌ ˋˍʹ ˂ˏˋʹ 

ˍˇˎ ˉˊˇʲ˂ʺ˃ʰˍˇˌΣ ʺ ʰˉˈ ˍˇ ˔ˊʺˋˍʹΦ ʆʰ ˃ʹ˄ˏ˃ʰˍʰ ʰˉˈ ˍˇ ˔ˊʺˋˍʹ ˃ˉˇˊʶʾ ˄ʰ 
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ʰ˒ˇˊˇˏ˄ ʰ˂˂hɹ ʺ ˋ̱ ʽˌ ˍʽ˃ʷˌ ˍ˖˄ ˋˎʴˁʶˁˊʽ˃ʷ˄˖˄ ˃ʶˍʰʲ˂ʹˍ˗˄ ˍˇˎ ʰˊ˔ʶʾˇˎ ʶʽˋˈʵˇˎΣ 

ˈˉ˖ˌ ́  ʰ˄ˇ˔ʺ ˋˏʴˁ˂ʽˋʹˌ ʺ ˍʹ˄ ʰ˄ɦɹ ˁ́ ʹ ʶˁˍʷ˂ʶˋʹ ˄ ʰ ˋˍʰ˃ʰˍʺˋʶʽΦ 

ʁ PDESolver ˉˊʱˁˍˇˊʰˌ ʶʾ˄ʰʽ ˎˉʶˏʻˎ˄ˇˌ ʴʽʰ ˍʹ˄ ʶˉʾ˂ˎˋʹ ˍˇˎ ˉˊˇʲ˂ʺ˃ʰˍˇˌ ˍˇˉʽˁʱΦ 

ɮˊ˔ʽˁʱΣ ʶˁˁʽ˄ʶʾ ˍˇ Pelltool ˉˇˎ ʵʽʰʲʱʸʶʽ ˍˇ ʰˊ˔ʶʾˇ ˉˇˎ ˉʶˊʽʴˊʱ˒ʶʽ ˍˇ ˍˇˉʽˁˈ 

ˉˊˈʲ˂ʹ˃ʰ ɾɲɳ ˁʰʽ ʵʹ˃ʽˇˎˊʴʶʾ ˍˇ ʶˁˍʶ˂ʷˋʽ˃ˇ ˉˇˎ ʻʰ ˔ˊʹˋʽ˃ˇˉˇʽʹʻʶʾ ʰˊʴˈˍʶˊʰ 

ʰˉˈ ˍˇ ExecuteToolΦ ʆˈˋˇ ˍˇ Pelltool ˈˋˇ ˁʰʽ ˍˇ ExecuteTool ʶʾ˄ʰʽ ˁˇ˃˃ʱˍʽʰ ˍˇˎ 

ˋˎˋˍʺ˃ʰˍˇˌ PELLPACK. ʅˍʹ ˋˎ˄ʷ˔ʶʽʰΣ ˇ ʶˉʽ˂ˎˍʺˌ ʶ˅ʱʴʶʽ ˍʰ ˋʹ˃ʶʾʰ ˍ˖˄ ʵʽʶˉʰ˒˗˄ 

ʰˉˈ ˍˇ ʰˊ˔ʶʾˇ ˉˇˎ ˉʶˊʽʷ˔ʶʽ ˍʰ ˋʹ˃ʶʾʰ ˍˇ ˉ˂ʷʴ˃ʰˍˇˌ ˁʰʽ ˍʰ ʴˊʱ˒ʶʽ ˋʶ ʷ˄ʰ ʰˊ˔ʶʾˇΦ 

ʂˍʰ˄ ˍʰ ʰˊ˔ʶʾʰ ʶʾ˄ʰʽ ʷˍˇʽ˃ʰΣ ˇ ʶˉʽ˂ˎˍʺˌ ʶ˄ʹ˃ʶˊ˗˄ʶʽ ˍˇˎˌ ˃ʶˋʱʸˇ˄ˍʶˌ ˁʰʽ 

ˉʰˊʰ˃ʷ˄ʶʽ ʰʵˊʰ˄ʺˌ ʷ˖ˌ ˈˍˇˎ ʶʽʵˇˉˇʽʹʻʶʾ ʰˉˈ ˁʱˉˇʽˇ˄ ˃ʶˋʱʸˇ˄ˍʰ ˈˍʽ ʹ ˂ʾˋˍʰ ˃ʶ 

ˈ˂ʰ ˍʰ ˋʹ˃ʶʾʰ ˁʰʽ ˍʽˌ ʰˊ˔ʽˁʷˌ ˃ʰ˄ˍʶ˕ʽʷˌ ˍˇˎˌ ʷ˔ˇˎ˄ ʰˉˇʻʹˁʶˎʻʶʾ ˋʶ ˁʱˉˇʽˇ ʰˊ˔ʶʾˇΦ 

ʁ ʶˉʽ˂ˎˍʺˌ ˔ˊʹˋʽ˃ˇˉˇʽʶʾ ʰˎˍʱ ˍʰ ʰˊ˔ʶʾʰ ʴʽʰ ˄ʰ ˍˊʷ˅ʶʽ ˍˇ ExecuteTool ˗ˋˍʶ ˄ʰ 

˂ˏˋʶʽ ˍˇ ˉˊˈʲ˂ʹ˃ʰΦ ʅˍʷ˂˄ʶʽ ˃ʺ˄ˎ˃ʰ ˋˍˇˎˌ ˃ʶˋʱʸˇ˄ˍʶˌ ˈˍʽ ˇʽ ˍʽ˃ʷˌ ʷ˔ˇˎ˄ 

ˎˉˇ˂ˇʴʽˋˍʶʾ ˁʰʽ ˉʶˊʽ˃ʷ˄ʶʽ ʴʽʰ ˍʹ˄ ʰˉʱ˄ˍʹˋʺ ˍˇˎˌΦ ɮ˄ʱ˂ˇʴʰ ˃ʶ ˍˇ ˃ʺ˄ˎ˃ʰ ˍ˖˄ 

˃ʶˋʰʸˈ˄ˍ˖˄Σ ˇ ʶˉʽ˂ˎˍʺˌ ʻʰ ˅ʰ˄ʰ˂ˏˋʶʽ ˍˇ ˉˊˈʲ˂ʹ˃ʰΣ ʻʰ ˉʰˊʰ˃ʶʾ˄ʶʽ ʰʵˊʰ˄ʺˌ 

ˉʶˊʽ˃ʷ˄ˇ˄ˍʰˌ ʱ˂˂ˇˎˌ ʶˉʽ˂ˎˍʷˌΣ ʺ ʻʰ ˁʱ˄ʶʽ ˍʹ˄ ʴˊʰ˒ʽˁʺ ˉʰˊʱˋˍʰˋʹ ˍʹˌ ˍˇˉʽˁʺ 

˂ˏˋʹˌΦ ɾʶ ˁʰˍʱ˂˂ʹ˂ˇ ˃ʺ˄ˎ˃ʰ ˇ PDECoordinator ̱ ʶˊ˃ʰˍʾʸʶʽ ˍˇ˄ PDESolver. 

ʁ PDEMediator ˉˊʱˁˍˇˊʰˌ ʵʹ˃ʽˇˎˊʴʶʾˍʰʽ ˁʰʽ ʵʽʰ˃ˇˊ˒˗˄ʶˍʰʽ ʰˉˈ ˍˇ˄ 

PDECoordinatorΦ ɮˎˍˈˌ ˇ ˉˊʱˁˍˇˊʰˌ ˃ʶˋʱʸˇ˄ˍʰˌ ʷ˔ʶʽ ˃ʽʰ ˉ˂ʺˊʹ ˉʶˊʽʴˊʰ˒ʺ ˍʹˌ 

ʵʽʶˉʰ˒ʺˌΣ ˍʹˌ ˃ʶʻˈʵˇˎ ˔ʰ˂ʱˊ˖ˋʹˌ ˉˇˎ ˔ˊʹˋʽ˃ˇˉˇʽʶʾˍʰʽΣ ˍ˖˄ ʶˉʽ˂ˎˍ˗˄ ˃ʶ ˍˇˎˌ 

ˇˉˇʾˇˎˌ ʻʰ ˋˎ˄ʶˊʴʰˋˍʶʾΣ ˍʹˌ ʻʷˋʹˌ ˍ˖˄ ʰˊ˔ʶʾ˖˄ ʶʽˋˈʵˇˎκʶ˅ˈʵˇˎΣ ˍʹˌ ʻʷˋʹˌ ˍ˖˄ 

ˉˊˇʴˊʰ˃˃ʱˍ˖˄ ˉˇˎ ʶˉʽ˂ˏˇˎ˄ ˍʰ ˍˇˉʽˁʱ ˉˊˇʲ˂ʺ˃ʰˍʰΣ ˍʹˌ ʰ˄ˇ˔ʺˌ ˉˇˎ 

˔ˊʹˋʽ˃ˇˉˇʽʶʾˍʰʽ ʴʽʰ ˄ʰ ʰˉˇ˒ʰˋʽˋˍʶʾ ʹ ˋˏʴˁ˂ʽˋʹ ˁʰʽ ˍʹˌ ˋˎ˄ʱˊˍʹˋʹˌ ˍ˖˄ ʰˊ˔ʽˁ˗˄ 

˃ʰ˄ˍʶ˕ʽ˗˄Φ ɮˎˍʷˌ ˇʽ ˉ˂ʹˊˇ˒ˇˊʾʶˌ ˉʰˊʷ˔ˇ˄ˍʰʽ ʰˉˈ ˍˇ˄ ˉˊʱˁˍˇˊʰ ˋˎ˄ˍˇ˄ʽˋˍʺΦ ɮ˒ˇˏ 

ʶˁˁʽ˄ʹʻʶʾΣ ˇ ˃ʶˋʱʸˇ˄ˍʰˌ ˉʶˊʽ˃ʷ˄ʶʽ ʴʽʰ ˍʰ ˋʹ˃ʶʾʰ ˍ˖˄ ˇˊʾ˖˄ ʰˉˈ ˍˇˎˌ ʴʶʽˍˇ˄ʽˁˇˏˌ 

ʶˉʽ˂ˎˍʷˌΦ ʅˍˇ ʶˉˈ˃ʶ˄ˇ ˋˍʱʵʽˇΣ ˇ ˃ʶˋʱʸˇ˄ˍʰˌ ˋˎ˄ʵˎʱʸʶʽ ˍʽˌ ʵˏˇ ˂ʾˋˍʶˌ ˋʹ˃ʶʾ˖˄ ˁʰʽ 

˃ʶˍʱ ˔ˊʹˋʽ˃ˇˉˇʽʶʾ ˍʹ ˋˎ˄ʱˊˍʹˋʹ ʰˊ˔ʽˁ˗˄ ˃ʰ˄ˍʶ˕ʽ˗˄ ʴʽʰ ˄ʰ ˎˉˇ˂ˇʴʾˋʶʽ ˍʽˌ ˍʽ˃ʷˌ ˋʶ 

ʰˎˍʱ ˍʰ ˋʹ˃ʶʾʰΦ ʅˍʹ ˋˎ˄ʷ˔ʶʽʰΣ ˇ ˃ʶˋʱʸˇ˄ˍʰˌ ˋˍʷ˂˄ʶʽ ˃ʺ˄ˎ˃ʰ ˋˍˇˎˌ ʵˏˇ ʶˉʽ˂ˎˍʷˌ 

ˈˍʽ ˍʰ ʰˊ˔ʶʾʰ ˃ʶ ˍʰ ˋʹ˃ʶʾʰ ˁʰʽ ˍʽˌ ˍʽ˃ʷˌ ˍˇˎˌ ʶʾ˄ʰʽ ʷˍˇʽ˃ʰΦ ʁ ˃ʶˋʱʸˇ˄ˍʰˌ ˉʰˊʰ˃ʷ˄ʶʽ 

ʰʵˊʰ˄ʺˌΣ ˉʶˊʽ˃ʷ˄ˇ˄ˍʰˌ  ʴʽʰ ˁʰʽ˄ˇˏˊʴʽʶˌ ˍʽ˃ʷˌ ʰˉˈ ˍˇˎˌ ʵˏˇ ʶˉʽ˂ˎˍʷˌΦ ʂˍʰ˄ ˂ʱʲʶʽ 

ˁʰʽ˄ˇˏˊʴʽʶˌ ˍʽ˃ʷˌΣ ˃ʶˍʰˁʽ˄ʶʾˍʰʽ ˋˍˇ ʶˉˈ˃ʶ˄ˇ ˋˍʱʵʽˇΣ ˈˉˇˎ ʵʽʰʲʱʸʶʽ ˍʰ ˁʰʽ˄ˇˏˊʴʽʰ 

ʵʶʵˇ˃ʷ˄ʰ ˁʰʽ ˍʰ ˋˎʴˁˊʾ˄ʶʽ ˃ʶ ˍʰ ˍˊʷ˔ˇ˄ˍʰΦ ʋˊʹˋʽ˃ˇˉˇʽʶʾ ˍʹ ˃ʷʻˇʵˇ ˔ʰ˂ʱˊ˖ˋʹˌ ʴʽʰ 

˄ʰ ˎˉˇ˂ˇʴʾˋʶʽ ˍʽˌ ˁʰʽ˄ˇˏˊʴʽʶˌ ˍʽ˃ʷˌ ʴʽʰ ˍʽˌ ˇˊʽʰˁʷˌ ˋˎ˄ʻʺˁʶˌΦ ɮ˄ ʶˉʽˍʶˎ˔ʻʶʾ 

ˋˏʴˁ˂ʽˋʹ ˋʶ ʰˎˍʺ ˍʹ ʵʽʶˉʰ˒ʺΣ ˍˈˍʶ ˇ ˃ʶˋʱʸˇ˄ˍʰˌ ˋˍʷ˂˄ʶʽ ˃ʺ˄ˎ˃ʰ ˋˍˇˎˌ ʶˉʽ˂ˎˍʷˌ 

ˁʰʽ ˉ˂ʹˊˇ˒ˇˊʶʾ ˍˇ˄ PDECoordinator ʴʽʰ ˍʹ˄ ˍˇˉʽˁʺ ˋˏʴˁ˂ʽˋʹΣ ˗ˋˍʶ ʰˎˍˈˌ ˄ʰ 

˃ˉˇˊʶʾ ˄ʰ ʰˉˇ˒ʰˋʾˋʶʽ ʴʽʰ ˍʹ˄ ˇ˂ʽˁʺΦ ɴ˄ʰ ˃ʺ˄ˎ˃ʰ ʰˉˈ ˍˇ ˋˎ˄ˍˇ˄ʽˋˍʺ ˋˍʷ˂˄ʶʽ ˋˍˇ 

˃ʶˋʱʸˇ˄ˍʰΣ ˇ ˇˉˇʾˇˌ ˍʶˊ˃ʰˍʾʸʶʽ ˋʶ ˉʶˊʾˉˍ˖ˋʹ ˇ˂ʽˁʺˌ ˋˏʴˁ˂ʽˋʹˌΣ ʺ ˉʶˊʽ˃ʷ˄ʶʽ ʴʽʰ 

ˁʰʽ˄ˇˏˊʴʽʰ ʵʶʵˇ˃ʷ˄ʰ ʰˉˈ ˍˇˎˌ ʵˏˇ ʶˉʽ˂ˎˍʷˌΦ 
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ʆˇ SciAgents ʰˉʰʽˍʶʾ ˋʹ˃ʰ˄ˍʽˁʺ ˎˉˇˋˍʺˊʽ˅ʹ ˋʶ ˉʰˊʶ˃ʲˇ˂ʺΣ ˃ʽʰ ʵʽʰʵʽˁʰˋʾʰ ʴʽʰ ˍˇ˄ 

ˎˉˇ˂ˇʴʽˋ˃ˈ ʰˊ˔ʽˁ˗˄ ˃ʰ˄ˍʶ˕ʽ˗˄Σ ˃ʹ˔ʰ˄ʽˋ˃ˇˏˌ ʴʽʰ ˍˇ˄ ˁʰʻˇˊʽˋ˃ˈ ˁʰ˂˗˄ ˍʽ˃˗˄ ˋˍʽˌ 

ˉʰˊʰ˃ʷˍˊˇˎˌ ˔ʰ˂ʱˊ˖ˋʹˌ ˁʰʽ ˁˊʽˍʺˊʽʰ ˉˇˎ ˄ʰ ʶ˂ʷʴ˔ˇˎ˄ ˍʹ˄ ʶˉʰ˄ʰ˂ʹˉˍʽˁʺ 

ʵʽʰʵʽˁʰˋʾʰΦ ɶ ˉʰˊʶ˃ʲˇ˂ʺ ˔ˊʶʽʱʸʶˍʰʽ ʴʽʰˍʾ ˍʰ ˉ˂ʷʴ˃ʰˍʰ ʵʶ˄ ˋˎ˃ˉʾˉˍˇˎ˄ 

ʰˉʰˊʰʾˍʹˍʰ ˋˍˇ ˁˇ˃˃ʱˍʽ ˍʹˌ ʵʽʶˉʰ˒ʺˌΦ ɳˉʾˋʹˌΣ ˇ ˎˉˇ˂ˇʴʽˋ˃ˈˌ ˍ˖˄ ʰˊ˔ʽˁ˗˄ ˍʽ˃˗˄ 

ˍʹˌ ʵʽʶˉʰ˒ʺˌ ʶʾ˄ʰʽ ˃ʽʰ ʰˊˁʶˍʱ ˋˏ˄ʻʶˍʹ ʵʽʰʵʽˁʰˋʾʰ ʴʽʰˍʾ ˇʽ Neumman ˁʰʽ ˇʽ ˃ʽˁˍʷˌ 

ˇˊʽʰˁʷˌ ˋˎ˄ʻʺˁʶˌ ʶʾ˄ʰʽ ʶˎʰʾˋʻʹˍʶˌ ˋˍʽˌ ʰˊ˔ʽˁʷˌ ˍˇˎˌ ˃ʰ˄ˍʶ˕ʽʷˌ ˁʰʽ ˁʰʻ˗ˌ ˍʰ 

ˉˊˇʲ˂ʺ˃ʰˍʰ ɾɲɳ ʴʾ˄ˇ˄ˍʰʽ ˈ˂ˇ ˁʰʽ ˉʽˇ ˉˇ˂ˏˉ˂ˇˁʰΣ ˈ˂ˇ ˁʰʽ ˁʰ˂ˏˍʶˊʶˌ ʰˊ˔ʽˁʷˌ 

˃ʰ˄ˍʶ˕ʽʷˌ ʻʰ ˔ˊʶʽʱʸˇ˄ˍʰʽΦ 

2.3 Bond Framework  

ɾʽʰ ʶˉˈ˃ʶ˄ʹ ˉˊˇˋˉʱʻʶʽʰ ˁʰˍʰˋˁʶˎʺˌ ʶ˄ˈˌ ˉʶˊʽʲʱ˂˂ˇ˄ˍˇˌ ʶˉʾ˂ˎˋʹˌ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ 

ˉˇ˂˂ʰˉ˂˗˄ ˉʶʵʾ˖˄κˉˇ˂˂ʰˉ˂˗˄ ˒ˎˋʽˁ˗˄ ώ68ϐ ˔ˊʹˋʽ˃ˇˉˇʽʶʾ ˍˇ middleware 

ˉˊʰˁˍˈˊ˖˄ Bond [69]Φ ɼʰʽ ʰˎˍʺ ʹ ˎ˂ˇˉˇʾʹˋʹ ˔ˊʹˋʽ˃ˇˉoʽʶʾ ˍʹ˄ PELLPACK ʴʽʰ ˍʹ˄ 

ʶˉʾ˂ˎˋʹ ˍ˖˄ ɾɲɳ ˁʰʽ ˇʽ ˁʰˍʹʴˇˊʾʶˌ ˉˊʰˁˍˈˊ˖˄Σ ˁʰʻ˗ˌ ʶˉʾˋʹˌ ˁʰʽ ˇʽ ˂ʶʽˍˇˎˊʴʾʶˌ 

ˍˇˎˌ ʶʾ˄ʰʽ ˍʰˎˍˈˋʹ˃ʶˌ ˃ʶ ʰˎˍʷˌ ˍˇˎ SciAgents Framework. 

ʆˇ Bond ʶʾ˄ʰʽ ʷ˄ʰ ˁʰˍʰ˄ʶ˃ʹ˃ʷ˄˖˄-ʰ˄ˍʽˁʶʽ˃ʷ˄˖˄Σ ˉˊˇˋʰ˄ʰˍˇ˂ʽˋ˃ʷ˄ˇ ˋʶ ˃ʹ˄ˏ˃ʰˍʰ 

ˋˏˋˍʹ˃ʰΣ ˉˇˎ ˉʰˊʷ˔ʶʽ ʷ˄ʰ ʵʹ˃ʽˇˎˊʴʽˁˈ ˉ˂ʰʾˋʽˇ ʴʽʰ ˍʹ˄ ˁʰˍʰˋˁʶˎʺ ˋˎ˄ʶˊʴʰˍʽˁ˗˄ 

ˉˊʰˁˍˈˊ˖˄ ʵʽˁˍˏˇˎΦ ʆˇ .ƻƴŘ ʵʽʰˍʾʻʶˍʰʽ ˁʱˍ˖ ʰˉˈ ˃ʽʰ ʱʵʶʽʰ ʰ˄ˇʽ˔ˍˇˏ ˁ˗ʵʽˁʰ [tD[ 

ˁʰʽ ˔ˊʹˋʽ˃ˇˉˇʽʺʻʹˁʶ ˖ˌ ˃ʽʰ ˃ʹ˔ʰ˄ʺ ʵʹ˃ʽˇˎˊʴʾʰˌ ˊˇ˗˄ ʶˊʴʰˋʽ˗˄ ˉˇˎ ˎˉˇˋˍʹˊʾʸʶʽ 

ʵˎ˄ʰ˃ʽˁʷˌ ˊˇʷˌ ʶˊʴʰˋʾʰˌ ώ70ϐΣ ʴʽʰ ˃ʽʰ ˉˊˇˋʰˊ˃ˇˋˍʽˁʺ ˎˉʹˊʶˋʾʰ ʲʾ˄ˍʶˇ ώ71ϐΣ ʴʽʰ 

ˍʹ˄ ʰ˄ʰˁʱ˂ˎ˕ʹ ˍ˖˄ ˉˈˊ˖˄ ˋʶ ʷ˄ʰ ˁʰˍʰ˄ʶ˃ʹ˃ʷ˄ˇ ˋˏˋˍʹ˃ʰ ʶˎˊʶʾʰˌ ˉʶˊʽˇ˔ʺˌ ώ72], 

ʴʽʰ ˍˇ˄ ˋ˔ʶʵʽʰˋ˃ˈ ʶ˄ˈˌ ʵʽˁˍˏˇˎ ʶˉʽ˂ˎˍ˗˄ ɾɲɳ ώ73ϐΣ ˁʰʽ ʴʽʰ ʱ˂˂ʶˌ ʶ˒ʰˊ˃ˇʴʷˌΦ 

ʆˇ .ƻƴŘ ˔ˊʹˋʽ˃ˇˉˇʽʶʾ ˍʹ Yva[ ώ74ϐ ˖ˌ ˃ʽʰ ˃ʶˍʰ-ʴ˂˗ˋˋʰ ʴʽʰ ˍʹ˄ ʶˉʽˁˇʽ˄˖˄ʾʰ 

˃ʶˍʰ˅ˏ ʰ˄ˍʽˁʶʽ˃ʷ˄˖˄Φ ʇˉˇˋˍʺˊʽ˅ʹ ʴʽʰ ʲʰˋʽˋ˃ʷ˄ʹ ˋʶ ·a[ ʶˉʽˁˇʽ˄˖˄ʾʰ ˉˊˇˋˍʷʻʹˁʶ 

ˋˍˇ ˋˏˋˍʹ˃ʰ ˉˊˈˋ˒ʰˍʰΦ ɶ Yva[ ˉˊˇˋ˒ʷˊʶʽ ˃ʽʰ ˉˇʽˁʽ˂ʾʰ ʰˉˈ ˍˏˉˇˎˌ ˃ʹ˄ˎ˃ʱˍ˖˄ 

όǇŜǊŦƻǊƳŀǘƛǾŜǎύ ˉˇˎ ʶˁ˒ˊʱʸˇˎ˄ ˃ʽʰ ˋˎ˃ˉʶˊʽ˒ˇˊʱ ˋ˔ʶˍʽˁʱ ˃ʶ ˍˇ ˉʶˊʽʶ˔ˈ˃ʶ˄ˇ ˍʹˌ 

ʰ˄ˍʰ˂˂ʰʴʺˌΦ ʆʰ ǇŜǊŦƻǊƳŀǘƛǾŜǎ ˃ˉˇˊˇˏ˄ ʶˉʾˋʹˌ ˄ʰ ʲˇʹʻʺˋˇˎ˄ ˍˇˎˌ ˉˊʱˁˍˇˊʶˌ ˄ʰ 

ʲˊˇˎ˄ ʱ˂˂ˇˎˌ ˉˊʱˁˍˇˊʶˌ ˉˇˎ ˃ˉˇˊˇˏ˄ ˄ʰ ʶˉʶ˅ʶˊʴʰˋˍˇˏ˄ ˍʽˌ ʰʽˍʺˋʶʽˌ ˍˇˎˌΦ ɴ˄ʰˌ 

ǇŜǊŦƻǊƳŀǘƛǾŜ ʶˁ˒ˊʱʸʶˍʰʽ ˖ˌ ˃ʽʰ ˋˎ˃ʲˇ˂ˇˋʶʽˊʱ !{/LLΣ ˔ˊʹˋʽ˃ˇˉˇʽ˗˄ˍʰˌ ˍʹ 

ˋʹ˃ʶʽˇʴˊʰ˒ʾʰ /ƻƳƳƻƴ [ƛǎǇ tƻƭƛǎƘ-ǇǊŜŦƛȄΦ ɶ ˉˊ˗ˍʹ ˂ʷ˅ʹ ˋˍʹ˄ ʰˁˇ˂ˇˎʻʾʰ ʶʾ˄ʰʽ ˍˇ 

ˈ˄ˇ˃ʰ ˍˇˎ ǇŜǊŦƻǊƳŀǘƛǾŜΣ ʰˁˇ˂ˇˎʻˇˏ˃ʶ˄ˇ ʰˉˈ ˉʰˊʰ˃ʷˍˊˇˎˌΦ ʁʽ ˉʰˊʱ˃ʶˍˊˇʽ ˋˍʰ 

ǇŜǊŦƻǊƳŀǘƛǾŜǎ ʵʶʽˁˍˇʵˇˍˇˏ˄ˍʰʽ ʰˉˈ ˍʽˌ ˂ʷ˅ʶʽˌ-ˁ˂ʶʽʵʽʱ ˁʰʽ ʶʾ˄ʰʽΣ ˖ˌ ʶˁ ˍˇˏˍˇˎΣ 

ʰ˄ʶ˅ʱˊˍʹˍʶˌ ˍʹˌ ˋʶʽˊʱˌΦ 

ɶ ˎˉˇʵˇ˃ʺ ˉˇˎ ˉʰˊʷ˔ʶˍʰʽ ʰˉˈ .ƻƴŘ ˎˉˇˋˍʹˊʾʸʶʽ ʲʰˋʽˁˈ ˔ʶʽˊʽˋ˃ˈ ʰ˄ˍʽˁʶʽ˃ʷ˄˖˄Σ 

ʶˉʽˁˇʽ˄˖˄ʾʰ ˃ʶˍʰ˅ˏ ʰ˄ˍʽˁʶʽ˃ʷ˄˖˄Σ ˎˉʹˊʶˋʾʶˌ ˍˇˉʽˁˇˏ ˁʰˍʰ˂ˈʴˇˎ ˁʰʽ ˍˇˉʽˁʺˌ 

ʵʽʰ˃ˈˊ˒˖ˋʹˌΣ ʷ˄ʰ ˁʰˍʰ˄ʶ˃ʹ˃ʷ˄ˇ ˃ʹ˔ʰ˄ʽˋ˃ˈ ʶˎʰʽˋʻʹˍˇˉˇʾʹˋʹˌΣ ʰ˄ʽ˔˄ʶˎˍʷˌ ʴʽʰ 
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ˍʹ˄ ʰˋ˒ʱ˂ʶʽʰ ˁʰʽ ˍˇ˄ ʷ˂ʶʴ˔ˇ ˂ʶʽˍˇˎˊʴʽ˗˄Σ ʴˊʰ˒ʽˁʷˌ ʵʽʶˉʰ˒ʷˌ ˔ˊʺˋˍʹΣ ˁʰʽ 

ʲˇʹʻʹˍʽˁʱ ˉˊˇʴˊʱ˃˃ʰˍʰΦ 

ɶ ˃ʶʻˇʵˇ˂ˇʴʾʰ ʴʽʰ ˍʹ ʵʹ˃ʽˇˎˊʴʾʰ ʶ˄ˈˌ ˉˊʱˁˍˇˊʰ ˋˍˇ .ƻƴŘ ʶʾ˄ʰʽΥ όʰύ ˁʰˍʰʴˊʰ˒ʺ 

˃ʽʰˌ ˋˏ˄ˍˇ˃ʹˌ ˉʶˊʽʴˊʰ˒ʺˌ ˍ˖˄ ʵˊʱˋʶ˖˄ ˋʶ ˁʱʻʶ ˁʰˍʱˋˍʰˋʹΣ όʲύ ʵʹ˃ʽˇˎˊʴʾʰ ʶ˄ˈˌ 

ʵʽʰʴˊʱ˃˃ʰˍˇˌ ˃ʶˍʱʲʰˋʹˌ ˁʰˍʰˋˍʱˋʶ˖˄ ʴʽʰ ˁʱʻʶ ˉˊʱˁˍˇˊʰ όʴύ ʰ˄ʰʸʺˍʹˋʹ ˋˍʽˌ 

ʲʱˋʶʽˌ ʵʶʵˇ˃ʷ˄˖˄ ˍˇˎ .ƻƴŘ ʴʽʰ ˋˍˊʰˍʹʴʽˁʷˌ ˁʰˍʱ˂˂ʹ˂ʶˌ ʴʽʰ ˄ʷˇˎˌ ˉˊʱˁˍˇˊʶˌ όʵύ 

ʵʹ˃ʽˇˎˊʴʾʰ ˄ ʷ˖˄ ˋˍˊʰˍʹʴʽˁ˗˄ ˈˉˇˍʶ ʶʾ˄ʰʽ ʰ˄ʰʴˁʰʾˇΦ 

ʅˎ˄ˇˉˍʽˁʱΣ ʹ ˋˎʴˁʶˁˊʽ˃ʷ˄ʹ ˉˊˇˋˉʱʻʶʽʰ ˉˊˇˍʶʾ˄ʶʽ ˈˍʽ ˁʱˉˇʽˇˌ ˃ˉˇˊʶʾ ˄ʰ ˉʶˍˏ˔ʶʽ 

ˉʰˊʰ˂˂ʹ˂ʽˋ˃ˈ ˔ˊʹˋʽ˃ˇˉˇʽ˗˄ˍʰˌ ˋʶʽˊʽʰˁˇˏˌ ʺʵʹ ˎ˂ˇˉˇʽʹ˃ʷ˄ˇˎˌ ʶˉʽ˂ˎˍʷˌ ˔˖ˊʾˌ ˄ʰ 

˔ˊʶʽʱʸʶˍʰʽ ˄ʰ ˍˇˎˌ ˍˊˇˉˇˉˇʽʺˋʶʽ ˁʰʻˈ˂ˇˎΦ ɾʽʰ ʶ˄ʵʽʰ˒ʷˊˇˎˋʰ ʶ˄ʰ˂˂ʰˁˍʽˁʺ ˋˍʹ˄ 

ˉʰˊʰ˂˂ʹ˂ˇˉˇʾʹˋʹ ˁ˗ʵʽˁʰ ʶʾ˄ʰʽ ʹ ʶ˒ʰˊ˃ˇʴʺ ˃ʽʰˌ ˃ʶʻˇʵˇ˂ˇʴʾʰˌ ʵʽʰʾˊʶʽ ˁʰʽ 

ʲʰˋʾ˂ʶˎʶ ʲʰˋʽˋ˃ʷ˄ʹ ˋʶ ʵʽʰʽˊʷˋʶʽˌ ˍ˖˄ ʵʶʵˇ˃ʷ˄˖˄ ˋʶ ˎˉˇ-ˉʶʵʾʰΣ ʹ ʶˉʾ˂ˎˋʹ ˍ˖˄ 

ˎˉˇ-ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ʰ˄ʶ˅ʱˊˍʹˍʰ ˋʶ ˁʱʻʶ ˎˉˇ-ˉʶʵʾˇ ˁʰʽ ˃ʶˍʱ ʹ ʶˏˁˇ˂ʹ ʶˉʾ˂ˎˋʹ ˍ˖˄ 

ˉˊˇˁˏˉˍˇˎˋ˖˄ ˋˎʴˁˊˇˏˋʶ˖˄ ˃ʶˍʰ˅ˏ ˍ˖˄ ʰ˄ʶ˅ʱˊˍʹˍ˖˄ ʶˊʴʰˍ˗˄Φ ʁʽ ˉˊʱˁˍˇˊʶˌ 

ˋˎ˄ˍˇ˄ʾʸˇˎ˄ ˍʹ˄ ʶˁˍʷ˂ʶˋʹ ˁʰʽ ʵˊˇˎ˄ ˖ˌ ˃ʶˋʱʸˇ˄ˍʶˌ ˋˍʽˌ ˋˎʴˁˊˇˏˋʶʽˌΦ ʆˇ ˁˏˊʽˇ 

ˉ˂ʶ̌˄ ʷˁˍʹ˃ʰ ˍʹˌ ˋˎʴˁʶˁˊʽ˃ʷ˄ʹˌ ˎ˂ˇˉˇʾʹˋʹˌ ʶʾ˄ʰʽ ʹ ʵˊʰˋˍʽˁʺ ˃ʶʾ˖ˋʹ ˍˇˎ ˔ˊˈ˄ˇˎ 

ʰ˄ʱˉˍˎ˅ʹˌΦ 

2.4 GasTurbnLab 

ʆˇ GasTurbnLab [75, 76] ʶʾ˄ʰʽ ʹ ˍʶ˂ʶˎˍʰʾʰ ˇ˂ˇˁ˂ʹˊ˖˃ʷ˄ʹ ˉˊˇˋˉʱʻʶʽʰΦ ɳʾ˄ʰʽ ʷ˄ʰ 

ˉˇ˂˂ʰˉ˂˗˄ ˉʶʵʾ˖˄ ˉʶˊʽʲʱ˂˂ˇ˄ ʶˉʾ˂ˎˋʹˌ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ʴʽʰ ˍˇ˄ ˋ˔ʶʵʽʰˋ˃ˈ 

ʰʶˊʽˇˋˍˊˇʲʾ˂˖˄ ʲʰˋʽˋ˃ʷ˄ˇ ˋˍˇ Grasshopper middleware [77] ˉˊʰˁˍˈˊ˖˄ ˁʰʽ 

ʲʽʲ˂ʽˇʻʺˁʶˌ FORTRAN ˁ ʰʽ C ɹ ʽʰ ˍʹ˄ ʶˉʾ˂ˎˋʹ ˍ˖˄ ɾɲɳΦ 

ʆˇ DǊŀǎǎƘƻǇǇŜǊ ʶʾ˄ʰʽ ˃ʽʰ ˉ˂ʰˍ˒ˈˊ˃ʰ ʰ˄ʱˉˍˎ˅ʹˌ ˉˊʰˁ ˍ̍́˖  ˄ˉˇˎ ˎˉˇˋˍʹˊʾʸʶʽ 

ˁʰˍʰ˄ʶ˃ʹ˃ʷ˄ʶˌ ʶ˒ʰˊ˃ˇʴʷˌ ʲʰˋʽˋ˃ʷ˄ʶˌ ˋʶ ˉˊɦˁ ˍ̌́ ʶˌΦ ɶ ˉ˂ʰˍ˒ˈˊ˃ʰ ˉʰˊʷ˔ʶʽ ˃ʽʰ 

ʲʱˋʹ ʴʽʰ ˎˉʹˊʶˋʾʶˌ ʶˉʽˁˇʽ˄˖˄ʾʰˌΣ ˁʽ˄ʹˍʺ ˎˉˇ˂ˇʴʽˋˍʽˁʺ ʽˋ˔ˏ ˁʰʽ ʵˎ˄ʰ˃ʽˁʺ 

ʰ˄ʱˁˍʹˋʹ ˉ˂ʹˊˇ˒ˇˊʽ˗˄Φ ʃˊˈˁʶʽˍʰʽ ˇˎˋʽʰˋˍʽˁʱ ʴʽʰ ˃ʽʰ ˉ˂ʰˍ˒ˈˊ˃ʰ ˁʽ˄ʹˍ˗˄ 

ˉˊhˁ ˍ̍́˖˄ ̄ˇˎ ʶʾ˄ʰʽ ˔ˍʽˋ˃ʷ˄ʹ ˉʱ˄˖ ˋʶ ʷ˄ʰ ˁʰˍʰ˄ʶ˃ʹ˃ʷ˄ˇ ˉʶˊʽʲʱ˂˂ˇ˄ 

ʶˉʶ˅ʶˊʴʰˋʾʰˌΣ ʶ˄ˋ˖˃ʰˍ˗˄ˇ˄ˍʰˌ ˍˇ ˉʰˊʰʵˇˋʽʰˁˈ ˃ˇ˄ˍʷ˂ˇ ŎƭƛŜƴǘ-ǎŜǊǾŜǊ ˁʰʽ ˍʹ˄ 

ˍʶ˔˄ˇ˂ˇʴʾʰ ˍ˖˄ ˁʽ˄ʹˍ˗˄ ˉˊʰˁˍˈˊ˖˄Φ ʆˇ ˁˏˊʽˇ ˔ʰˊʰˁˍʹˊʽˋˍʽˁˈ ˍʹˌ ˉ˂ʰˍ˒ˈˊ˃ʰˌ 

DǊŀǎǎƘƻǇǇŜǊ ʶʾ˄ʰʽ  ̌ʰ˄ʶ˅ʱˊˍʹˍˇˌ ˍʹˌ ˍˇˉˇʻʶˋʾʰˌ ˎˉˇ˂ˇʴʽˋ˃ˈˌΣ ˃ʶ ʴ˄˗˃ˇ˄ʰ ˍʹ˄ 

ʽˁʰ˄ˈˍʹˍʰ ˄ʰ ˃ʶˍʰˁʽ˄ʶʾ ˉˊʱˁ ˍ̌́ ʶˌ ˃ʶˍʰ˅ˏ ˍ˖˄ ʵʽʰ˒ˈˊ˖˄ ˋˎˋˍʹ˃ʱˍ˖˄Φ ɳʾ˄ʰʽ ʷ˄ʰ 

ʽˋ˔ˎˊˈ ˉʶˊʽʲʱ˂˂ˇ˄ ˉˇˎ ʵʽʶˎˁˇ˂ˏ˄ʶʽ ˍʹ ʵʹ˃ʽˇˎˊʴʾʰ ˍ˖˄ ˉˊʰˁˍˈˊ˖˄Σ ʵʽʰ˒ʰ˄˗ˌ 

ˍˇˉˇʻʶˍ˗˄ˍʰˌ ˍˇˎˌ ˁʰʽ ʶ˂ʷʴ˔ˇ˄ˍʰˌ ˍʹ˄ ʶˁˍʷ˂ʶˋʺ ˍˇˎˌΦ ɮˎˍʷˌ ˇʽ ʶ˒ʰˊ˃ˇʴʷˌ 

ʲʰˋʽˋ˃ʷ˄ʶˌ ˋʶ ˉˊʱˁˍˇˊʶˌ ʶʾ˄ʰʽ ʵʽʰ˂ʶʽˍˇˎˊʴʽˁʷˌ ˃ʶ ʱ˂˂ʰ ˋˎˋˍʺ˃ʰˍʰ ˉˊʰˁ ˍ̍́˖  ˄

ˉˇˎ ʶʾ˄ʰʽ a!{LC ˋˎ˃ʲʰˍɦ. ʆˇ Grasshopper ˁ ʰˍʰ˄ʶ˃ʹ˃ʷ˄˖˄ ˉˊhˁ ˍ̍́˖  ˄ˉʶˊʽʲʱ˂˂ˇ˄ 

ʰˉˇˍʶ˂ʶʾˍʰʽ ʰˉˈ ˉʶˊʽˇ˔ʺΣ ˒ˇˊʶʾˌ ˁʰʽ ˉˊʱˁˍˇˊʶˌΦ ʅˍʹ˄ ˁˇˊˎ˒ʺ ˍʹˌ ʽʶˊʰˊ˔ʾʰˌ ʶʾ˄ʰʽ ʹ 

ˉʶˊʽˇ˔ʺ ˉˇˎ ʵʽʰ˔ʶʽˊʾʸʶˍʰʽ ˍ h ˁʰˍʰ˄ʶ˃ʹ˃ʷ˄ h ˋˎˋˍʰˍʽˁ ɦ ˋˍˇ ˉʶˊʽʲʱ˂˂ˇ˄ 
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Grasshopper. ʁʽ ˒ˇˊʶʾˌ ˁʰʽ ˇʽ ˉˊʱˁˍˇˊʶˌ ˋ˔ʶˍʾʸˇ˄ˍʰʽ ˃ʶ ˃ʽʰ ˋˎʴˁʶˁˊʽ˃ʷ˄ʹ ˉʶˊʽˇ˔ʺ. 

ɼʱʻʶ ˉʶˊʽˇ˔ʺ ʷ˔ʶʽ ʷ˄ʰ ˃ʹˍˊ˗ˇ ˉˇˎ ʵʽʰˍʹˊʶʾ ˉ˂ʹˊˇ˒ˇˊʾʶˌ ˋ˔ʶˍʽˁʱ ˃ʶ ˈ˂ʰ ˍʰ 

ˋˎˋˍʰˍʽˁʱ ˉˇˎ ˋˎ˄ʵʷˇ˄ˍʰʽ ˃ʶ ʰˎˍʺ˄Φ ɴ˄ʰˌ ˇˊʴʰ˄ʽˋ˃ˈˌ ʶʾ˄ʰʽ ˍˇ ˉʶˊʽʲʱ˂˂ˇ˄ 

ʶˁˍʷ˂ʶˋʹˌ ʴʽʰ ˁʽ˄ʹˍˇˏˌ ˁʰʽ ˋˍʰʻʶˊˇˏˌ ˉˊʱˁˍˇˊʁ Σ̩ ˉˇˎ ˉʰˊʷ˔ˇˎ˄ ˍʹ 

˂ʶʽˍˇˎˊʴʽˁˈˍʹˍʰ ʴʽʰ ˍʹ˄ ˎˉˇˋˍʺˊʽ˅ʹ ˍʹˌ ʶˁˍʷ˂ʶˋʹˌ ˍˇˎ ˉˊʱˁˍˇˊʰΦ ʁ ˇˊʴʰ˄ʽˋ˃ˈˌ 

ʶʾ˄ʰʽ ˎˉʶˏʻˎ˄ˇˌ ʴʽʰ ˃ʽʰ ˋʶʽˊʱ ʰˉˈ ˎˉʹˊʶˋʾʶˌΣ ˈˉ˖ˌ ˇʽ ʶ˅ʺˌΥ όмύ ˎˉʹˊʶˋʾʶˌ 

ʶˉʽˁˇʽ˄˖˄ʾʰˌ ʴʽʰ ˈ˂ʶˌ ˍʽˌ ʰˉˇ˃ʰˁˊˎˋ˃ʷ˄ʶˌ ʰ˂˂ʹ˂ʶˉʽʵˊʱˋʶʽˌ ˉˇˎ ˂ʰ˃ʲʱ˄ˇˎ˄ ˔˗ˊʰ 

˃ʶˍʰ˅ˏ ˍ˖˄ ˋˎ̀ˍʰˍʽˁ˗˄ ˍˇˎ DǊŀǎǎƘƻǇǇŜǊΣ ˍʽˌ ˁʽ˄ʺˋʶʽˌ ˍˇˎˌ ˁʰʽ ˍʽˌ ˃ʶˍʰ˒ˇˊʷˌΣ όнύ 

ˍʹ˄ ˎˉʹˊʶˋʾʰ ˁʰˍʰ˔˗ˊʹˋʹˌ ˉˇˎ ˉʰˊʰˁˇ˂ˇˎʻʶʾ ˈ˂ˇˎˌ ˍˇˎˌ ˍˊʷ˔ˇ˄ˍʶˌ ˉˊʱˁˍˇˊʶˌ, 

όоύ ˎˉʹˊʶˋʾʶˌ ʵʽʰ˔ʶʾˊʽˋʹˌ ˉˇˎ ˁʰˍʰʴˊʱ˒ˇˎ˄ ˍˇ˄ ʶ˅˖ˍʶˊʽˁˈ ʷ˂ʶʴ˔ˇ ˍ˖˄ ˉˊʰˁˍˈˊ˖˄Σ 

όпύ ˎˉʹˊʶˋʾʶˌ ˃ʶˍʰ˒ˇˊʱˌ ʴʽʰ ˍʹ ˃ʶˍʱʲʰˋʹ ˍ˖˄ ˉˊʰˁˍˈˊ˖˄ ʰˉˈ ʷ˄ʰ˄ ˇˊʴʰ˄ʽˋ˃ˈ ˋʶ 

ʷ˄ʰ˄ ʱ˂˂ˇΣ όрύ ˎˉʹˊʶˋʾʶˌ ʰˋ˒ʰ˂ʶʾʰˌ ʴʽʰ ˍʹ˄ ˉˊˇˋˍʰˋʾʰ ˍ˖˄ ʰˉˇ˃ʰˁˊˎˋ˃ʷ˄˖˄ 

ʰ˂˂ʹ˂ʶˉʽʵˊʱˋʶ˖˄ ˁʰʽ ˍˇˎˌ ˉˈˊˇˎˌ ˍˇˎ ˇˊʴʰ˄ʽˋ˃ˇˏ ˁʰʽ όсύ ʶˉʾ˃ˇ˄ʶˌ ˎˉʹˊʶˋʾʶˌ ʴʽʰ 

˄ʰ ˁʰˍʰˋˍʶʾ ʵˎ˄ʰˍʺ ʹ ʰˉˇʻʺˁʶˎˋʹ ˍ˖˄ ˉˊʰˁˍˈˊ˖˄ ʴʽʰ ˉʽʻʰ˄ʺ ʰ˄ʱˁʰ˃˕ʹΦ ʁʽ 

ˉ́ ʱˁˍˇˊʶˌ ʶʾ˄ʰʽ ˎˉˇ˂ˇʴʽˋˍʽˁʱ ˉˊˇʴˊʱ˃˃ʰˍʰ ˉˇˎ ˔ʰˊʰˁˍʹˊʾʸˇ˄ˍʰʽ ʰˉˈ ʷ˄ʰ ˋˏ˄ˇ˂ˇ 

˔ʰˊʰˁˍʹˊʽˋˍʽˁ˗˄Φ ɾˉˇˊˇˏ˄ ˄ʰ ʶʾ˄ʰʽ ˁʽ˄ʹˍˇʾ ʺ ˋˍʰʻʶˊˇʾΦ ʁʽ ˁʽ˄ʹˍˇʾ ˉˊʱˁˍˇˊʶˌ 

˃ʶˍʰˁʽ˄ˇˏ˄ˍʰʽ ʰˉˈ ˍˇ ʷ˄ʰ ˋʹ˃ʶʾˇ ˋˍˇ ʱ˂˂ˇ ˃ʷˋʰ ˋʶ ˃ʽʰ ˉʶˊʽˇ˔ʺ ʴʽʰ ˄ʰ 

ʶˉ˖˒ʶ˂ʹʻˇˏ˄ ʰˉˈ ˍʽˌ ˍˇˉʽˁʷˌ ʰ˂˂ʹ˂ʶˉʽʵˊʱˋʶʽˌΣ ˁʰʽ ˖ˌ ʶˁ ˍˇˏˍˇˎ ʶʾ˄ʰʽ ʽˁʰ˄ˇʾ ˄ʰ 

˃ʶʽ˗˄̌ ˎ˄ ˍˇ ˒ˇˊˍʾˇ ˍˇˎ ʵʽˁˍˏˇˎ ˃ʶ ˍʹ ˃ʶˍʶʴˁʰˍʱˋˍʰˋʹΦ ʁʽ ˋ̱ ʰʻʶˊˇ ʾˉˊʱˁˍˇˊʶˌ 

ˋˎ˄ʵʷˇ˄ˍʰʽ ˃ʶ ˃ˈ˄ˇ ˃ʽʰ ˋˎʴˁʶˁˊʽ˃ʷ˄ʹ ˍˇˉˇʻʶˋʾʰΣ ˁʰʽ ʶʾ˄ʰʽ ʰ˄ʾˁʰ˄ˇʽ 

˃ʶˍʰ˄ʱˋˍʶˎˋʹˌΦ 

ʆ ̌ ˉʶˊʽʲʱ˂˂ˇ˄ DǊŀǎǎƘƻǇǇŜǊ ˎˉˇˋˍʹˊʾʸʶʽ ˍʹ ˄ ˉʰˊʰʵˇˋʽʰˁʺ ʵˇ˃ʺ ˉʶ˂ʱˍʹ-

ʵʽʰˁˇ˃ʽˋˍʺ. ʁʽ at{9 ˉʶ˂ʱˍʶˌ ˁʰʽ ʵʽʰˁˇ˃ʽˋˍʷˌ ʶʾ˄ʰʽ DǊŀǎǎƘƻǇǇŜǊ ˉˊʱˁˍˇˊʶˌ ˉˇˎ 

ˉʰˊʷ˔ˇˎ˄ ˃ˇ˄ˍʶ˂ˇˉˇʾʹˋʹ όˉˊˇʵʽʰʴˊʰ˒ʺ ˍˇˎ ˒ˎˋʽˁˇˏ ʰ˄ˍʽˁʶʽ˃ʷ˄ˇˎ ˉˇˎ ˉˊˈˁʶʽˍʰʽ 

˄ʰ ˉˊˇˋˇ˃ˇʽ˖ʻʶʾύΣ ʷ˂ʶɹ̝ ˇ ˍʹˌ ˉˊˇˋˇ˃ˇʾ˖ˋʹˌ ˁʰʽ ˎˉˇ˂ˇʴʽˋˍʽˁʺ ˎˉʹˊʶˋʾ.h ʆ ̌

ˉ˂ʰʾˋʽˇ at{9 ʰˉˇˍʶ˂ʶʾˍʰʽ ʰˉˈ с ˁʰˍʹʴˇˊʾʶˌ ˉˊʰˁˍˈˊ̟ Υ˄ ˍˇ˄ aƻŘŜƭƛƴƎ!ƎŜƴǘΣ ˍˇ˄ 

SimulationControlAgent ({/!ύΣ ˍˇ˄ VisualizerAgent (VA), ̱ˇˎˌ LegacyCodeAgents 

ό[/!ύΣ ˍˇˎˌ aŜŘƛŀǘƻǊ!ƎŜƴǘǎ όa!ύ ˁʰʽ ˍˇˎˌ {ŜǊǾƛŎŜ!ƎŜƴǘǎΦ ʁ aƻŘŜƭƛƴƎ!ƎŜƴǘ ˁʰʽ  ̌

{/! ʶʾ˄ʰʽ ˉˊʱˁˍˇˊʶˌ ˉʶ˂ʱˍʹΣ ˇʽ ˎˉˈ˂ˇʽˉʶˌ ˁʰˍʹʴˇˊʾʶˌ ˉˊʰˁˍˈˊ˖˄ ʶʾ˄ʰʽ 

ʵʽʰˁˇ˃ʽˋˍʷˌ. ʁʽ aƻŘŜƭƛƴƎ!ƎŜƴǘΣ {/! ˁʰʽ ±! ʷ˔ˇˎ˄ ʴˊʰ˒ʽˁʷˌ ʵʽʶˉʰ˒ʷˌ ˔ˊʺˋˍʹ ˉˇˎ 

ˎˉˇˋˍʹˊʾʸˇˎ˄ ˍʹ˄ ʰ˂˂ʹ˂ʶˉʾʵˊʰˋʹ ˍˇˎ ˔ˊʺˋˍʹΦ ʁ ̔ {ŜǊǾƛŎŜ!ƎŜƴǘǎ ˉʰˊʷ˔ˇˎ˄ 

ˎˉʹˊʶˋʾʶˌ ʰˉˇˁ˂ʶʽˋˍʽˁʱ ʴʽʰ ˍˇ ˄{/!Σ ˈˉ˖ˌ ʹ ʰ˄ʰʴ˄˗ˊʽˋʹ ˍ˖˄ ˉˈˊ˖˄ ˁʰʽ ʹ 

ˉˊˈˋʲʰˋʹ ˋʶ ʲʱˋʶʽˌ ʵʶʵˇ˃ʷ˄˖˄ ʴʽʰ ˍʹ˄ ʰ˄ʱˁˍʹˋʹ ˉ˂ʹˊˇ˒ˇˊʽ˗˄ ˉˊʱˁˍˇˊʰΦ ʁ 

aƻŘŜƭƛƴƎ!ƎŜƴǘ ʰˉˇˍʶ˂ʶʾ ˍ ̌ˉˊ˗ˍˇ ʶˉʾˉʶʵˇ ʵʽʶˉʰ˒ʺˌ ˔ˊʺˋˍʹΦ ɳˉʽˍˊʷˉʶʽ ˋˍˇˎˌ 

˔ˊʺˋˍʶˌ ˄ʰ ˁʰʻˇˊʾˋˇˎ˄ ˍˇ ʰ˄ˍʽˁʶʾ˃ʶ˄ˇ ˉˊˇˋˇ˃ˇʾ˖ˋʹˌ ˋˍˈ˔ˇ όˉʶʵʾˇύ ˁʰʽ ˍ ́

ʴʶ˖˃ʶˍˊʽˁʺ ʵʽʱˋˉʰˋ ̋ˍˇˎ ˋʶ ˎˉˇˉʶʵʾʰΦ ʁʽ ˔ˊʺˋˍʶˌ ˃ˉˇˊˇˏ˄ ˄ʰ ʶˉʽ˂ʷ˅ˇˎ˄ ˍʹ 

ʵʽʰ˃ˈˊ˒˖ˋʹ ˍ˖˄ ˎˉˇˉʶʵʾ˖˄ ˉˇˎ ʻʰ ˉˊˇˋˇ˃ˇʽ˖ʻˇˏ˄Φ ɮˎˍʱ ˍʰ ˎˉˇˉʶʵʾʰ ˉʶˊ˄ʱ˄ʶ 

ˋˍˇ ˉ˂ʷʴ˃ʰ ʺ ˋʶ ʁ́ ʴʰ˂ʶʾʰ ʵʽʰˁˊʽˍˇˉˇʾʹˋʹˌΣ ˍʰ ˇˉˇʾʰ ʷ˔ˇˎ˄ ʶ˄ˋ˖˃ʰˍ˖ʻʶʾ ˋˍˇ 

aƻŘŜƭƛƴƎ!ƎŜƴǘ ˖ˌ ʰˎˍˈ˄ˇ˃ʰ ˋˎˋˍʺ˃ʰˍʰΦ ʆʰ ʶˊʴʰ˂ʶʾʰ ʵʽʰˁ́ ʽˍˇˉˇʾʹˋʹˌ 

˔ˊʹˋʽ˃ˇˉˇʽˇˏ˄ˍʰʽ ʴʽʰ ˄ʰ ˉʰˊʱʴˇˎ˄ ˍˇ ˉ˂ʷʴ˃ʰ ˁʰʽ ˁʰʻˇˊʾʸˇˎ˄ ˍʽˌ ˇˊʽʰˁʷˌ ˋˎ˄ʻʺˁʶˌ 
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ʴʽʰ ˍʰ ˎˉˇˉʶʵʾʰ ˉˇˎ ʷ˔ˇˎ˄ ʶˉʽ˂ʶʴʶʾ ʰˉˈ ˍˇ ˔ˊʺˋˍʹΦ ʁ aƻŘŜƭƛƴƎ!ƎŜƴǘ ʲˇʹʻʱ ˍˇˎˌ 

˔ˊʺˋˍʶˌ ˄ʰ ʶ˄ˍˇˉʾˋˇˎ˄ ˍʽˌ ʵʽʰˋˎ˄ʵʷˋʶʽˌ ˃ʶˍʰ˅ˏ ˍ˖˄ ˉʶʵʾ˖Σ˄ ˄ʰ ˁʰʻˇˊʾˋˇˎ˄ 

ˉ˂ʹˊˇ˒ˇˊʾʶˌ ʰ˄ˍh˂ ˂ʰʴʺˌ ʵʶʵˇ˃ʷ˄˖˄ ʴʽʰ ˁʱʻʶ ʵʽʶˉʰ˒ʺΣ ˁʰʽ ˄ʰ ʶˉʽ˂ʷ˅ˇˎ˄ ʶˉʽ˂ˎˍʷˌ 

ʴʽʰ ˁʱʻʶ ˎˉˇˉʶʵʾˇΦ ɮˎˍʺ ʹ ˉ˂ʹˊˇ˒ˇˊʾʰ ʴʾ˄ʶˍʰʽ ˍʰ ʵʶʵˇ˃ʷ˄ʰ ʶˁˁʾ˄ʹˋʹˌ ʴʽʰ ˍˇ {/!Φ 

ʁ SCA y ʹˍʱ ˁʰʽ ʵʽʰ˔ʶʽˊʾʸʶˍʰʽ ˍʽˌ ˎˉʹˊʶˋʾʶˌ ˈ˂˖˄ ˍ˖˄ ˉˊʰˁˍˈˊ˖˄ ʵʽʰˁˇ˃ʽˋˍ˗ .˄ 

ɳ˂ ʷʴ˔ʶʽ ˍʹ˄ ˈ˂ʹ ʵʽʰʵʽˁʰˋʾʰ ˉˊˇˋˇ˃ˇʾ˖ˋʹˌΥ ʷ˄ʰˊ˅ʹ κ ˍʶˊ˃ʰˍʽˋ˃ˈ ̩ ˍ˖˄ 

ˎˉˇ˂ˇʴʽˋˍʽˁ˗˄ ǎŜǊǾŜǊǎΣ ʵʽʰ˔ʶʾˊʽˋʹ ˍ˖˄ ʰ˂˂ʹ˂ʶˉʽʵˊʱˋʶ˖˄ ˍˇˎˌΣ ˁʰʽ ʵʽʶˎˁˈ˂ˎ˄ˋʹ 

ˍʹ̩ ʵʽʰʵʽˁˍˎʰˁʺˌ ʰˋˏʴ˔ˊˇ˄ʹ ̩ʶˉʽˁˇʽ˄˖˄ʾʰ ̩ˍ˖˄ ˎˉˇ˂ˇʴʽˋˍʽˁ˗˄ ʵʶʵˇ˃ʷ˄˖˄ ˁʰʽ 

ʵʶʵˇ˃ʷ˄˖˄ ʶ˂ʷʴ˔ˇˎΦ ʁ ±! ʶʾ˄ʰʽ ʷ˄ʰˌ ˉˊʱˁˍ̌́ʰˌ ʵʽʰˁˇ˃ʽˋˍʺ ̩ ˉˇˎ ˂ʰ˃ʲʱ˄ʶʽ 

ʵʶʵˇ˃ʷ˄ʰ ˂ˏˋʹˌ ˁʰʽ ˍ h ˁʰʻʽˋˍʱ ʴˊʰ˒ʽˁʱ ˔ˊʹˋʽ˃ˇˉˇʽ˗˄ˍʰˌ ˍˇ ˋˏˋˍʹ˃ʰ 

ˇˉˍʽˁˇˉˇʾʹˋʹˌ ʵʶʵˇ˃ʷ˄˖˄ LwL{ 9ȄǇƭƻǊŜǊ ώ78]. ʁ ̔ LCA ʶʾ˄ʰʽ ˇʽ ˎˉˇ˂ˇʴʽˋˍʽˁˇ ʾ

ˉˊʱˁˍˇˊʶˌ ˉˇˎ ˉˊˇˋˇ˃ˇʽ˗˄ˇˎ˄ ˍʰ ˎˉˇˉʶʵʾʰ ˍ̌  ˎ ˒ˎˋʽˁˇˏ ʰ˄ˍʽˁʶʽ˃ʷ˄ˇˎ ˉˇˎ 

ʰˉˇˋˎ˄ˍʷʻʹˁʶΤ ˁʱʻʶ [/! ˉʶˊʽˁ˂ʶʾʶʽ ʷ˄ʰ ˁʰʻʽʶˊ˖˃ʷ˄ˇ ˁ˗ʵʽˁʰ ʶˉʽ˂ˎˍʺ ˉˇˎ ˋˍˇ˔ʶˏʶʽ 

ˋʶ ʷ˄ʰ ˋˎʴˁʶˁˊʽ˃ʷ˄ ̌˒ˎˋʽˁˈ ˎˉˇ-ʰ˄ˍʽˁʶʾ˃ʁ ˄ˇΦ ʁ ʶˉʰ˄ʰ˂ʹˉˍʽˁˈˌ ʰ˂ʴˈˊʽʻ˃ˇˌ at{9 

ʰˉʰʽˍʶʾ ʷ˄ʰ˄ LCA ʴʽʰ ˄ʰ ʶˉʽˁˇʽ˄˖˄ʺˋʶʽ ˍʰ ˇ́ ʽhˁ ʱ ˍˇˎ ʵʶʵˇ˃ʷ˄ hό˃ʷˋ˖ ˍˇ  ˎ{/!ύ ˋʶ 

ʷ˄ʰ˄ ʺ ˉʶˊʽˋˋˈˍʶˊˇˎˌ MAsΦ ʁʽ a!ǎ ˉʶˊʽˁ˂ʶʾˇˎ˄ ˍˇˎˌ ˁ˗ɻ ʽˁʁ̩  ˃ʁ ˋˇ˂ʱʲʹˋʹˌ ˉˇˎ 

ʶʾ˄ʰʽ ˎˉʶˏʻˎ˄ˇ ̔ ʴʽʰ ˍʹ ˊˏʻ˃ʽˋʹ ˁʰʽ ˍʹ˄ ʶˉʾ˂ˎˋʹ ˍ˖˄ ʵʽʶˉʰ˒˗˄ όˉˇˎ 

ʰ˄ʰˉʰˊʾˋˍʰ˄ˍʰʽ ʰˉˈ ˍʰ ˇ́ ʽʰˁɦ ʵʶʵˇ˃ʷ˄ύh ˃ʶˍʰ˅ˏ ʴʶʽˍˇ˄ʽˁ˗˄ ˎˉˇˉʶʵʾ˖˄Σ ˁʰʻʷ˄ʰ 

ʰˉˈ ˍʰ ˇˉˇʾʰ ˉˊˇˋˇ˃ˇʽ˗˄ʶˍʰʽ ˃ʶ ʷ˄ʰ [/!Φ ʁ {/! ˃ˉˇˊʶʾ ˄ʰ ˔ʶʽˊʽˋˍʶʾ ˇˉˇʽˇʵʺˉˇˍʶ 

ʰˊʽʻ˃ˈ ˎˉˇˉʶʵʾ˖˄; ʵʹ˂ʰʵʺΣ ˃ˉˇˊʶʾ ˄ʰ ʶ˂ʷʴ˅ʶʽ ˇˉˇʽˇʵʺˉˇˍʶ ʰˊʽʻ˃ˈ ˁʰʽ ʶʾʵˇˌ 

ʶˉʽˁˇʽ˄˖˄ʾʰˌ ˁ˗ɻ ʽˁh ʁ ˉʽ˂ˎˍʺ ˁ ʰʽ ˉˊʰˁˍˈˊ˖˄ ˃ʶˋˇ˂ʰʲʹˍ˗˄Φ 

2.5 IRTool : ɞʍɾɻʇʀʅʋʃʙʆʂ MATLAB 

ʆʶ˂ʶˎˍʰʾʰΣ ˃ʽʰ ʶˊʴʰ˂ʶʽˇʻʺˁʹ ˋˍʹ MATLAB ʴʽʰ ˍʹ˄ ʶˉʾ˂ˎˋʹ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ 

ˉˇ˂˂ʰˉ˂˗˄ ˉʶʵʾ˖˄ κ ˉˇ˂˂ʰˉ˂˗˄ ˒ˎˋʽˁ˗˄ ʶʾ˄ʰʽ ˎˉˈ ˁʰˍʰˋˁʶˎʺΣ ʶ˄˗ ˃ʽʰ ˉˊ˗ˍʹ 

ˋˍʰʻʶˊʺ ˍʹˌ ʷˁʵˇˋʹ ˉʰˊˇˎˋʽʱʸʶˍʰʽ ˋˍˇ ώтфϐΦ 

ʆ ̌IRTool (Interface Relaxation Tool) ʁ ʾ˄ʰʽ ˃ ʽʰ ʁ ˉʷˁˍʰˋʹ ˍʹˌ ʶˊʴʰ˂ʶʽˇʻʺˁʹˌ PDETool 

ˍʹˌ MATLAB ˉˇˎ ʶʾ˄ʰʽ ʰ˄ˇʽ˔ˍˇˏ ˁ˗ʵʽˁʰ ˁʰʽ ˂ˏ˄ʶʽ ʵʽˋʵʽʱˋˍʰˍʰ ˉˊˇʲ˂ʺ˃ʰˍʰ ɾɲɳΦ 

ɮ˄ ˁʰʽ ˍˇ PDETool ˃ˉˇˊʶʾ ˄ʰ ˔ʶʽˊʽˋˍʶʾ ˉˊˇʲ˂ʺ˃ʰˍʰ ˉˇ˂˂ʰˉ˂˗˄ ˉʶʵʾ˖˄ ˋˍˇ ʶˉʾˉʶʵˇ 

ˍʹˌ ʴˊʰ˃˃ʽˁʺˌ ʱ˂ʴʶʲˊʰˌ ό˃ʶ ˍʶ˔˄ʽˁʷˌ ʵʽʰˁˊʽˍˇˉˇʾʹˋʹˌ ˉʶʵʾˇˎύΣ ʵʶ ˃ˉˇˊʶʾ ˄ʰ 

ʶˉʽ˂ˏˋʶʽ ˉˊˇʲ˂ʺ˃ʰˍʰ ˉˇ˂˂ʰˉ˂˗˄ ˉʶʵʾ˖˄ κ ˉˇ˂˂ʰˉ˂˗˄ ˒ˎˋʽˁ˗˄ ˃ʶ ˃ʶʻˈʵˇˎˌ 

˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺΦ ʆˇ ˁˇʽ˄ˈ ˈˊʽˇ ˃ʶˍʰ˅ˏ ʵʽʰ˒ˇˊʶˍʽˁ˗˄ ˉʶʵʾ˖˄ ʶ˄ˈˌ 

ˉˊˇʲ˂ʺ˃ʰˍˇˌ ɾɲɳΣ ˍʹ ʵʽʶˉʰ˒ʺ ʵʹ˂ʰʵʺΣ ʹ ˃ʶʻˇʵˇ˂ˇʴʾʰ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ 

˃ˉˇˊʶʾ ˄ʰ ˍʹ ˔ʶʽˊʽˋˍʶʾ ˈˉ˖ˌ ʰˉʰʽˍʶʾ ʹ ˒ˎˋʽˁʺ ˍˇˎ ˉˊˇʲ˂ʺ˃ʰˍˇˌ ˋʶ ʷ˄ʰ ˎ˕ʹ˂ˈ 

ʶˉʾˉʶʵˇ ʵʽʰˁˊʽˍˇˉˇʾʹˋʹˌΦ ʆˇ PDETool ʶ˄ˋ˖˃ʰˍ˗ʻʹˁʶ ˋˍˇ IRToolΣ ˗ˋˍʶ ˄ʰ ʶʾ˄ʰʽ 

ʵˎ˄ʰˍˈˌ ˇ ˇˊʽˋ˃ˈˌ ɾɲɳ ˉˇ˂˂ʰˉ˂˗˄ ˉʶʵʾ˖˄ κ ˉˇ˂˂ʰˉ˂˗˄ ˒ˎˋʽˁ˗˄Σ ʹ ʻʷˋˉʽˋʹ 

ˁʰˍʱ˂˂ʹ˂˖˄ ˇˊʽʰˁ˗˄ ˋˎ˄ʻʹˁ˗˄ ˍˇˎ ʰˊ˔ʽˁˇˏ ˉˊˇʲ˂ʺ˃ʰˍˇˌΣ ˇ ˇˊʽˋ˃ˈˌ κ ˁ˂ʺˋʹ 

ˁʰˍʱ˂˂ʹ˂˖˄ ˃ʶʻˈʵ˖˄ ˋˍʽˌ ʵʽʶˉʰ˒ʷˌΣ ʹ ʶˉʾ˂ˎˋʹ ˍˇˎ ʰˊ˔ʽˁˇˏ ˉˊˇʲ˂ʺ˃ʰˍˇˌ ˁʰʽ ʹ 

ˇˉˍʽˁˇˉˇʾʹˋʹ ˍʹˌ ˂ˏˋʹˌ ˍˇˎ ʰˊ˔ʽˁˇˏ ˉˊˇʲ˂ʺ˃ʰˍˇˌΦ 
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ɾʽʰ ˉˊ˗ˍʹ ʵʽʰ˒ˇˊˇˉˇʾʹˋʹ ˍˇˎ IRTool ʶʾ˄ʰʽ ʹ ʽˁʰ˄ˈˍʹˍʱ ˍˇˎ ˄ʰ ʰ˄ˇʾʴʶʽ 

ˍʰˎˍˈ˔ˊˇ˄ʰ ˉʶˊʽˋˋˈˍʶˊʰ ʰˉˈ ʷ˄ʰ ˉʰˊʱʻˎˊʰ όʴˊʰ˒ʽˁʱ ˉʶˊʽʲʱ˂˂ˇ˄ˍʰ ˔ˊʺˋˍʹ ˈˉˇˎ 

ˋ˔ʶʵʽʱʸˇˎ˃ʶ ˍˇ ˉˊˈʲ˂ʹ˃ʰύ ˗ˋˍʶ ˄ʰ ˃ˉˇˊʶʾ ˄ʰ ʰˉˇˋˎ˄ʻʷˋʶʽ ˍˇ ʰˊ˔ʽˁˈ ˉˊˈʲ˂ʹ˃ʰ 

ˋˍʰ ˎˉˇˉˊˇʲ˂ʺ˃ʰˍʱ ˍˇˎΦ ɮ˒ˇˏ ˇ ˔ˊʺˋˍʹˌ ˋ˔ʶʵʽʱˋʶʽ ˍʹ ʴʶ˖˃ʶˍˊʾʰ ˉˇˎ ˉʶˊʽʴˊʱ˒ʶʽ 

ˍˇ ˉˊˈʲ˂ʹ˃ʱ ˍˇˎΣ ˃ʽʰ ˋˎ˄ʱˊˍʹˋʹ ʰ˄ʰ˂ʰ˃ʲʱ˄ʶʽ ˄ʰ ʲˊʶʽ ˍʰ ˈˊʽʰ ˁʰʽ ˍʽˌ ʵʽʶˉʰ˒ʷˌ 

ˉˇˎ ʷ˔ʶʽ ˁʱʻʶ ˎˉˇˉʶʵʾˇΦ ɮˎˍˈ ʶʾ˄ʰʽ ʷ˄ʰ ʰˉʰˊʰʾˍʹˍˇ ʲʺ˃ʰ ˉˊʽ˄ ˍʹ ʵʽʰˁˊʽˍˇˉˇʾʹˋʹ 

ˍʹˌ ʴʶ˖˃ʶˍˊʾʰˌΣ ʴʽʰˍʾ ˍˇ PDETool ˃ ˈ˄ˇ ˍˇˎ ʻʰ ʰʴ˄ˇˇˏˋʶ ˍʰ ˍ˃ʺ˃ʰˍʰ ˍ˖˄ ʵʽʶˉʰ˒˗˄Φ 

ʅˍʹ ˋˎ˄ʷ˔ʶʽʰΣ ʵʹ˃ʽˇˎˊʴˇˏ˄ˍʰʽ ˍʰ ˉʰˊʱʻˎˊʰ ˍ˖˄ ˎˉˇˉʶʵʾ˖˄ ˃ʽʰˌ ˁʰʽ ˍ˗ˊʰ ʹ 

ʴʶ˖˃ʶˍˊʾʰ ˁʱʻʶ ˎˉˇˉʶʵʾˇˎ ʶʾ˄ʰʽ ʴ˄˖ˋˍʺΣ ˁʰʽ ʴʾ˄ʶˍʰʽ ʹ ʰˊ˔ʽˁˇˉˇʾʹˋʹ ˍ˖˄ 

ˎˉˇˉˊˇʲ˂ʹ˃ʱˍ˖˄Φ ʅʶ ʰˎˍˈ ˍˇ ˋʹ˃ʶʾˇ ˉˊʷˉʶʽ ˄ʰ ʴʾ˄ʶʽ ˇ ˇˊʽˋ˃ˈˌ ˍ˖˄ ˇˊʾ˖˄ ˁʰʽ ˍ˖˄ 

ʵʽʶˉʰ˒˗˄Φ ɼʰʽ ʶʵ˗ ʷʴʽ˄ʰ˄ ˍˊˇˉˇˉˇʽʺˋʶʽˌ ˋˍˇ PDETool ˗ˋˍʶ ˄ʰ ˃ˉˇˊʶʾ ˄ʰ 

ʰ˄ˍʽ˂ʰ˃ʲʱ˄ʶˍʰʽ ˈˍʽ ˃ʽʰ ʵʽʶˉʰ˒ʺ ʵʶ˄ ʶʾ˄ʰʽ ʷ˄ʰ ˁˇʽ˄ˈ ˈˊʽˇΦ ʆˊˇˉˇˉˇʽʺˋʶʽˌ ʷʴʽ˄ʰ˄Σ 

ʶˉʾˋʹˌΣ ˁʰʽ ˋˍˇ˄ ˍˊˈˉˇ ˉˇˎ ʴʾ˄ʶˍʰʽ ʹ ʵʹ˃ʽˇˎˊʴʾʰ ˍˇˎ ˉ˂ʷʴ˃ʰˍˇˌΣ ˗ˋˍʶ ʰˎˍʺ ˄ʰ 

˃ˉˇˊʶʾ ˄ʰ ʴʾ˄ʶʽ ˋʶ ˁʱʻʶ ˎˉˇˉʶʵʾˇ ˅ʶ˔˖ˊʽˋˍʱΦ ɶ ˎ˂ˇˉˇʾʹˋʹ ˍʹˌ ʾʵʽʰˌ ˍʹˌ ˃ʶʻˈʵˇˎ 

˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ ʷ˔ʶʽ ˍʰ ʶ˅ʺˌ ˔ʰˊʰˁˍʹˊʽˋˍʽˁʱΥ ˇ ˔ˊʺˋˍʹˌ ʵʾ˄ʶʽ ˋʰ 

ˉʰˊʰ˃ʷˍˊˇˎˌ ˍˇ˄ ʰˊʽʻ˃ˈ ˍ˖˄ ʶˉʰ˄ʰ˂ʺ˕ʶ˖˄ ˁʰʽ ˍˇ ˃ʷʴʽˋˍˇ ˋ˒ʱ˂˃ʰ ˍʹˌ 

˃ʶʻˇʵˇ˂ˇʴʾʰˌ ˔ʰ˂ʱˊ˖ˋʹˌΣ ʵʾ˄ˇ˄ˍʰʽ ʰˊ˔ʽˁʷˌ ˍʽ˃ʷˌ ˋˍʽˌ ʵʽʶˉʰ˒ʷˌΣ ˍˇ ˁʱʻʶ ˎˉˇˉʶʵʾˇ 

ʶˉʽ˂ˏʶˍʰʽ ˅ʶ˔˖ˊʽˋˍʱΣ ˇʽ ˍʽ˃ʷˌ ˍʹˌ ˂ˏˋʹˌ ˁʰʽ ˍʹˌ ˉʰˊʰʴ˗ʴˇˎ ˋˍʰ ˋʹ˃ʶʾʰ ˍ˖˄ 

ʵʽʶˉʰ˒˗˄ ʴʶʽˍˇ˄ʽˁ˗˄ ˎˉˇˉʶʵʾ˖˄ ˔ˊʹˋʽ˃ˇˉˇʽˇˏ˄ˍʰʽ ʴʽʰ ˍˇ˄ ˎˉˇ˂ˇʴʽˋ˃ˈ ˍ˖˄ 

ˁʰʽ˄ˇˏˊʴʽ˖˄ ˍʽ˃˗˄ ˍ˖˄ ʵʽʶˉʰ˒˗˄ ˁʰʽ ˃ʶˍʱ ʰˁˇ˂ˇˎʻʶʾ ˃ʽʰ ˄ʷʰ ʶˉʰ˄ʱ˂ʹ˕ʹΦ 
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3 ɥʘʃʋɿʋʅ ʔɻʇʗʍʖʎʂʏ ʎʐʂ ɿʅʀʌɻʒʙ 

σȢρ ɞʅʎɻɾʖɾʙ 

ʁʽ ʵʽʱ˒ˇˊʶˌ ˃ʷʻˇʵˇʽ ʵʽʰˁˊʽˍˇˉˇʾʹˋʹˌ ˉʶʵʾˇˎ ˉˇˎ ʷ˔ˇˎ˄ ˉˊˈˋ˒ʰˍʰ ʰ˄ʰˉˍˎ˔ʻʶʾ ʴʽʰ 

ˍʹ˄ ʰˉˇʵˇˍʽˁʺ ʶˉʾ˂ˎˋʹ ʶ˂˂ʶʽˉˍʽˁ˗˄ ʵʽʰ˒ˇˊʽˁ˗˄ ʶ˅ʽˋ˗ˋʶ˖˄ ˃ˉˇˊˇˏ˄ ʶˏˁˇ˂ʰ ˄ʰ 

ˍʰ˅ʽ˄ˇ˃ʹʻˇˏ˄ ˋʶ ʵˏˇ ˁʰˍʹʴˇˊʾʶˌΥ ʶˉʽˁʰ˂ˎˉˍˈ˃ʶ˄ʶˌ ˁʰʽ ˃ʹ ʶˉʽˁʰ˂ˎˉˍˈ˃ʶ˄ʶˌΦ ɼʰʽ ˇʽ 

ʵˏˇ ˉˊˇˋʶʴʴʾˋʶʽˌ ʷ˔ˇˎ˄ ʺʵʹ ˔ˊʹˋʽ˃ˇˉˇʽʹʻʶʾ ʴʽʰ ˄ʰ ˃ˇ˄ˍʶ˂ˇˉˇʽʺˋˇˎ˄ 

ʰˉˇˍʶ˂ʶˋ˃ʰˍʽˁʱ ˃ʶʴʱ˂ʹˌ ˁ˂ʾ˃ʰˁʰˌΣ ʲʽˇ˃ʹ˔ʰ˄ʽˁʱΣ ˉˊˇʲ˂ʹ˃ʰˍʽˁ˗˄ ˋˎ˄ʻʹˁ˗˄ 

ˉˊˇʲ˂ʺ˃ʰˍʰΦ ʃʰˊˈ˂ʰ ʰˎ ˍɦ ʻʶ˖ˊʶʾˍʰʽ ˈˍʽ ʶˉʽˉ˂ʷˇ˄ ʻʶ˖ˊʹˍʽˁʺ ˁʰʽ ˉʶʽˊʰ˃ʰˍʽˁʺ 

ʰ˄ʱ˂ˎˋʹ ʰˉʰʽˍʶʾˍʰʽ ˉˊ˖ˍˇˏ ˄ʰ ʴʾ˄ˇˎ˄ ˉˊʰˁˍʽˁʷˌ ʰˎˍʷˌ ˇʽ ˃ʷʻˇʵˇʽ ˁʰʽ ˔ˊʺˋʽ˃ʰ 

ʶˊʴʰ˂ʶʾʰ ʴʽʰ ˍˇˎˌ ˃ʹ ʶʽʵʺ˃ˇ˄ʶˌΦ 

ʆʰ ʶˉʽˁʰ˂ˎˉˍˈ˃ʶ˄ʰ ό{ŎƘǿŀǊǘȊύ ˋ˔ʺ˃ʰˍʰ ʷ˔ˇˎ˄ ˋˍˇ ˉʰˊʶ˂ʻˈ˄ ˂ʱʲʶʽ ˃ʶʴʱ˂ʹ 

ˉˊˇˋˇ˔ʺΦ ɯˊʻˊʰ ˉˇˎ ˁʱ˄ˇˎ˄ ʰ˄ʰˋˁˈˉʹˋʹ ˁʰʽ ˋˎʴˁˊʾ˄ˇˎ˄ ʵʽʱ˒ˇˊʰ ˍʷˍˇʽʰ ˋ˔ʺ˃ʰˍʰ 

[80ϐ ˁʰʽ ʶˊʶˎ˄ˇˏ˄ ˍʽˌ ˋ˔ʶˍʽʸˈ˃ʶ˄ʶˌ ˋˍˊʰˍʹʴʽˁʷˌ ǇǊŜŎƻƴŘƛǘƛƻƴƛƴƎ ώумΣ унϐ ˎˉʱˊ˔ˇˎ˄ 

ʺʵʹ ˋˍʹ ʲʽʲ˂ʽˇʴˊʰ˒ʾʰΦ ʅ˔ʶˍʽˁʱ ˉˊˈˋ˒ʰˍʰ ʷ˄ʰˌ ʰˊʽʻ˃ˈˌ ˃ʶ˂ʶˍ˗˄ ʷ˔ˇˎ˄ ʵʶʾ˅ʶʽ ˈˍʽ ˍʰ 

˃ʹ ʶˉʽˁʰ˂ˎˉˍˈ˃ʶ˄ʰ ˋ˔ʺ˃ʰˍʰ ˃ˉˇˊˇˏ˄ ˄ʰ ˋˎ˃ˉʶˊʽ˒ʶˊʻˇˏ˄ ˁʰ˂ʱ ˁʰʽ ˃ˉˇˊˇˏ˄ 

ˉʽʻʰ˄ʱ ˄ʰ ʶ˂ʶˎʻʶˊ˗ˋˇˎ˄ ˍˇˎˌ ˔ˊʺˋˍʶˌ ʰˉˈ ˋˎʴˁʶˁˊʽ˃ʷ˄ʶˌ ˉˇ˂ˎˉ˂ˇˁˈˍʹˍʶˌ ˋˍʹ 

ʵʽʰˍˏˉ˖ˋʹ ˁʰʽ ˋˍʹ˄ ˎ˂ˇˉˇʾʹˋʺ ˍˇˎˌΦ ɶ ˋˏʴˁˊʽˋʹ ˍ˖˄ ˁˎˊʽˈˍʶˊ˖˄ ˔ʰˊʰˁˍʹˊʽˋˍʽˁ˗˄ 

ʰˎˍ˗˄ ˍ˖˄ ʵˏˇ ˁʰˍʹʴˇˊʽ˗˄ ˃ʶʻˈʵ˖˄ ˁʰʽ ʹ ˏˉʰˊ˅ʹ ˋ˔ʷˋʶ˖˄ ʽˋˇʵˎ˄ʰ˃ʾʰˌ ʰ˄ʱ˃ʶˋʱ 

ˍˇˎˌ ʷ˔ʶʽ ̋ ʵʹ ˃ʶ˂ʶˍʹʻʶʾ ʰˊˁʶˍʱ ώ56, 57, 83]. 

ʁʽ ˃ʷʻˇʵˇʽ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ ˃ʰˌ ˉʱ˄ʶ ʷ˄ʰ ʲʺ˃ʰ ˉʰˊʰˉʷˊʰ ʰˉˈ ˍʽˌ ˃ʹ 

ʶˉʽˁʰ˂ˎˉˍˈ˃ʶ˄ʶˌ ˃ʶʻˈʵˇˎˌ ʵʽʰˁˊʽˍˇˉˇʾʹˋʹˌ ˉʶʵʾˇˎ ώ63ϐΦ ʅʶ ˃ʽʰ ˉˊˇˋˉʱʻʶʽʰ ˄ʰ 

˃ʽ˃ʹʻˇˏ˄ ˍʹ ˒ˎˋʽˁʺ ˍˇˎ ˉˊˇʲ˂ʺ˃ʰˍˇˌ ˋˍˇ˄ ˉˊʰʴ˃ʰˍʽˁˈ ˁˈˋ˃ˇΣ ˋˉʱ˄ʶ ˃ʽʰ 

ˉˇ˂ˏˉ˂ˇˁʹ ˃ʶˊʽˁʺ ʵʽʰ˒ˇˊʽˁʺ ʶ˅ʾˋ˖ˋʹ όɾɲɳύ ˉˇˎ ʵˊʰ ˋʶ ʷ˄ʰ ˃ʶʴʱ˂ˇ ʺκˁʰʽ 

ˉˇ˂ˏˉ˂ˇˁˇ ˉʶʵʾˇ ˋʶ ʷ˄ʰ ˋˏ˄ˇ˂ˇ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ɾɲɳ ˃ʶ ʵʽʰ˒ˇˊʶˍʽˁˇˏˌ ʰ˂˂ʱ 

ʰˉ˂ˇˏˌ ˍʶ˂ʶˋˍʷˌ ˉˇˎ ʵˊˇˎ˄ ˋʶ ʵʽʰ˒ˇˊʶˍʽˁʱ ˃ʽˁˊˈˍʶˊʰ ˁʰʽ ʶˏˁˇ˂ʰ ˎˉˇˉʶʵʾʰΦ ʆˇ 

ˉˇ˂˂ʰˉ˂˗˄ ˉʶʵʾ˖˄Σ ˉˇ˂˂ʰˉ˂˗˄ ɾɲɳ ˋˏˋˍʹ˃ʰ ʶʾ˄ʰʽ ˋ˖ˋˍʱ ˋˎʸʶˎʴ˃ʷ˄ˇ  

˔ˊʹˋʽ˃ˇˉˇʽ˗˄ˍʰˌ ˍʶ˂ʶˋˍʷˌ ʶ˅ˇ˃ʱ˂ˎ˄ˋʹˌ ˋˍʰ ˈˊʽʰ ˃ʶˍʰ˅ˏ ˍ˖˄ ˎˉˇˉʶʵʾ˖˄Φ  

ɮˉˈ ˍʹ˄ ˇˉˍʽˁʺ ˍʹˌ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ ʰˎˍʷˌ ˇʽ ˃ʷʻˇʵˇʽ ʰˉˇˍʶ˂ˇˏ˄ˍʰʽ ʰˉˈ ˍʹ 

ʵʽʰ˃ʷˊʽˋʹ ˍˇˎ ˉʶʵʾˇˎ ˋʶ ʷ˄ʰ ˋˏ˄ˇ˂ˇ ʰˉˈ ˃ʹ ʶˉʽˁʰ˂ˎˉˍˈ˃ʶ˄ʰ ˎˉˇˉʶʵʾʰ ˁʰʽ ʰˉˈ 

ˍʹ˄ ʶˉʽʲˇ˂ʺ ˁʱˉˇʽ˖˄ ˇˊʽʰˁ˗˄ ˋˎ˄ʻʹˁ˗˄ ˋˍʰ ˈˊʽʰ ˍ˖˄ ʵʽʶˉʰ˒˗˄ ˉˇˎ ˇˊʾʸˇ˄ˍʰʽ 

ʰˉˈ ʰˎˍʺ˄ ˍʹ ʵʽʰ˃ʷˊʽˋʹΦ ʅˍʹ ˋˎ˄ʷ˔ʶʽʰ ˔ˊʹˋʽ˃ˇˉˇʽ˗˄ˍʰˌ ʰˊ˔ʽˁʷˌ ˃ʰ˄ˍʶ˕ʽʷˌ ˋˍʽˌ 

ʵʽʶˉʰ˒ʷˌ ʶˉʽ˂ˏʶˍʰʽ ˍˇ ˋˏ˄ˇ˂ˇ ˍ˖˄ ˋˎ˄ʶˉʰʴˈ˃ʶ˄˖˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ɾɲɳΦ ʁʽ ˂ˏˋʶʽˌ 

ˉˇˎ ˉˊˇˁˏˉˍˇˎ˄ ʵʶ˄ ʽˁʰ˄ˇˉˇʽˇˏ˄ ˍʽˌ ˇˊʽʰˁʷˌ ˋˎ˄ʻʺˁʶˌ ˍ˖˄ ʵʽʶˉʰ˒˗˄ ˁʰʽ 

ʶ˒ʰˊ˃ˈʸʶˍʰʽ ˔ʰ˂ʱˊ˖ˋʹ ˋˍʽˌ ʵʽʶˉʰ˒ʷˌ ʴʽʰ ˄ʰ ʰˉˇˁˍʺˋˇˎ˃ʶ ˄ʷʶˌ ˍʽ˃ʷˌ ˋˍʰ ˈˊʽʰ ˍ˖˄ 

ʵʽʶˉʰ˒˗˄Σ ˉˇˎ ˄ʰ ʽˁʰ˄ˇˉˇʽˇˏ˄ ˁʰ˂ˏˍʶˊʰ ˍʽˌ ˋˎ˄ʻʺˁʶˌ ˁʰʽ ˂ˏ˄ˇˎ˃ʶ ˍʽˌ ɾɲɳ ˃ʶ 

ʰˎˍʷˌ ˍʽˌ ˄ʷʶˌ ˍʽ˃ʷˌΦ ʆʰ ˉʰˊʰˉʱ˄˖ ʲʺ˃ʰˍʰ ʶˉʰ˄ʰ˂ʰ˃ʲʱ˄ˇ˄ˍʰʽ ˃ʷ˔ˊʽ ˄ʰ ʶˉʽˍʶˎ˔ʻʶʾ 

ˋˏʴˁ˂ʽˋʹΦ 
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ʁʽ ˉʶˊʽˋˋˈˍʶˊʶˌ ʰˉˈ ˍʽˌ ʴ˄˖ˋˍʷˌ ˃ʶʻˈʵˇˎˌ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ 

ʰˉʰˊʽʻ˃ˇˏ˄ˍʰʽ ˉʰˊʰˁʱˍ˖ ˃ʶ ˍʹ˄ ʰ˂˒ʰʲʹˍʽˁʺ ̀ ʶʽˊʱ ˍ˖˄ ʰˁˊ˖˄ˎ˃ʾ˖˄ ̱ ˇˎˌΥ 

¶ AVE ɾʽʰ ʰˉ˂ʺ ˃ʷʻˇʵˇˌ ˉˇˎ ˉʰʾˊ˄ʶʽ ˍˇ ˃ʷˋˇ ˈˊˇ ˍʹˌ ˂ˏˋʹˌ ˁʰʽ ˍʹˌ 

ˁʰ˄ˇ˄ʽˁʺˌ ˍʹˌ ˉʰˊʰʴ˗ʴˇˎ ˁʰˍʱ ˃ʺˁˇˌ ˍ˖˄ ʵʽʶˉʰ˒˗˄Φ 

¶ GEO ɾʽʰ ˃ʷʻˇʵˇˌ ˉˇˎ ʲʰˋʾʸʶˍʰʽ ˋʶ ˃ʽʰ ʰˉ˂ʺ ʴʶ˖˃ʶˍˊʽˁʺ ˋˎˋˍˇ˂ʺΦ 

¶ NEW ɴ˄ʰ ˋ˔ʺ˃ʰ ˉˇˎ ʲʰˋʾʸʶˍʰʽ ˋˍʹ ˃ʷʻˇʵˇ Newton ʴʽʰ ˄ʰ ʵʽˇˊʻ˗˄ʶʽ ˍʽˌ 

ˍʽ˃ʷˌ ˋˍ̔ ˌ ʵʽʶˉʰ˒ʷˌΦ 

¶ ROB ɴ˄ʰˌ ʰ˂ʴˈˊʽʻ˃ˇˌ ˉˇˎ ˔ˊʹˋʽ˃ˇˉˇʽʶʾ ˍʽˌ Robin ˋˎ˄ʻʺˁʶˌ ˋˍʽˌ ʵʽʶˉʰ˒ʷˌ 

ʴʽʰ ʶ˅ˇ˃ʱ˂ˎ˄ˋʹΦ 

¶ SCO ɴ˄ʰ ˋ˔ʺ˃ʰ ˉˇˎ ʲʰˋʾʸʶˍʰʽ ˋʶ όʰ˂˂ʱ ʵʶ˄ ʷ˔ʶʽ ʵʽʰˍˎˉ˖ʻʶʾ ˃ʶύ ˃ʽʰ 

ˉˊˇˋʷʴʴʽˋʹ ˋˎ˃ˉ˂ʹˊ˗˃ʰˍˇˌ Schur. 

¶ SHO ɾʽʰ ˃ʷʻˇʵˇˌ ʲʰˋʽˋ˃ʷ˄ʹ ˋˍʹ ʴʶ˄ʽˁʺ ʽʵʷʰ ˍʹˌ shooting ˃ʶʻˈʵˇˎ ʴʽʰ ˍʹ˄ 

ʶˉʾ˂ˎˋʹ ˍ˖˄ ˋˎ˄ʺʻ˖˄ ʵʽʰ˒ˇˊʽˁ˗˄ ʶ˅ʽˋ˗ˋʶ˖˄ όʅɲɳύ 

¶ SPO ɾʽʰ ˃ʷʻˇʵˇˌ ˉˇˎ ˉˊˇʷˊ˔ʶˍʰʽ ʰˉˈ ˍʹ ˔ˊʺˋʹ ˍˇˎ ˍʶ˂ʶˋˍʺ Steklov-

PoincarŞ ̄̌ ˎ ˉʶˊʽ˂ʰ˃ʲʱ˄ʶʽ ʶ˄ʰ˂˂ʰʴʺ ˍˏˉ˖˄ ˇˊʽʰˁ˗˄ ˋˎ˄ʻʹˁ˗˄Φ 

σȢς ɝʅɻʆʍʅʐʋʌʋʚʂʎʂ ʌʀɿʚʋʑ ʈʀ ʀʌɻʉɻʇʂʌʐʅʆʙ ʔɻʇʗʍʖʎʂ ʎʐʅʏ 

ɿʅʀʌɻʒʘʏ 

ɳˉʾ ̱ ˇˎ ˉʰˊˈ˄ˍˇˌΣ ˇ ˔˗ˊˇˌ ˍʹˌ ʵʽʰˁˊʽˍˇˉˇʾʹˋʹˌ ˉʶʵʾˇˎ ʰˉˇˍʶ˂ʶʾˍʰʽ ʰˉˈ ʵˏˇ ˃ʷˊʹ - 

ˍʽˌ ʶˉʽˁʰ˂ˎˉˍˈ˃ʶ˄ʶˌ ˁʰʽ ˍʽˌ ˃ʹ ʶˉʽˁʰ˂ˎˉˍˈ˃ʶ˄ʶˌ ˃ʶʻˈʵˇˎˌΦ ʁʽ ʶˉʽˁʰ˂ˎˉˍˈ˃ʶ˄ʶˌ ς 

ʶˉʾˋʹˌ ʴ˄˖ˋˍʷˌ ˁʰʽ ˖ˌ {ŎƘǿŀǊǘȊ ς ʺˍʰ˄ ˇʽ ˉˊ˗ˍʶˌ ˉˇˎ ˔ˊʹˋʽ˃ˇˉˇʽʺʻʹˁʰ˄ ˁʰʽ ʷ˔ˇˎ˄ 

ʰˉˇʵʶʾ˅ʶʽ ʺʵʹ ˈˍʽ ʶʾ˄ʰʽ ˉˇ˂ˏ ʰˉˇʵˇˍʽˁʷˌ ʰˊʽʻ˃ʹˍʽˁʷˌ ʵʽʰʵʽˁʰˋʾʶˌ ˉˇˎ ˔ʰʾˊˇˎ˄ 

ˋˎʴˁʶˁˊʽ˃ʷ˄˖˄ ˉˇ˂ˏ ʶˉʽʻˎ˃ʹˍ˗˄ ʽʵʽˇˍʺˍ˖˄ ˋˏʴˁ˂ʽˋʹˌΦ ʃʰˊΩ ̍˂ ʰ ʰˎ ˍʱΣ ʷ˔ʶʽ ʶˉʾˋʹˌ 

ˉʰˊʰˍʹˊʹʻʶʾ ˈˍʽ ʷ˔ˇˎ˄ ʵʽʱ˒ˇˊʰ ˉˇ˂ˏ ˋʹ˃ʰ˄ˍʽˁʱ ˃ʶʽˇ˄ʶˁˍʺ˃ʰˍʰ ˉˇˎ ʰˉʰʴˇˊʶˏˇˎ˄ 

ˍʹ ˔ˊʺˋʹ ˍˇˎˌ ʴʽʰ ˋˎʴˁʶˁˊʽ˃ʷ˄ʶˌ ʶ˒ʰˊ˃ˇʴʷˌΦ ɱʽʰ ˉʰˊʱʵʶʽʴ˃ʰΣ ˋ˔ʶʵˈ˄ ˈ˂ʶˌ ʶˁ ˍ˖˄ 

ˉˇ˂˂˗˄ ˉˊˇˍʶʽ˄ˈ˃ʶ˄˖˄ ˃ʶʻˈʵ˖˄ ʵʽʰˁˊʽˍˇˉˇʾʹˋʹˌ ˉʶʵʾˇˎ ʴʽʰ ˍʹ˄ ʶˉʾ˂ˎˋʹ 

˃ˇ˄ˍʷ˂˖˄ ʵʽʱʵˇˋʹˌ ˁˎ˃ʱˍ˖˄ ʶʾ˄ʰʽ ʶʾˍʶ ˃ʹ ʶˉʽˁʰ˂ˎˉˍˈ˃ʶ˄ʶˌΣ ʶʾˍʶ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ 

ʵʽʶˉʰ˒ʺ ώ84, 85, 86, 87].  

ʁʽ ˃ʹ ʶˉʽˁʰ˂ˎˉˍˈ˃ʶ˄ʶˌ ˃ʷʻˇʵˇʽ ˉʰˊˇˎˋʽʱʸˇˎ˄ ˋˎʴˁʶˁˊʽ˃ʷ˄ʰ ˉ˂ʶˇ˄ʶˁˍʺ˃ʰˍʰ ˋʶ 

ˋ˔ʷˋʹ ˃ʶ ˍʽˌ ʶˉʽˁʰ˂ˎˉˍˈ˃ʶ˄ʶˌΦ ʃʽˇ ˋˎʴˁʶˁˊʽ˃ʷ˄ʰΥ 

¶ ɲʶ˄ ʶʾ˄ʰʽ ʶˎʰʾˋʻʹˍʶˌ ˋʶ ʱ˂˃ʰˍʰ ˋˍˇˎˌ ˋˎ˄ˍʶ˂ʶˋˍʷˌ ˍˇˎ ˍʶ˂ʶˋˍʺΦ ɶ 

ˋˎ˃ˉʶˊʽ˒ˇˊʱ ˋˏʴˁ˂ʽˋʺˌ ˍˇˎˌ ˁʰʽ ˇʽ ˎˉˇ˂ˇʴʽˋ˃ˇʾ ʻʶ˖ˊʹˍʽˁˇˏ ˋ˒ʱ˂˃ʰˍˈˌ 

ˍˇˎˌ ˉʰˊʰ˃ʷ˄ˇˎ˄ ʾʵʽʰ ʰˁˈ˃ʰ ˁʰʽ ʰ˄ ˇ ʵʽʰ˒ˇˊʽˁˈˌ ˍʶ˂ʶˋˍʺˌ ˉʶˊʽ˂ʰ˃ʲʱ˄ʶʽ 

ʰˋˎ˄ʶ˔ʶʾˌ ˋˎ˄ˍʶ˂ʶˋˍʷˌΣ ʰˊˁʶʾ ˍʰ ʱ˂˃ʰˍʰ ˄ʰ ˋˎ˃ʲʰʾ˄ˇˎ˄ ˁʰˍʱ ˃ʺˁˇˌ ˍ˖˄ 

ʴˊʰ˃˃˗˄ ˍ˖˄ ʵʽʶˉʰ˒˗˄ ώ88]. 

¶ ɴ˔ˇˎ˄ ˃ʽˁˊˈˍʶˊˇ ˁˈˋˍˇˌ όʶˉʽʲʱˊˎ˄ˋʹύ ʶˉʽˁˇʽ˄˖˄ʾʰˌ ˋʶ ˃ʽʰ ˉʰˊʱ˂˂ʹ˂ʹ 

ˎ˂ˇˉˇʾʹˋʹ ˋʶ ˁʰˍʰ˄ʶ˃ʹ˃ʷ˄ʹˌ ˃˄ʺ˃ʹˌ ˉˇ˂ˎʶˉʶ˅ʶˊʴʰˋˍʽˁʱ ˋˎˋˍʺ˃ʰˍʰΦ ʆˇ 

ˁˈˋˍˇˌ ˍʹˌ ʶˉʽˁˇʽ˄˖˄ʾʰˌ ʶʾ˄ʰʽ ʰ˄ʰ˂ˇʴʽˁˈ ˃ʶ ˍˇ ˃ʺˁˇˌ ˍ˖˄ ʴˊʰ˃˃˗˄ ˍ˖˄ 
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ʵʽʶˉʰ˒˗˄Σ ˍʹ ˋˍʽʴ˃ʺ ˉˇˎ ˋˍʽˌ ʶˉʽˁʰ˂ˎˉˍˈ˃ʶ˄ʶˌ ˃ʶʻˈʵˇˎˌ ʶʾ˄ʰʽ ʰ˄ʰ˂ˇʴʽˁˈ 

˃ʶ ˍʹ˄ ʶˉʽˁʰ˂ˎˉˍˈ˃ʶ˄ʹ ˉʶˊʽˇ˔ʺ [66]. 

¶ ɶ ˁʰˍʰʴˊʰ˒ʺκˋˎ˄ˍʺˊʹˋʹ ʶʾ˄ʰʽ ˋ˔ʶˍʽˁʱ ʶˎˁˇ˂ˈˍʶˊʹ ʴʽʰ ˍʹ ʵʽʰ˃ʷˊʽˋʹ ˁʰʽ ˍˇ 

˔ʶʽˊʽˋ˃ˈ ˍ˖˄ ˋ˔ʶˍʽˁ˗˄ ʵˇ˃˗˄ ʵʶʵˇ˃ʷ˄˖˄ ʰˉΩ ˈˍʽ ˋˍʽˌ ˉˇ˂ˏˉ˂ˇˁʶˌ ˁʰʽ 

ʰˁˊʽʲʷˌ ʶˉʽˁʰ˂ˎˉˍˈ˃ʶ˄ʶˌ ˃ʶʻˈʵˇˎˌ [66]. 

ʇˉʱˊ˔ˇˎ˄ ʵˏˇ ˁˏˊʽʶˌ ˇˉˍʽˁʷˌ ʴʽʰ ˍʽˌ ˃ʹ ʶˉʽˁʰ˂ˎˉˍˈ˃ʶ˄ʶˌ ˃ʶʻˈʵˇˎˌΣ ˍˇ 

preconditioning ˁʰʽ ʹ ˔ʰ˂ʱˊ˖ˋʹ ˋˍʹ ʵʽʶˉʰ˒ʺΦ ɾʽʰ ʶʽˌ ʲʱʻˇˌ ʷˊʶˎ˄ʰ ʴʽʰ ˍʽˌ ˃ʹ 

ʶˉʽˁʰ˂ˎˉˍˈ˃ʶ˄ʶˌ ˃ʶʻˈʵˇˎˌ ʵʽʰˁˊʽˍˇˉˇʾʹˋʹˌ ˉʶʵʾˇˎ ʰ˄ʰ˂ˎ˃ʷ˄ʶˌ ʰˉˈ ˍʹ˄ ˇˉˍʽˁʺ 

ˍˇˎ preconditioning ˃ˉˇˊʶʾ ˄ʰ ʲˊʶʻʶʾ ˋˍˇ ώуфϐ ˁʰʽ ˃ʽʰ ʴʶ˄ʽˁʺ ʵʽʰˍˏˉ˖ˋʹ ˁʰʽ 

ʰ˄ʱ˂ˎˋʹ ˍ˖˄ ˃ʶʻˈʵ˖˄ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ ˋˍˇ ώ59]. ɱʽʰ ˍʹ˄ ʰ˄ʰʴ˄˗ˊʽˋʹ ˍ˖˄ 

ˁˏˊʽ˖˄ ˔ʰˊʰˁˍʹˊʽˋˍʽˁ˗˄ ˍˇˎˌΣ ʰˁˇ˂ˇˎʻʶʾ ˃ʽʰ ˋˏ˄ˍˇ˃ʹ ˉʶˊʽʴˊʰ˒ʺ ˍ˖˄ ˃ʶʻˈʵ˖˄ 

˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺΦ 

ɶ ˔ʰ˂ʱˊ˖ˋʹ ˋˍʹ ʵʽʶˉʰ˒ʺ ʶʾ˄ʰʽ ʷ˄ʰ ʲʺ˃ʰ ˉʷˊʰ ʰˉˈ ˍʽˌ ˃ʹ ʶˉʽˁʰ˂ˎˉˍˈ˃ʶ˄ʶˌ 

˃ʶʻˈʵˇˎˌ όʰˁˇ˂ˇˎʻ˗˄ˍʰˌ ˍʹ ˔ʰ˂ʱˊ˖ˋʹ ˍˇˎ Southwell ˍˇˎ мфолύΣ ʰ˂˂ʱ ˋˍʹ ɾɲɳ 

ʰ˄ˍʾ ʴʽʰ ˍˇ ʶˉʾˉʶʵˇ ˍʹˌ ʴˊʰ˃˃ʽˁʺˌ ʱ˂ʴʶʲˊʰˌΣ ʴʽʰ ˄ʰ ʵʽʰˍˎˉ˗ˋʶʽ ˍʹ ˔ʰ˂ʱˊ˖ˋʹ ˋʰ˄ 

ʶˉʰ˄ʰ˂ʰ˃ʲʰ˄ˈ˃ʶ˄ʶˌ ʵʽʰʵʽˁʰˋʾʶˌ ʶ˅ˇ˃ʱ˂ˎ˄ˋʹˌ ˍʹˌ ʵʽʶˉʰ˒ʺˌΦ ɴ˄ʰ ˋˏ˄ʻʶˍˇ ˒ˎˋʽˁˈ 

˒ʰʽ˄ˈ˃ʶ˄ˇ ʰˉˇˍʶ˂ʶʾˍʰʽ ʰˉˈ ˃ʽʰ ˋˎ˂˂ˇʴʺ ʰˉ˂˗˄ ˃ʶˊ˗˄ ˃ʶ ˁʰʻʷ˄ʰ ˄ʰ ˎˉʰˁˇˏʶʽ 

ʷ˄ʰ˄ ˃ʶ˃ˇ˄˖˃ʷ˄ˇ ˒ˎˋʽˁˈ ˄ˈ˃ˇ ˍˇˉʽˁʱ ˁʰʽ ˄ʰ ˃ˇʽˊʱʸʶˍʰʽ ˍʽˌ ˋˎ˄ʻʺˁʶˌ ˍ˖˄ 

ʵʽʶˉʰ˒˗˄ ˍˇˎ ˃ʶ ʴʶʾˍˇ˄ʶˌΦ ɶ ˔ʰ˂ʱˊ˖ˋʹ ˋˍʹ ʵʽʶˉʰ˒ʺ ˔˖ˊʾʸʶʽ ˍˇ ˉʶʵʾˇ ˋʶ ʷ˄ʰ 

ˋˏ˄ˇ˂ˇ ˃ʹ ʶˉʽˁʰ˂ˎˉˍˈ˃ʶ˄˖˄ ˉʶʵʾ˖˄ ˁʰʽ ʶˉʽʲʱ˂˂ʶʽ ˁʱˉˇʽʶˌ ˇˊʽʰˁʷˌ ˋˎ˄ʻʺˁʶˌ ˋˍʹ 

ʵʽʶˉʰ˒ʺ ʰ˄ʱ˃ʶˋʰ ˋˍʽˌ ʴˊʰ˃˃ʷˌ ˍ˖˄ ˎˉˇˉʶʵʾ˖˄Φ ɲˇʻʶʾˋʹˌ ˃ʽʰˌ ʰˊ˔ʽˁʺˌ ˃ʰ˄ˍʶ˕ʽʱˌΣ 

˃ʽ˃ʶʾˍʰʽ ˍʹ ˒ˎˋʽˁʺ ˍˇˎ ˉˊʰʴ˃ʰˍʽˁˇˏ ˁˈˋ˃ˇˎ ʶˉʽ˂ˏˇ˄ˍʰˌ ˍʰ ˍˇˉʽˁʱ ˉˊˇʲ˂ʺ˃ʰˍʰ 

ʰˁˊʽʲ˗ˌ ˋʶ ˁʱʻʶ ˎˉˇˉʶʵʾˇ ˁʰʽ ˔ʰ˂ʰˊ˗˄ˇ˄ˍʰˌ ˍʽˌ ˇˊʽʰˁʷˌ ˍʽ˃ʷˌ ʴʽʰ ˄ʰ ˉʱˊʶʽ 

ˁʰ˂ˏˍʶˊˇˎˌ ˎˉˇ˂ˇʴʽˋ˃ˇˏˌ ˍ˖˄ ˋ˖ˋˍ˗˄ ˋˎ˄ʻʹˁ˗˄ ˋˍʹ ʵʽʶˉʰ˒ʺΦ ɮˎˍʺ ʹ ʵʽʰʵʽˁʰˋʾʰ 

ˉʰˊˇˎˋʽʱʸʶˍʰʽ ˋˍʹ˄ ʶʽˁˈ˄ʰ мΣ ˈˉˇˎ ˇ ʴʶ˄ʽˁˈˌ ˍˏˉˇˌ ˔ʰ˂ʱˊ˖ˋʹˌ Gi,j (ˉˇˎ ʲʰˋʾʸʶˍʰʽ 

ˋˍʽˌ ˍˊʷ˔ˇˎˋʶˌ ˍˇˉʽˁʷˌ ˂ˏˋʶʽˌ Ui
New ˁʰʽ Uj

New ˍ˖˄ ʵˏˇ ʴʶʽˍˇ˄ʽˁ˗˄ ˎˉˇˉʶʵʾ˖˄ ʍi ˁʰʽ 

ʍj) ˎˉˇ˂ˇʴʾʸʶʽ ʵʽʰʵˇ˔ʽˁʷˌ ˉˊˇˋʶʴʴʾˋʶʽˌ ˍʹˌ ˂ˏˋʹˌ bi,j
New ˋˍʹ ʵʽʶˉʰ˒ʺ ɱi,j ʰ˄ʱ˃ʶˋʱ 

ˍˇˎˌΦ 
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ɳʽˁˈ˄ʰ 1Υ ʁ ˃ʹ˔ʰ˄ʽˋ˃ˈˌ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ 

ɱʽʰ ˍʹ˄ ʶˉʾˋʹ˃ʹ ˉʶˊʽʴˊʰ˒ʺ ˍʹˌ ˃ʶʻˈʵˇˎ ʻʶ˖ˊˇˏ˃ʶ ˍˇ ʰˁˈ˂ˇˎʻˇ ˉˊˈʲ˂ʹ˃h Υ 

Ὀό Ὢ Ὥὲ  ȟ ό` ὧ έὲ            ρ 

ˈˉˇˎ ˍˇ Ὀ ʶʾ˄ʰʽ ʷ˄ʰˌ ʶ˂˂ʶʽˉˍʽˁˈˌΣ ˃ʹ ʴˊʰ˃˃ʽˁˈˌ ʴʶ˄ʽˁʱΣ ʵʽʰ˒ˇˊʽˁˈˌ ˍʶ˂ʶˋˍʺˌ ˁʰʽ ˍˇ 

 `ʶʾ˄ʰʽ ʷ˄ʰˌ ˍʶ˂ʶˋˍʺˌ ˋˎ˄ʻʺˁʹˌ ˉˇˎ ˇˊʾʸʶˍʰʽ ˋˍˇ ˈˊʽˇ   ʶ˄ˈˌ ʰ˄ˇʽ˔ˍˇˏ ˉʶʵʾˇˎ 

 ᶰὙȟὨ ρȟςȟȣ Ȣ ɮˎˍˈ ˍˇ ˉʶʵʾˇ ʵʽʰ˃ʶˊʾʸʶˍʰʽ ˋʶ p ʰ˄ˇʽ˔ˍʱ ˎˉˇˉʶʵʾʰ  ȟὭ

ρȟȣȟὴ ˍʷˍˇʽʰ ˗ˋˍʶ   ẕ   ͵  ˁʰʽ Ẕ    ɲ. ɱʽʰ ˂ˈʴˇˎˌ ˉˇˎ ˋ˔ʶˍʾʸˇ˄ˍʰʽ 

ʶʾˍʶ ˃ʶ ˍʰ ˒ˎˋʽˁʱ ˔ʰˊʰˁˍʹˊʽˋˍʽˁʱ ˍˇˎ ˉˊˇʲ˂ʺ˃ʰˍˇˌΣ ʶʾˍʶ ˃ʶ ˍˇˎˌ ʵʽʰʻʷˋʽ˃ˇˎˌ 

ˎˉˇ˂ˇʴʽˋˍʽˁˇˏˌ ˉˈˊˇˎˌΣ ˁʱˉˇʽˇˌ ʻʰ ʺʻʶ˂ʶ ˄ʰ ʰ˄ˍʽˁʰˍʰˋˍʺˋʶʽ ˍʹ˄ όмύ ˃ʶ ˍˇ 

ʰˁˈ˂ˇˎʻˇ ˋˏˋˍʹ˃ʰ ˔ʰ˂ʰˊʱ ˋˎ˄ʵʶʵʶ˃ʷ˄˖˄ ʵʽʰ˒ˇˊʽˁ˗˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄Υ 

Ὀό Ὢ Ὥὲ  ȟ

Ὃȟό π έὲ  ᷊  ͵  ᶅὮ Ὥȟ      `ό ὧ έὲ  ᷊  
ς 

ˈˉˇˎ Ὥ ρȟȣȟὴ. ɮˎˍʱ ˍʰ ʵʽʰ˒ˇˊʽˁʱ ˉˊˇʲ˂ʺ˃ʰˍʰ ˋˎ˄ʵʷˇ˄ˍʰʽ ˃ʷˋ˖ ˍ˖˄ ˋˎ˄ʻʹˁ˗˄ 

ˍ˖˄ ʵʽʶˉʰ˒˗˄ Ὃȟό π ˁʰʽ ˉʶˊʽ˂ʰ˃ʲʱ˄ˇˎ˄ ˍˇˎˌ ˉʶˊʽˇˊʽˋ˃ˇˏˌ Ὀ ˁʰʽ  `ˍ˖˄ 

ˇ˂ʽˁ˗˄ ʵʽʰ˒ˇˊʽˁˇˏ ˁʰʽ ˋˎ˄ʻʺˁʹˌ ˍʶ˂ʶˋˍ˗˄ Ὀ ˁʰʽ Σ` ʰ˄ˍʾˋˍˇʽ˔ʰ ˋʶ ˁʱʻʶ ˎˉˇˉʶʵʾˇΣ 

˃ʶ ˁʱˉˇʽˇˎˌ ʰˉˈ ʰˎˍˇˏˌ ʴˊʰ˃˃ʽˁˇˏˌ ˁʰʽ ʱ˂˂ˇˎˌ ˃ʹ ʴˊʰ˃˃ʽˁˇˏˌΦ ʁʽ ˋˎ˄ʰˊˍʺˋʶʽˌ Ὢ 

ˁʰʽ ὧ ʶʾ˄ʰʽ ʰ˄ʱ˂ˇʴˇʽ ˉʶˊʽˇˊʽˋ˃ˇʾ ˍ˖˄ ˋˎ˄ʰˊˍʺˋʶ˖˄ Ὢ ˁʰʽ ὧ. ʁ ˍˇˉʽˁˈˌ ˍʶ˂ʶˋˍ̋ ˌ 

ʵʽʶˉʰ˒ʺˌ Ὃȟ ˋ˔ʶˍʾʸʶˍʰʽ ˃ʶ ˍʹ ˃ʷʻˇʵˇ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ ˁʰʽ ʵʽʰ˒ˇˊʶˍʽˁʷˌ 

ʶˉʽ˂ˇʴʷˌ ʴʽʰ ˍʰ Ὃȟ ˇʵʹʴˇˏ˄ ˋʶ ʵʽʰ˒ˇˊʶˍʽˁʱ ˋ˔ʺ˃ʰˍʰ ˔ʰ˂ʱˊ˖ˋʹˌΦ ʅˍʹ˄ ˉʰˊˇˏˋʰ 
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ʵʽˉ˂˖˃ʰˍʽˁʺ ʻʰ ʰ˄ʰ˒ʶˊʻˇˏ˃ʶ ˋʶ ʵʽʱ˒ˇˊʶˌ ˃ʶʻˈʵˇˎˌ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ ˉˇˎ 

ʷ˔ˇˎ˄ ˍʰ ʰˁˈ˂ˇˎʻʰ ˔ʰˊʰˁˍʹˊʽˋˍʽˁʱΥ 

¶ ɮˉˇˋˎ˄ʻʷˍˇˎ˄ ʰˊ˔ʽˁʱ ˍˇ ˉˊˈʲ˂ʹ˃ʰ όмύ ˋˍˇ ʵʽʰ˒ˇˊʽˁˈ ʶˉʾˉʶʵˇ ˁʰʽ ˋˍʹ 

ˋˎ˄ʷ˔ʶʽʰ ʵʽʰˁˊʽˍˇˉˇʽˇˏ˄ ˍʰ ˉˊˇˁˏˉˍˇ˄ˍʰ ʵʽʰ˒ˇˊʽˁʱ ˎˉˇˉˊˇʲ˂ʺ˃ʰˍʰ όнύΦ 

¶ ɴ˔ˇˎ˄ ˍʹ˄ ʶˎʶ˂ʽ˅ʾʰ ˄ʰ ˔ˊʹˋʽ˃ˇˉˇʽˇˏ˄ ˍˇ ˁʰˍʰ˂˂ʹ˂ˈˍʶˊˇ ˋ˔ʺ˃ʰ 

ʵʽʰˁˊʽˍˇˉˇʾʹˋʹˌ ʴʽʰ ˁʱʻʶ ˎˉˇˉˊˈʲ˂ʹ˃ʰΦ 

¶ ɲʶ˄ ʶˉʽˁʰ˂ˏˉˍˇˎ˄ ˍʰ ˎˉˇˉʶʵʾʰ  . 

¶ ɾʶ ˔ˊʺˋʹ ˁʰ˂˗˄ ˉʰˊʰ˃ʷˍˊ˖˄ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍˇ Ὃȟ ʶʾ˄ʰʽ ʰˊˁʶˍʱ ʴˊʺʴˇˊʶˌΣ 

˗ˋˍʶ ˄ʰ ˃ʹ ˔ˊʶʽʱʸʶˍʰʽ preconditioning. 

¶ ɮˉ˂ˇˉˇʽˇˏ˄ ˍʹ ʴʶ˖˃ʶˍˊʾʰ ˁʰʽ ˍʹ ˒ˎˋʽˁʺ ˍˇˎ ˎˉˇ˂ˇʴʽˋ˃ˇˏ ˂ʰ˃ʲʱ˄ˇ˄ˍʰˌ 

ˎˉˈ˕ʹ ˍʰ ˎˉˇˉˊˇʲ˂ʺ˃ʰˍʰ όнύ ˁʰʽ ˈ˔ʽ ˍˇ ˋˎ˄ˇ˂ʽˁˈ ʵʽʰ˒ˇˊʽˁˈ ˉˊˈʲ˂ʹ˃ʰ όмύΦ 

¶ ɾˉˇˊˇˏ˄ ˄ʰ ˔ˊʹˋʽ˃ˇˉˇʽˇˏ˄ ˍ˃ʺ˃ʰˍʰ ˂ˇʴʽˋ˃ʽˁˇˏ ˅ʰ˄ʰ˔ˊʹˋʽ˃ˇˉˇʽ˗˄ˍʰˌ 

ˍ˃ʺ˃ʰˍʰ ˂ˇʴʽˋ˃ʽˁˇˏ ʶˉʽ˂ˎˍ˗˄ ʴʽʰ ˍʹ˄ ʶˉʾ˂ˎˋʹ ˍ˖˄ ˃ʶ˃ˇ˄˖˃ʷ˄˖˄ 

ˎˉˇˉˊˇʲ˂ʹ˃ʱˍ˖˄ όнύΦ 

¶ ɳʾ˄ʰʽ ʴʶ˄ʽˁˇʾ ˁʰʽ ʽˋ˔ˎˊˇʾ. 

ʇˉʱˊ˔ˇˎ˄ ʵʽʱ˒ˇˊʰ ʶˊ˖ˍʺ˃ʰˍʰ ˃ʶ ˉˊˈˁ˂ʹˋʹ ˉˇˎ ʰ˒ˇˊˇˏ˄ ˉˊʰˁˍʽˁʷˌ ʶ˒ʰˊ˃ˇʴʷˌ 

ˍʷˍˇʽ˖˄ ˃ʶʻˈʵ˖˄Σ ˈˉ˖ˌ ˍˇ ˄ʰ ʲˊʾˋˁʶʽˌ ˍˇ˄ ˁʰˍʰ˂˂ʹ˂ˈˍʶˊˇ ˔ʰ˂ʰˊ˖ˍʺ ʴʽʰ ʷ˄ʰ 

ˋˎʴˁʶˁˊʽ˃ʷ˄ˇ ˉˊˈʲ˂ʹ˃ʰΣ ˄ʰ ˁʰʻˇˊʾʸʶʽˌ ˍˇ ˉʶʵʾˇ ʶ˒ʰˊ˃ˇʴʺˌ ˁʰʻʶ˄ˈˌΣ ˄ʰ ʶ˅ʹʴʶʾˌ 

ˍʹ˄ ʰ˂˂ʹ˂ʶˉʾʵˊʰˋʹ ʰ˄ʱ˃ʶˋʰ ˋˍʹ ˃ʰʻʹ˃ʰˍʽˁʺ ʶˉʰ˄ʱ˂ʹ˕ʹ ˁʰʽ ˍʹ ˃ʷʻˇʵˇ 

ʰˊʽʻ˃ʹˍʽˁʺˌ ʶˉʾ˂ˎˋʹˌΣ ˄ʰ ʶˉʽ˂ʷʴʶʽˌ ˁʰ˂ʷˌ ʺ ʲʷ˂ˍʽˋˍʶˌ ˍʽ˃ʷˌ ʴʽʰ ˍʽˌ ˉʰˊʰ˃ʷˍˊˇˎˌ 

˔ʰ˂ʱˊ˖ˋʹˌΣ ˁ˂ˉΦ ɮ˅ʾʸʶʽ ˄ʰ ˋʹ˃ʶʽ˖ʻʶʾ ˈˍʽ ʶ˒ˈˋˇ˄ ˈ˂ʶˌ ˇʽ ˃ʷʻˇʵˇʽ ʰˉˇˋˎ˄ʻʷˍˇˎ˄ ˁʰʽ 

˔ʰ˂ʰˊ˗˄ˇˎ˄ ˍʽˌ ˍʽ˃ʷˌ ˍ˖˄ ʵʽʶˉʰ˒˗˄ ˋˍˇ ˋˎ˄ʶ˔ʷˌ ʶˉʾˉʶʵˇΣ ʹ ʰ˄ʱ˂ˎˋʹ ˋˏʴˁ˂ʽˋʹˌ 

ʰˎˍ˗˄ ˍ˖˄ ˃ʶʻˈʵ˖˄ ˔ˊʶʽʱʸʶˍʰʽ ˄ʰ ʴʾ˄ʶʽ ʶˉʾˉʶʵˇ ˍ˖˄ ɾɲɳ όˋˎ˄ʶ˔ʷˌύ ˁʰʽ ʱˊʰ ʶʾ˄ʰʽ 

ʷ˄ʰ ˉˊˈʲ˂ʹ˃ʰ ˃ʰʻʹ˃ʰˍʽˁʺˌ ʰ˄ʱ˂ˎˋʹˌ ˁʰʽ ˈ˔ʽ ʰˊʽʻ˃ʹˍʽˁʺˌΦ  

3.3 ɥʀʃʋɿʋʇʋɾʚʀʏ ʔɻʇʗʍʖʎʂʏ ʎʐʂ ɿʅʀʌɻʒʙ 

ɳ˅ ʰʽˍʾʰˌ ˍʹˌ ʶʴʴʶ˄ˇˏˌ ʰ˒ʰʾˊʶˋʹˌΣ ʶʾ˄ʰʽ ˋ˔ʶˍʽˁʱ ʶˏˁˇ˂ˇ ˄ʰ ˉʶˊʽʴˊʰ˒ˇˏ˄ ˇʽ ˃ʷʻˇʵˇʽ 

˂ʶʾʰ˄ˋʹˌ ˍ˖˄ ʵʽʶˉʰ˒˗˄ ˍˈˋˇ ˋˍˇ ʶˉʾˉʶʵˇ ˍʹˌ ʷ˄˄ˇʽʰˌΣ ˈˋˇ ˁʰʽ ˋˍˇ ʰ˂ʴˇˊʽʻ˃ʽˁˈΦ 

ʅˍʹ ˋˎ˄ʷ˔ʶʽʰ ˍʹˌ ˎˉˇʶ˄ˈˍʹˍʰˌ ˉʰˊˇˎˋʽʱʸˇ˄ˍʰʽ ʶˉˍʱ ˃ʷʻˇʵˇʽ ˃ʶ ˍʹ˄ ˎ˕ʹ˂ˇˏ 

ʶˉʽˉʷʵˇˎ ʰ˂ʴˇˊʽʻ˃ʽˁʺ ˍˇˎˌ ˉʶˊʽʴˊʰ˒ʺΦ ɱʽʰ ˂ˈʴˇˎˌ ʰˉ˂ˈˍʹˍʰˌ ˋˍʹ˄ ˉʰˊˇˎˋʾʰˋʹ 

ˍ˖˄ ʰ˂ʴˇˊʾʻ˃˖˄ ʻʶ˖ˊˇˏ˃ʶ ˃ˈ˄ˇ ˃ˇ˄ˇʵʽʱˋˍʰˍˇ όˁʰˍʱ ˃ʺˁˇˌ ˍˇˎ ʱ˅ˇ˄ʰ ˔ύ 

ʵʽʰ˔˖ˊʽˋ˃ˈ ˍˇˎ ˉʶʵʾˇˎΦ ʁˉˈˍʶ ˁʱʻʶ ˎˉˇˉʶʵʾˇ ʷ˔ʶʽ ʵˏˇ ʴˊʰ˃˃ʷˌ ʵʽʶˉʰ˒˗˄ ˃ʶ ˍʰ 

ʵˏˇ ʴʶʽˍˇ˄ʽˁʱ ˎˉˇˉʶʵʾʰΦ ʆˇ ʲʰˋʽˁˈ ˃ˉ˂ˇˁ ˁ˗ʵʽˁʰ ˍ˖˄ ʰ˂ʴˇˊʾʻ˃˖˄ ʶʾ˄ʰʽ ʹ 

ʵʽʰʵʽˁʰˋʾʰ u=solve_pde(ui,dui) ˉˇˎ ˎˉˇ˂ˇʴʾʸʶʽ ˍʹ ˂ˏˋʹ u ʶ˄ˈˌ ˍˇˉʽˁˇˏ ˋʶ ʷ˄ʰ 

ˎˉˇˉʶʵʾˇ ˉˊˇʲ˂ʺ˃ʰˍˇˌ ɾɲɳ ˃ʶ Dirichlet, Neumann  ̋Robin ˇˊʽʰˁʷˌ ˋˎ˄ʻʺˁʶˌ ˋˍʹ 

ʵʽʶˉʰ˒ʺ ˃ʶ ui ˍʽ˃ʺ ˋˍʹ ʵʽʶˉʰ˒ʺ ˁʰʽ dui ˉʰˊʱʴ˖ʴˇ ˋˍʹ ʵʽʶˉʰ˒ʺΦ ʆʰ R ˁʰʽ L 

ˎˉˇʵʶʽˁ˄ˏˇˎ˄ ʵʶ˅ʽʱ ˁʰʽ ʰˊʽˋˍʶˊʱ ˎˉˇˉʶʵʾʰ ʺ ʵʽʶˉʰ˒ʷˌΣ ʰ˄ˍʾˋˍˇʽ˔ʰ ˁʰʽ ˍˇ ό ˍʹ 

˂ˏˋʹ ˍˇˎ ˉˊˇʲ˂ʺ˃ʰˍˇˌ ˉˇˎ ˋ˔ʶˍʾʸʶˍʰʽ ˃ʶ ˍˇ ˎˉˇˉʶʵʾˇ  . 
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ɶ ˃ ʷʻˇʵˇˌ Dirichlet/Neumann Averaging (AVE) 

ɳʾ˄ʰʽ ʷ˄ʰ ʰˉˈ ˍʰ ˉʽˇ ʰˉ˂ʱ ˋ˔ʺ˃ʰˍʰ ˁʰʽ ʰˉˇˍʶ˂ʶʾˍʰʽ ʰˉˈ ʵˏˇ ˉʶˊʱˋ˃ʰˍʰ ʶˉʾ˂ˎˋʹˌ 

ɾɲɳ ˃ʰʸʾ ˃ʶ ʵˏˇ ʲʺ˃ʰˍʰ ˔ʰ˂ʱˊ˖ˋʹˌ ʵʽʶˉʰ˒˗˄Φ ʅˍˇ ˉˊ˗ˍˇ ˉʷˊʰˋ˃ʰ ˍˇ 5ƛǊƛŎƘƭŜǘ 

ˉˊˈʲ˂ʹ˃ʰ ˂ˏ˄ʶˍʰʽ ˋʶ ˈ˂ʰ ˍʰ ˎˉˇˉʶʵʾʰΦ ʅˍʹ ˋˎ˄ʷ˔ʶʽʰ ʹ ʵʽʰʵʽˁʰˋʾʰ ˔ʰ˂ʱˊ˖ˋʹˌ 

˂ʶʽʰʾ˄ʶʽ ˍʽˌ ˉʰˊʰʴ˗ʴˇˎˌ ˁʰˍʱ ˃ʺˁˇˌ ˍ˖˄ ʵʽʶˉʰ˒˗˄ ˎˉˇ˂ˇʴʾʸˇ˄ˍʰˌ ˍʹ˄ ˁʰ˄ˇ˄ʽˁʺ 

ˉʰˊʱʴ˖ʴˇ ˋʰ˄ ʷ˄ʰ ˋˎ˄ʵˎʰˋ˃ˈ ˍ˖˄ ˉˊˇʹʴˇˎ˃ʷ˄˖ˌ ˎˉˇ˂ˇʴʽˋ˃ʷ˄˖˄ ˁʰ˄ˇ˄ʽˁ˗˄ 

ˉʰˊʰʴ˗ʴ˖˄ ˍ˖˄ ʵˏˇ ʴʶʽˍˇ˄ʽˁ˗˄ ˎˉˇˉʶʵʾ˖˄Φ ɮˎˍʷˌ ˇʽ ʶˁˍʽ˃ʺˋʶʽˌ ˔ˊʹˋʽ˃ˇˉˇʽˇˏ˄ˍʰʽ 

ˋˍʹ ˋˎ˄ʷ˔ʶʽʰ ˋʰ˄ ˇˊʽʰˁʷˌ ˋˎ˄ʻʺˁʶˌ ˋˍˇ ʵʶˏˍʶˊˇ ˉʷˊʰˋ˃ʰ ʶˉʾ˂ˎˋʹˌ ɾɲɳΣ ˈˉˇˎ ˍˇ 

ˉˊˈʲ˂ʹ˃ʰ Neumann ʶˉʽ˂ˏʶˍʰʽ ˋʶ ˈ˂ʰ ˍʰ ˎˉˇˉʶʵʾʰΦ ʆˇ ʵʶˏˍʶˊˇ ʲʺ˃ʰ ˔ʰ˂ʱˊ˖ˋʹˌ 

ʰˁˇ˂ˇˎʻʶʾ ˁʰʽ ˎˉˇ˂ˇʴʾʸʶʽ ʶˁˍʽ˃ʺˋʶʽˌ ˍʹˌ ʱʴ˄˖ˋˍʹˌ ˋˎ˄ʱˊˍʹˋʹˌ ˋˍʽˌ ʵʽʶˉʰ˒ʷˌ 

ˉʰʾˊ˄ˇ˄ˍʰˌ ʷ˄ʰ ˋˎ˄ʵˎʰˋ˃ˈ ˍ˖˄ ˉˊˇʹʴˇˎ˃ʷ˄˖ˌ ˎˉˇ˂ˇʴʽˋ˃ʷ˄˖˄ ˂ˏˋʶ˖˄ ˋˍʰ 

ʴʶʽˍˇ˄ʽˁʱ ˎˉˇˉʶʵʾʰΦ ɮˎˍʷˌ ˇʽ ʶˁˍʽ˃ʺˋʶʽˌ ˉˊˈˁʶʽˍʰʽ ˄ʰ ʴʾ˄ˇˎ˄ ʶʾˋˇʵˇʽ ˋˍʹ˄ ʶˉˈ˃ʶ˄ʹ 

ʶˉʰ˄ʱ˂ʹ˕ʹ ˍˇˎ Dirichlet ˉʶˊʱˋ˃ʰˍˇˌΦ ɮˎˍʺ ʹ ˃ʷʻˇʵˇˌΣ ˉˇˎ ˃ˉˇˊʶʾ ˄ʰ ʻʶ˖ˊʹʻʶʾ 

˃ʽʰ ˃ʷʻˇʵˇˌ ʵˏˇ ʲʹ˃ʱˍ˖˄Σ ˉʶˊʽʴˊʱ˒ʶˍʰʽ ʰ˂ʴˇˊʽʻ˃ʽˁʱ ̟ ˌ ʶ˅ʺˌΥ 

 

ˈˉˇˎ ȟᶰ πȟρ ʶʾ˄ʰʽ ˇʽ ˉʰˊʱ˃ʶˍˊˇʽ ˔ʰ˂ʱˊ˖ˋʹˌΦ ʇˉʱˊ˔ʶʽ ʷ˄ʰˌ ʰˊʽʻ˃ˈˌ 

ʻʶ˖ˊʹˍʽˁ˗˄ ˃ʶ˂ʶˍ˗˄ ʴʽʰ ˍʹ ˋˏʴˁ˂ʽˋʹ ˍˇˎ ˉʰˊʰˉʱ˄˖ ˋ˔ʺ˃ʰˍˇˌ ώ60ϐΦ ʃʽˇ 

ˋˎʴˁʶˁˊʽ˃ʷ˄ʰΣ ˋˍˇ ώ55ϐ ˉˊʰʴ˃ʰˍˇˉˇʽʶʾˍʰʽ ʹ ʰ˄ʱ˂ˎˋʹ ˋˏʴˁ˂ʽˋʹˌ ˍʹˌ ˃ʶʻˈʵˇˎ ˋˍˇ 

ʵʽʰ˒ˇˊʽˁˈ ʶˉʾˉʶʵˇ ˔ˊʹˋʽ˃ˇˉˇʽ˗˄ˍʰˌ Hilbert space ˍʶ˔˄ʽˁʷˌΦ ʅˍˇ ώ90ϐ ʹ Galerkin 

ˉʶˉʶˊʰˋ˃ʷ˄˖˄ ˋˍˇʽ˔ʶʾ˖˄ ˃ʷʻˇʵˇˌ ˁʰʽ ʹ ˎʲˊʽʵʽˁʺ ˃ʽˁˍʺ ˉʶˉʶˊʰˋ˃ʷ˄˖˄ ˋˍˇʽ˔ʶʾ˖˄ 

˃ʷʻˇʵˇˌ ˔ˊʹˋʽ˃ˇˉˇʽˇˏ˄̱ ʰʽ ʴʽʰ ˄ʰ ʵ˗ˋˇˎ˄ ʵʽʰˁˊʽˍʷˌ ʶˁʵˇ˔ʷˌ ˍʹˌ ˃ʶʻˈʵˇˎΦ 

ɮ˄ʱ˂ˎˋʹ Fourier ˔ˊʹˋʽ˃ˇˉˇʽʶʾˍʰʽ ˋˍˇ ώ91ϐ ʴʽʰ ˄ʰ ʵ˗ˋʶʽ ʰˁˊʽʲʺ ʰˉˇˍʶ˂ʷˋ˃ʰˍʰ 

ˋˏʴˁ˂ʽˋʹˌ ˁʰʽ ˄ʰ ˎˉˇ˂ˇʴʾˋʶʽ ʲʷ˂ˍʽˋˍʶˌ ˍʽ˃ʷˌ ʴʽʰ ˍʽˌ ˉʰˊʰ˃ʷˍˊˇˎˌ ˔ʰ˂ʱˊ˖ˋʹˌ ˋʶ 

ʰˉ˂ʱ ˉˊˇʲ˂ʺ˃ʰˍʰ ˃ˇ˄ˍʷ˂ʰΦ 

ɶ Geometric (GEO) Contraction Based ˃ʷʻˇʵˇˌ 

ɶ D9h ˎˉˇ˂ˇʴʾʸʶʽ ˍʹ ˄ʷʰ ˂ˏˋʹ ʴʽʰ ˁʱʻʶ ˎˉˇˉʶʵʾˇ ʶˉʽ˂ˏˇ˄ˍʰˌ ʷ˄ʰ Dirichlet 

ˉˊˈʲ˂ʹ˃ʰ ˁʰʽ ˁʰˍʹʴˇˊʽˇˉˇʽʶʾˍʰʽ ˋʰ ˄˃ʾʰ ˃ʷʻˇʵˇˌ ʶ˄ˈˌ ʲʺ˃ʰˍˇˌΦ ʁʽ ˍʽ˃ʷˌ ˋˍʽˌ 

ʵʽʶˉʰ˒ʷˌ ˂ʰ˃ʲʱ˄ˇ˄ˍʰʽ ˉˊˇˋʻʷˍˇ˄ˍʰˌ ˋˍʽˌ ˉʰ˂ʽʷˌ ʷ˄ʰ ʴʶ˖˃ʶˍˊʽˁʱ ˋˍʰʻ˃ʽˋ˃ʷ˄ˇ 

ˋˎ˄ʵˎʰˋ˃ˈ ˍ˖˄ ˁʰ˄ˇ˄ʽˁ˗˄ ˇˊʽʰˁ˗˄ ˉʰˊʰʴ˗ʴ˖˄ ˍ˖˄ ʴʶʽˍˇ˄ʽˁ˗˄ ˎˉˇˉʶʵʾ˖˄Φ ʃʽˇ 

Ὢέὶ Ὧ πȟρȟςȟȣ 
 

¶ ό ίέὰὺὩῂὨὩόὭ „‐ ‖ʗ—‐ ‡“‛“‐ʚ‛ 

¶ ὨόὭ ρ  „‐ ‖ʗ—‐ ―‐“•ʙ 

¶ ό ίέὰὺὩῂὨὩὨόὭ „‐ ‖ʗ—‐ ‡“‛“‐ʚ‛ 

¶ όὭό ρ ό  „‐ ‖ʗ—‐ ―‐“•ʙ 
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ˋˎʴˁʶˁˊʽ˃ʷ˄ʰΣ ˋˍʹ˄ ʶʽˁˈ˄ʰ н ʻʶ˖ˊˇˏ˃ʶ ˃ʽʰ ˃ˇ˄ˇʵʽʱˋˍʰˍʹ ˉʶˊʾˉˍ˖ˋʹ ˁʰʽ ˃ʶ ˍʰ ό 

ˁʰʽ ό  ˍʽˌ ˂ˏˋʶʽˌ ˍ˖˄ ʵʽʰ˒ˇˊʽˁ˗˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˉˇˎ ˋ˔ʶˍʾʸˇ˄ˍʰʽ ˃ʶ ˍˇ ˉʶʵʾˇ 

ʰˊʽˋˍʶˊʱ ˁʰʽ ʵʶ˅ʽʱ ʶ˄ˈˌ ˋʹ˃ʶʾˇˎ ʵʽʶˉʰ˒ʺˌ ɹΣ ʰ˄ˍʾˋˍˇʽ˔ʰΦ ɮˌ ˎˉˇʻʷˋˇˎ˃ʶ ˈˍʽ ʶʾ˄ʰʽ 

ʾˋʶˌ ˋˍˇ ɹ όʰ˄ ˈ˔ʽΣ ˃ˉˇˊˇˏ˃ʶ ˄ʰ ˉʱˊˇˎ˃ʶ ˍˇ ˃ʷˋˇ ˈˊˇ ˍˇˎˌ ˋˍˇ ɹύ ʰ˂˂ʱ ˇʽ ˁ˂ʾˋʶʽˌ 

ˍˇˎˌ ʵʶ˄ ˍʰʽˊʽʱʸˇˎ˄Σ ʶˁˍˈˌ ˁʰʽ ʰ˄ ˉˊˇˋʻʷˋˇˎ˃ʶ ʷ˄ʰ˄ ˈˊˇ ʵʽˈˊʻ˖ˋʹˌ m, ˈˉ˖ˌ 

ʰ˄ʰˉʰˊʾˋˍʰˍʰʽ ʴˊʰ˒ʽˁʱ ˋˍʹ˄ ʶʽˁˈ˄ʰ мΦ ɱʽʰ ˄ʰ ˎˉˇ˂ˇʴʾˋˇˎ˃ʶ ˍˇ m ̒ ʶ˖ˊˇˏ˃ʶ ˍʰ ʵˏˇ 

ˍˊʾʴ˖˄ʰ ɹɮɰ ˁʰʽ CDI ˍ˖˄ ˇˉˇʾ˖˄ ˍʰ ˏ˕ʹ Ὤ ˁʰʽ Ὤ ʵʾ˄ˇ˄ˍʰʽ ˉˇ˂˂ʰˉ˂ʰˋʽʱʸˇ˄ˍʰˌ ˍʹ˄ 

ʰ˄ˍʾˋˍˇʽ˔ʹ ʶ˒ʰˉˍˇ˃ʷ˄ʹ όʺ ʽˋˇʵˏ˄ʰ˃ʰ ˍʹ˄ ˁʰ˄ˇ˄ʽˁʺ ˉʰˊʱʴ˖ʴˇύ ˃ʶ ˍʹ ʲʱˋʹ ˍˇˎ 

ˍˊʽʴ˗˄ˇˎΦ ʆʰ ύ  ˁʰʽ ύ  ʶʾ˄ʰʽ ˍʰ ˉ˂ʱˍʹ ˉˇˎ ʻʶ˖ˊˇˏ˃ʶ ʴʽʰ ˍʹ˄ ʶʴˁˎˊˈˍʹˍʰ ˍ˖˄ 

ˁ˂ʾˋʶ˖˄ Ὓ ˁʰʽ ὛΣ ʰ˄ˍʾˋˍˇʽ˔ʰ ˋˍˇ ɹΦ ɾˉˇˊˇˏ˄ ˄ʰ ʶˉʽ˂ʶʴˇˏ˄ ʰˎʻʰʾˊʶˍʰ ʺ ˄ʰ ˉʰʾ˅ˇˎ˄ 

ˍˇ ˊˈ˂ˇ ˃ʽʰˌ ˉʰˊʰ˃ʷˍˊˇˎ ˔ʰ˂ʱˊ˖ˋʹˌ ˉˇˎ ˃ˉˇˊʶʾ ˄ʰ ʰ˂˂ʱʸʶʽ ʵˎ˄ʰ˃ʽˁʱ ʰˉˈ 

ʶˉʰ˄ʱ˂ʹ˕ʹ ˋʶ ʶˉʰ˄ʱ˂ʹ˕ʹΦ ʁʽ ˄ʷʶˌ ˍʽ˃ʷˌ ˍ˖˄ ʵʽʶˉʰ˒˗˄ ˃ˉˇˊˇˏ˄ ˍ˗ˊʰ ˄ʰ 

ˎˉˇ˂ˇʴʽˋˍˇˏ˄ ˉˊˇˋʻʷˍˇ˄ˍʰˌ ʷ˄ʰ ˋˍʰʻ˃ʽˋ˃ʷ˄ˇ ˃ʷˋˇ ˈˊˇ ˍ˖˄ ˎ˕˗˄ ˋˍʽˌ ˉʰ˂ʽʷˌ 

ˍʽ˃ʷˌ ˍ˖˄ ʵʽʶˉʰ˒˗˄Φ ɮ˒ʰʽˊʶˍʽˁʱΣ ʹ ˉʶˊʽʴˊʰ˒ʶʾˋʰ ˃ˇˊ˒ʺ ˔ʰ˂ʱˊ˖ˋʹˌ ˃ˉˇˊʶʾ ˄ʰ 

ʶʽʵ˖ʻʶʾ ˋʰ ˄ʰ ˍˊʰʲʱ˃ʶ ˍʽˌ ˋˎ˄ʰˊˍʺˋʶʽˌ ό ˁʰʽ ό  ʰˉˈ ˍˇ ˋʹ˃ʶʾˇ ɹ ˁʰʽ ˁʰˍʱ m ˉˊˇˌ 

ˍʰ ˉʱ˄˖ ˃ʷ˔ˊʽ ˄ʰ ʴʾ˄ˇˎ˄ ˋˎ˄ʶ˔ʶʾˌ ˇʽ ˉʰˊʱʴ˖ʴˇʾ ˍˇˎˌΦ 

 

ɳʽˁˈ˄ʰ 2: ʁ ˃ʹ˔ʰ˄ʽˋ˃ˈˌ ˔ʰ˂ʱˊ˖ˋʹˌ ˍʹˌ ˃ʶʻˈʵˇˎ D9h 

ɶ GEO ˃ ˉˇˊʶʾ ʰ˂ʴˇˊʽʻ˃ʽˁʱ ˄ʰ ʰˉˇʵˇʻʶʾ ˖ˌ ʶ˅ʺˌΥ 

 

ɶ ʻʶ˖ˊʹˍʽˁʺ ʰ˄ʱ˂ˎˋʹ ˍʹˌ ˃ʶʻˈʵˇˎ ˍˈˋˇ ˋˍˇ ˋˎ˄ʶ˔ʷˌ όʵʽʰ˒ˇˊʽˁˈύ ˈˋˇ ˁʰʽ ˋˍˇ 

ʵʽʰˁˊʽˍˈ όʴˊʰ˃˃ʽˁʺˌ ʱ˂ʴʶʲˊʰˌύ ʶˉʾˉʶʵˇ ʴʽʰ ˍʹ˄ ʶˉʾ˂ˎˋʹ ʶ˂˂ʶʽˉˍʽˁ˗˄ ʵʽʰ˒ˇˊʽˁ˗˄ 

ʶ˅ʽˋ˗ˋʶ˖˄ ˉʰˊˇˎˋʽʱʸʶˍʰʽ ˋˍˇ ώ65ϐΦ ɳˁʶʾ ʰˉˇʵʶʽˁ˄ˏʶˍʰʽ ʹ ˋˏʴˁ˂ʽˋʹ ˍʹˌ ˃ʶʻˈʵˇˎ ʴʽʰ 

˃ˇ˄ˇʵʽʱˋˍʰˍʰ ˉˊˇʲ˂ʺ˃ʰˍʰΦ ɶ ˉʶˊʽˇ˔ʺ ˋˏʴˁ˂ʽˋʹˌ ˁʰʽ ˇʽ ʲʷ˂ˍʽˋˍʶˌ ˍʽ˃ʷˌ ʴʽʰ ˍʽˌ 

Ὢέὶ Ὧ πȟρȟςȟȣ 
 

¶ όὭ „‐ ‖ʗ—‐ ―‐“•ʙ 

¶ ό ίέὰὺὩῂὨὩόὭ  „‐ ‖ʗ—‐ ‡“‛“‐ʚ‛ 
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ˉʰˊʰ˃ʷˍˊˇˎˌ ˔ʰ˂ʱˊ˖ˋʹˌ ˁʰʻˇˊʾʸˇ˄ˍʰʽ ʴʽʰ ˉˊˇʲ˂ʺ˃ʰˍʰ ˃ˇ˄ˍʷ˂ʰΦ ɮˊʽʻ˃ʹˍʽˁʱ 

ʵʶʵˇ˃ʷ˄ʰ ʴʽʰ ˃ˇ˄ˇʵʽʱˋˍʰˍʰ ˁʰʽ ʵʽˋʵʽʱˋˍʰˍʰ ˉˊˇʲ˂ʺ˃ʰˍʰ ˉˇˎ ʶˉʽʲʶʲʰʽ˗˄ˇˎ˄ ˍʰ 

ʻʶ˖ˊʹˍʽˁʱ ʰˉˇˍʶ˂ʷˋ˃ʰˍʰΣ ʵʽʶˊʶˎ˄ˇˏ˄ ˍʹ˄ ʰˉˇˍʶ˂ʶˋ˃ʰˍʽˁˈˍʹˍʰ ˍʹˌ ˃ʶʻˈʵˇˎ ˁʰʽ 

ʵʽʰ˒˖ˍʾʸˇˎ˄ ˍʰ ˔ʰˊʰˁˍʹˊʽˋˍʽˁʱ ˍʹˌ ˉʰˊˇˎˋʽʱʸˇ˄ˍʰʽ ʶˉʾˋʹˌΦ 

ɶ ˃ ʷʻˇʵˇˌ Newton (NEW) 

ɾʽʰ ʰˁˈ˃ʰ ˄ʷʰ ʽʵʷʰ ʶʾ˄ʰʽ ʹ ˔ˊʺˋʹ ˍʹˌ ʵʽʰˁˊʽˍʺˌ ˃ʶʻˈʵˇˎ Newton ʴʽʰ ˍʹ˄ 

ʰ˄ʰ˄ʷ˖ˋ́  ˍ˖˄ ˍʽ˃˗˄ ̀ ˍʹ ʵʽʶˉʰ˒ʺ ˋˏ˃˒˖˄ʰ ˃ʶ ˍʹ˄ ʰˁˈ˂ˇˎʻʹ ʵʽʰʵʽˁʰˋʾʰΥ 

ʙ  ȡ  ῲ― Ὥ ρȟςȟ

‘ʗ’†‐‐ †―‟ ό ȟό  † ‐„―ʘ‟ ‖― ‡“‛‗ʝ•“‐― ‟―†„
ό

ὼ
ȟ
ό

ὼ
  

ʙ  ȡ  “‛‗ʝ―„‐ †  ―‖  ʡ„†‐ „‐ ʝ‗‐‟ †―‟ ―‐“•ʘ‟ ’ ʘ…‛‡‘‐ȡ 

 ό   ό  π 

ό

ὼ
ό   

ό

ὼ
ό  π 

ʙ  ȡ ῴ•ʗ”‘‛„‐ ”‘‘―‖‛“‛ʚ–„– ― ’ ‐“―‗ʞ„‐―‟ “”‛„‐―„†―‖ʗ †―‟ ‐‚―„ʡ„‐―‟ȡ 

ό   ό  π 

ό

ὼ
ό ρ



ό

ό

ὼ
  

ό

ὼ
ό ρ



ό

ό

ὼ
  π 

ʙ  ȡ  ”‛„ʘ―„‐ †―‟ ʗ’ʘ‟ȡ”‛•― ‐‘ ‟‡‛ʡ”“ ‟‐†„ 



ό

ό

ὼ

ό
ὼ

ό
ὼ

ό ό
ὃ 



ό

ό

ὼ

ό
ὼ

ό
ὼ

ό ό
ὃ  

ʙ  ȡ Ώʞ„‐  ―‖  ‟‛”“ ‟ 

  ό ό π 

ὃ ὃ
ό

ὼ

ό

ὼ
 

˗ˋˍʶ    Ⱦὃ ὃ Ȣ  
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ʁʽ ˍʽ˃ʷˌ ˍ˖˄  ˁʰʽ  ʶ˅ʰˊˍ˗˄ˍʰʽ ʰˉˈ ˍʽˌ Õ ˁʰʽ Õ ʴʽʰ ˈ˂ʶˌ ˍʽˌ ʵʽʰ˒ˇˊʽˁʷˌ 

ʶ˅ʽˋ˗ˋʶʽˌ ˉʰˊʰˉʱ˄˖Φ ʅˍˇ ˉ˄ʶˏ˃ʰ ˍʹˌ ˉʰˊʰˉʱ˄˖ ʵʽʰʵʽˁʰˋʾʰˌΣ ʹ ˃ʷʻˇʵˇˌ b9² 

˃ˉˇˊʶʾ ˄ʰ ˉʶˊʽʴˊʰ˒ʶʾ ˖ˌ ʶ˅ʺˌΥ 

 

ɲʶ˄ ˎˉʱˊ˔ʶʽ ʴʶ˄ʽˁʺ ʰ˄ʱ˂ˎˋʹ ˋˏʴˁ˂ʽˋʹˌ ʴʽʰ ʰˎˍˈ ˍˇ ˄ʷˇ ʶ˄ˈˌ ʲʺ˃ʰˍˇˌ ˋ˔ʺ˃ʰ ˉˇˎ 

ʵʶ˄ ˉʶˊʽ˂ʰ˃ʲʱ˄ʶʽ ˉʰˊʰ˃ʷˍˊˇˎˌ ˔ʰ˂ʱˊ˖ˋʹˌΦ ɮ˂˂ʱ ˈˉ˖ˌ ˇʽ ˉʶˊʽˋˋˈˍʶˊʶˌ 

ʶ˒ʰˊ˃ˇʴʷˌ ˍʹˌ ˃ʶʻˈʵˇˎ bŜǿǘƻƴ ʰ˄ʰ˃ʷ˄ʶˍʰʽ ˄ʰ ˋˎʴˁ˂ʾ˄ʶʽ ˉˇ˂ˏ ʴˊʺʴˇˊʰ ˋʶ ˁʱˉˇʽʰ 

ʴʶ̔ˍˇ˄ʽʱ ˍʹˌ ˉˊʰʴ˃ʰˍʽˁʺˌ ˂ˏˋʹˌΦ 

ɶ ˃ ʷʻˇʵˇˌ Robin Relaxation (ROB) 

ɾʽʰ ʰˁˈ˃ʰ ʰˉ˂ˇˏˋˍʶˊʹ ˃ʷʻˇʵˇˌ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ ʶʾ˄ʰʽ ʰˎˍʺ ˉˇˎ ʲʰˋʾʸʶˍʰʽ 

ˋˍʽˌ ˇˊʽʰˁʷˌ ˋˎ˄ʻʺˁʶˌ wƻōƛƴ ʴʽʰ ˄ʰ ˃ʶˍʰʵ˗ˋʶʽ ˉ˂ʹˊˇ˒ˇˊʾʰ ʵʽʰ˃ʷˋˇˎ ˍ˖˄ ˇˊʾ˖˄ 

ˍ˖˄ ˎˉˇˉʶʵʾ˖˄Φ ʃˊˇˍʱʻʹˁʶ ʰˊ˔ʽˁʱ ˋˍˇ ώ54] ˁʰʽ ʰ˄ʰ˂ˏʻʹˁʶ ʰˊʴˈˍʶˊʰ ˋˍ ̌ [92]. 

ɳˉʽ˂ˏʶˍʰʽ ʹ ˍˇˉʽˁʺ ɾɲɳ ˋˍʰ ˎˉˇˉʶʵʾʰ ˔ˊʹˋʽ˃ˇˉˇʽ˗˄ˍʰˌ ˋˎ˄ʻʺˁʶˌ wƻōƛƴ ˋˍʽˌ 

ʴˊʰ˃˃ʷˌ ˍ˖˄ ʵʽʶˉʰ˒˗˄ ʰ˄ˍʽˋˍˇʽ˔ʾʸˇ˄ˍʰˌ ʷ˄ʰ ˋˎ˄ʵˎʰˋ˃ˈ 5ƛǊƛŎƘƭŜǘ ˁʰʽ bŜǳƳŀƴƴ 

ʵʶʵˇ˃ʷ˄˖˄ ʰˉˈ ˍʰ ʴʶʽˍˇ˄ʽˁʱ ˎˉˇˉʶʵʾʰΦ 

Ὢέὶ Ὧ ςȟσȟτȣ 
 

¶ ɤʞʎʀ ʐʅʏ ɿʅʋʍʃʡʎʀʅʏ  
 ʡ’ȡ•“‐― ’† ‘–†„ʝ †‛ „ʞ“ 

o ό   ό  π 

o ό   ό  π 

¶ όὭ όὭ  ʙ•“‐― ‐—ʗ‖ ‐„ 

¶ ό ίέὰὺὩῂὨὩόὭ  „‐ ‖ʗ—‐ ‡“‛“‐ʚ‛ 
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ɳʵ˗ ˍˇ ˂ ʶʾ˄ʰʽ ˃ʽʰ ˉʰˊʱ˃ʶˍˊˇˌ ˔ʰ˂ʱˊ˖ˋʹˌΦ ɶ ˋˏʴˁ˂ʽˋʹ ʰˎˍʺˌ ˍʹˌ ˃ʶʻˈʵˇˎ 

ʰ˄ʰ˂ˏʻʹˁʶ ˋˍˇ ώ54ϐ ˋˍˇ ʵʽʰ˒ˇˊʽˁˈ ʶˉʾˉʶʵˇ ˎˉˇʻʷˍˇ˄ˍʰˌ ʰˎʻʰʾˊʶˍʶˌ ʰˉˇˋˎ˄ʻʷˋʶʽˌ 

ˁʰʽ ˔ˊʹˋʽ˃ˇˉˇʽ˗˄ˍʰˌ ʶˁˍʽ˃ʺˋʶʽˌ ζʶ˄ʷˊʴʶʽʰˌηΦ ʁ ˁʰʻˇˊʽˋ˃ˈˌ ʰˉˇʵˇˍʽˁ˗˄ ʶˉʽ˂ˇʴ˗˄ 

ʴʽʰ ˍˇ ˂ ʶʾ˄ʰʽ ʷ˄ʰ ʰ˄ˇʽ˔ˍˈ ˉˊˈʲ˂ʹ˃ʰΦ ʃʰˊʰ˂˂ʰʴʷˌ ˍʹˌ ˉʰˊʰˉʱ˄˖ ˃ʶʻˈʵˇˎ ʷ˔ˇˎ˄ 

ʶ˃˒ʰ˄ʽˋˍʶʾ ˍʶ˂ʶˎˍʰʾʰ ˋˍʹ ʲʽʲ˂ʽˇʴˊʰ˒ʾʰΦ ʃʽˇ ˋˎʴˁʶˁˊʽ˃ʷ˄ʰ ˋˍˇ ώ93] ˃ʽʰ ʲʰˋʽˋ˃ʷ˄ʹ 

ˋʶ !5L ˉʰˊʰ˂˂ʰʴʺ ʴʽʰ ˍʹ˄ ʶˉʽˍʱ˔ˎ˄ˋʹ ˍʹˌ ˋˏʴˁ˂ʽˋʹˌ ˍˇˎ ˋ˔ʺ˃ʰˍˇˌ wh. ˉˊˇˍʶʾ˄ʶˍʰʽ 

ˁʰʽ ʰ˄ʰ˂ˏʶˍʰʽΦ ɾʽʰ ˉʰˊʰ˂˂ʰʴʺ ˍʹˌ wh., ˉˇˎ ʶˉʶˁˍʶʾ˄ʶʽ ˍʹ˄ ʶ˒ʰˊ˃ˇʴʺ ˍʹˌ ˁʰʽ ˍʹ˄ 

ʰˉʶ˂ʶˎʻʶˊ˗˄ʶʽ ʰˉˈ ˍˇ ˉˊˈʲ˂ʹ˃ʰ ˍʹˌ ʵʽʰˋˍʰˏˊ˖ˋʹˌ ˋʹ˃ʶʾˇˎ, ʵʽʰˍˎˉ˗˄ʶˍʰʽ ˁʰʽ 

ʰ˄ʰ˂ˏʶˍʰʽ ˋˍˇ ώ94ϐΦ ɾʽʰ ʰˁˈ˃ʰ ˉʰˊʰ˂˂ʰʴʺ ˉˇˎ ˔ˊʹˋʽ˃ˇˉˇʽʶʾ ˁʰʽ ˍʽˌ ʶ˒ʰˉˍˇ˃ʶ˄ʽˁʷˌ 

ˉʰˊʰʴ˗ʴˇˎˌ ʶˁˍˈˌ ʰˉˈ ˍʹ˄ ˁʰ˄ˇ˄ʽˁʺ ˉʰˊʱʴ˖ʴˇ ʴʽʰ ˍʹ ˂ʶʾʰ˄ˋʹ ʵʾ˄ʶˍʰʽ ˋˍˇ ώ95] 

ˈˉˇˎ ʲʷ˂ˍʽˋˍʶˌ ˍʽ˃ʷˌ ʴʽʰ ˍʽˌ ˉʰˊʰ˃ʷˍˊˇˎˌ ˔ʰ˂ʱˊ˖ˋʹˌ ˂ʰ˃ʲʱ˄ˇ˄ˍʰʽ ʴʽʰ ʷ˄ʰ 

ˉˊˈʲ˂ʹ˃ʰ ˃ˇ˄ˍʷ˂ˇΦ 

ɶ ˃ ʷʻˇʵˇˌ Schur Complement (SCO) 

ɮ˄ʱ˃ʶˋʰ ˋˍʽˌ ˉˊ˗ˍʶˌ ʵʽʰʵʽˁʰˋʾʶˌ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ ˉˇˎ ˍˊʱʲʹ˅ʰ˄ ˍʹ˄ 

ˉˊˇˋˇ˔ʺ ˍ˖˄ ʶˊʶˎ˄ʹˍ˗˄ ʶʾ˄ʰʽ ʰˎˍʺ ˉˇˎ ʰ˄ʰ˂ˏʶˍʰʽ ˋˍˇ ώ50ϐΦ ɳ˄ʰ˂˂ʱˋˋʶʽ Dirichlet 

ˁʰʽ Neumann ̀ ˎ˄ʻʺˁʶˌ ʵʽʶˉʰ˒˗˄ ˋˍˇ ˔˗ˊˇ ˁʰʽ ˃ˉˇˊʶʾ ˄ʰ ˉʶˊʽʴˊʰ˒ʶʾ ˖ˌ ʶ˅ʺˌΥ 

Ὢέὶ Ὧ πȟρȟςȟȣ 

 ‐ ‖ʗ—‐ ‡“‛“‐ʚ‛ ‗ʞ„‐ȡ 

 

¶ ὒό Ὢɴ   ‘‐ 

¶ ‗ό

‗ό „†–’ ”―„†‐”ʙ ―‐“•ʙ †‛‡ ‡“‛“‐ʚ‛‡ 

¶ ‗ό

‗ό  ‡‛ʚ‐“‛“‡ ‡‛† ʙ•“‐― ʗ―‚‐ –†„
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ɳʵ˗ ˍˇ ʻόɴлΣмύ ʶʾ˄ʰʽ ˃ʽʰ ˉʰˊʱ˃ʶˍˊˇˌ ˔ʰ˂ʱˊ˖ˋʹˌΦ ɶ ʰ˄ʱ˂ˎˋʹ ˋˏʴˁ˂ʽˋʹˌ ˋˍˇ 

ʵʽʰ˒ˇˊʽˁˈ ʶˉʾˉʶʵˇ ʴʽʰ ˍʹ˄ ˉʶˊʾˉˍ˖ˋʹ ˍʹˌ ʶ˅ʾˋ˖ˋʹˌ Helmholtz ˃ʶ ʵˏˇ ˃ʶˍʰʲ˂ʹˍʷˌ 

ˁʰʽ ˃ˇ˄ˇʵʽʱˋˍʰˍʶˌ ʰˉˇˋˎ˄ʻʷˋʶʽˌ ˋˍˇ ʵʽʰ˒ˇˊʽˁˈ ʶˉʾˉʶʵˇ ʵʾ˄ʶˍʰʽ ˋˍˇ ώ50ϐ ˃ʰʸʾ ˃ʶ 

ʶˁ˒ˊʱˋʶʽˌ ˉˇˎ ˇʵʹʴˇˏ˄ ˋʶ ʲʷ˂ˍʽˋˍʶˌ ˍʽ˃ʷˌ ʴʽʰ ˍˇ ʻΦ ɳˉʾˋʹˌΣ ʵʾ˄ʶˍʰʽ ˃ʽʰ ˃ʷʻˇʵˇˌ ʴʽʰ 

˄ʰ ˁʰʻˇˊʾʸˇ˄ˍʰʽ ʵˎ˄ʰ˃ʽˁʱΣ ˋʶ ˁʱʻʶ ʶˉʰ˄ʱ˂ʹ˕ʹΣ ˍʽ˃ʷˌ ʴʽʰ ˍˇ ʻ ʴʽʰ ˍʹ ˒ʰˋ˃ʰˍʽˁʺ 

ˉˊˇˋʷʴʴʽˋʹ ˋˎ˄ʶʴˁʰˍʱˋˍʰˋʹˌ ˍ˖˄ ʵʽʰ˒ˇˊʽˁ˗˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ Φ ɶ SCO ʶʾ˄ʰʽ ʹ ˃ˈ˄ʹ 

ˍʶ˔˄ʽˁʺ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ ˉˇˎ ʷ˔ʶʽ ˃ʷ˔ˊʽ ˍ˗ˊʰ ʶˉʶˁˍʰʻʶʾ ʶˉʽˍˎ˔˗ˌ ˁʰʽ 

ʶ˒ʰˊ˃ˇˋˍʶʾ ˋʶ ˍʷˍʰˊˍʹˌ ˍʱ˅ʹˌ ʶ˂˂ʶʽˉˍʽˁʱ ˉˊˇʲ˂ʺ˃ʰˍʰ ώ51]. 

ɶ ˃ ʷʻˇʵˇˌ Shooting (SHO) 

ɶ ˋˎʴˁʶˁˊʽ˃ʷ˄ʹ ˃ʷʻˇʵˇˌ ˉˊˇˍʶʾ˄ʶˍʰʽ ˋˍˇ ώ52ϐΣ ˈˉˇˎ ˁʰʽ ʵʽʰˍˎˉ˗˄ʶˍʰʽ ʰˊ˔ʽˁʱ ʴʽʰ 

˃ˇ˄ˇʵʽʱˋˍʰˍʰ ˉˊˇʲ˂ʺ˃ʰˍʰ ˇˊʽʰˁ˗˄ ˋˎ˄ʻʹˁ˗˄Φ ʃˊʰʴ˃ʰˍˇˉˇʽʶʾ ˍʰʽ ʶˉʾˋʹˌ ʹ 

ʰ˄ʱ˂ˎˋʹ ˋˏʴˁ˂ʽˋʺˌ ˍʹˌ ˁʰʽ ʲʷ˂ˍʽˋˍʶˌ ˍʽ˃ʷˌ ʴʽʰ ˍʽˌ ˉʰˊʰ˃ʷˍˊˇˎˌ ˔ʰ˂ʱˊ˖ˋʹˌ 

ʲˊʾˋˁˇ˄ˍʰʽ ʴʽʰ ˉˊˇʲ˂ʺ˃ʰˍʰ ˃ˇ˄ˍʷ˂ʰΦ ɶ ʲʰˋʽˁʺ ʽʵʷʰ ʶʾ˄ʰʽ ʹ ˋˏ˄ʵʶˋʹ ˍ˖˄ 

ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˋˍʰ ˎˉˇˉʶʵʾʰ ʶˉʽ˂ˏˇ˄ˍʰˌ ˍʹ˄ ʶ˂˂ʶʽˉʺ ʶ˅ʾˋ˖ˋʹ ὈόὭ ḳ

π ˋˍʽˌ ʵʽʶˉʰ˒ʷˌ ˔ˊʹˋʽ˃ˇˉˇʽ˗˄ˍʰˌ ʷ˄ʰ ˋ˔ʺ˃ʰ ˋˍʰʻʶˊˇˏ ˋʹ˃ʶʾˇˎ (Picard) ʴʽʰ 

ˍʹ˄ ʰˉˈˁˍʹˋʹ ˍ˖˄ ˄ʷ˖˄ ˍʽ˃˗˄Φ 

Ὢέὶ Ὧ πȟρȟςȟȣ 
 

¶ όρ όȟ όρ —ό ρ — ό  

¶ ό ίέὰὺὩῂὨὩόρȟόρ  
¶ Ὢέὶ Ὥ ςȟȣȟὴ ρ 

o ὨόὭ  

o όὭ —ό ρ —ό  

o ό ίέὰὺὩῂὨὩόὭȟὨόὭ 

¶ όὴ όȟὨόὴ  

¶ ό ίέὰὺὩῂὨὩόὴȟὨόὴ 
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ɶ ˃ ʷʻˇʵˇˌ ̱ ˇˎ Steklov-PoincarŞ ̱ʁ ˂ʶˋˍʺ (NEW) 

ɶ ˋˎʴˁʶˁˊʽ˃ʷ˄ʹ ˃ʷʻˇʵˇˌ ʰ˄ʰ˒ʷˊʻʹˁʶ ʰˊ˔ʽˁʱ ˋˍˇ ώроϐΣ ʰ˂˂ʱ ʰ˄ʰ˂ˏʻʹˁʶ ʰˉˈ ˍʹ˄ 

ˇˉˍʽˁʺ ˍˇˎ preconditioning ˃ˈ˄ˇΦ ʋˊʹˋʽ˃ˇˉˇʽʶʾ ˍˇ˄ ˍʶ˂ʶˋˍʺ Steklov-PoincarŞ ɹ̔ ʰ ˄ʰ 

ʶˁˍʶ˂ʷˋʶʽ ˍʹ˄ ʵʽʰʵʽˁʰˋʾʰ ˂ʶʾʰ˄ˋʹˌ ˍ˖˄ ˁʰ˄ˇ˄ʽˁ˗˄ ˉʰˊʰʴ˗ʴ˖˄ ˋˍʽˌ ʵʽʶˉʰ˒ʷˌΦ ɳʾ˄ʰʽ 

˃ʽʰ ˃ʷʻˇʵˇˌ ʵˏˇ ʲʹ˃ʱˍ˖˄ ˉˇˎ ˉʶˊʽʴˊʱ˒ʶˍʰʽ ʰˉˈ ˍˇ˄ ʰˁˈ˂ˇˎʻˇ ʰ˂ʴˈˊʽʻ˃ˇ: 

 

ɮˉˈ ˍʹ˄ ˇˉˍʽˁʺ ˍʹˌ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ ʵʶ˄ ˎˉʱˊ˔ˇˎ˄ ʻʶ˖ˊʹˍʽˁʱ 

ʰˉˇˍʶ˂ʷˋ˃ʰˍʰ ʴʽʰ ˍʹ ˃ʷʻˇʵˇ SPO. 

σȢτ ɞʌʚʇʋɾʋʏ 

ɾʾʰ ˋˏ˄ˍˇ˃ʹ ˃ʶ˂ʷˍʹ ʰ˅ʽˇ˂ˈʴʹˋʹˌ ʰˉˈʵˇˋʹˌ ˍ˖˄ ˃ʶʻˈʵ˖˄ ˃ˉˇˊʶʾ ˄ʰ ʲˊʶʻʶʾ ˋˍˇ 

[64ϐ ˈˉˇˎ ˉʰˊˇˎˋʽʱʸˇ˄ˍʰʽ ˁʰʽ ˋˎʸʹˍˇˏ˄ˍʰʽ ʰˊʽʻ˃ʹˍʽˁʱ ʵʶʵˇ˃ʷ˄ʰ ʴʽʰ ˃ˇ˄ˇʵʽʱˋˍʰˍʰ 

ˉˊˇʲ˂ʺ˃ʰˍʰΦ ʆʰ ˉˊˇʲ˂ʺ˃ʰˍʰ ʰˎˍʱ ˃ˉˇˊʶʾ ˄ʰ ʻʶ˖ˊʹʻˇˏ˄ ˉˇ˂ˏ ʰˉ˂ʱ ʴʽʰ ˄ʰ ʷ˔ˇˎ˄ 

ˉˊʰˁˍʽˁʺ ʰ˅ʾʰΣ ʰ˂˂ʱ ˇ ˉʶʽˊʰ˃ʰˍʽˋ˃ˈˌ ˃ʰʸʾ ˍˇˎˌ ʰ˄ʷʵʶʽ˅ʶ ʵʽʱ˒ˇˊʶˌ ˉ˂ʶˎˊʷˌ ˍʹˌ 

˒ˏˋʹˌ ˍ˖˄ ˃ʶʻˈʵ˖˄ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺΦ ʆʰ ˉˇʽˇˍʽˁʱ ˍˇˎˌ ˔ʰˊʰˁˍʹˊʽˋˍʽˁʱ 

˒ʰʾ˄ˇ˄ˍʰʽ ˋˍˇ˄ ˉʾ˄ʰˁʰ мΦ ɶ ˍʰ˔ˏˍʹˍʰ ˋˏʴˁ˂ʽˋʹˌΣ ˈˉ˖ˌ ˒ʰʾ˄ʶˍʰʽ ˃ˉˇˊʶʾ ˄ʰ ʶʾ˄ʰʽ 

˔ʰ˃ʹ˂ʺΣ ˃ʷˋʹ ʺ ˎ˕ʹ˂ʺΦ ʁʽ ʶˉʰ˄ʰ˂ʺ˕ʶʽˌ ˃ˉˇˊˇˏ˄ ˄ʰ ˉˊˇˋʶʴʴʾʸˇˎ˄ ˍʹ˄ ˉˊʰʴ˃ʰˍʽˁʺ 

˂ˏˋʹ ˃ˇ˄ˈˍˇ˄ʰ ʺ ˈ˔ʽ ˁʰʽ ˃ˉˇˊʶʾ ˄ʰ ˎˉʱˊ˔ˇˎ˄ ˃ʾʰΣ ʵˏˇ ʺ ˁʰ˃ʾʰ ˉʰˊʱ˃ʶˍˊˇʽ  

˔ʰ˂ʱˊ˖ˋʹˌ ʴʽʰ ˄ʰ ʶˉʽˍʰ˔ˏ˄ˇˎ˄ ˍʹ ˋˏʴˁ˂ʽˋʹΦ ɼʱˉˇʽʶˌ ˃ʷʻˇʵˇʽ ʶʾ˄ʰʽ ʶ˄ˈˌ ʲʺ˃ʰˍˇˌΣ 

Ὢέὶ Ὧ πȟρȟςȟȣ 
 

¶ ό ίέὰὺὩῂὨὩόὭ „‐ ‖ʗ—‐ ‡“‛“‐ʚ‛ 

¶ ὨόὭ „‐ ‖ʗ—‐ ―‐“•ʙ 

¶ ό ίέὰὺὩῂὨὩὨόὭ ὒό π „‐ ‖ʗ—‐ ‡“‛“‐ʚ‛ 

¶ όὭόὭ ό ό  

 

Ὢέὶ Ὧ πȟρȟςȟȣ 
 

¶ ὥ „‐ ‖ʗ—‐ ―‐“•ʙ 

¶ όὭ όὭ  ὈόὭ  „‐ ‖ʗ—‐ ―‐“•ʙ 

¶ ό ίέὰὺὩῂὨὩόὭ  „‐ ‖ʗ—‐ ‡“‛“‐ʚ‛ 
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ʱ˂˂ʶˌ ˈ˔ʽ ˁʰʽ ˁʱˉˇʽʶˌ ˔ˊʹˋʽ˃ˇˉˇʽˇˏ˄ ʽˋˍˇˊʾʰ όʹ ˁʰʽ˄ˇˏˊʴʽʰ ˍʽ˃ʺ ˋˍʹ ʵʽʶˉʰ˒ʺ 

ʽˋˇˏˍʰʽ ˃ʶ ˍʹ˄ ˉʰ˂ʽʱ ˋˎ˄ ʷ˄ʰ˄ ˈˊˇ ʵʽˈˊʻ˖ˋʹˌύΣ ʶ˄˗ ʱ˂˂ʶˌ ˈ˔ʽΦ 

 ʆʰ˔ˏˍʹˍʰ ɾˇ˄ˇˍˇ˄ʽˁˈˍ
ʹˍʰ 
ʅˏʴˁ˂ʽˋʹˌ 

ɮˊʽʻ˃ˈˌ 
ʃʰˊʰ˃ʷˍˊ
˖  ˄

ɲʽʰʻʷˋʽ˃ʹ 
ɸʶ˖ˊʾʰ 

ɹˋˍˇˊʾʰ ɳ˄ˈˌ 
ɰʺ˃ʰˍˇˌ 

AVE ɾʷˋʹ ʂ˔ʽ 2 ɽʾʴʹ ʂ˔ʽ ʂ˔ʽ 

GEO ɾʷˋʹ ɿʰʽ 2 ɽʾʴʹ ɿʰʽ ɿʰʽ 

NEW ɾʷˋʹ ʂ˔ʽ ɼʰ˃ʾʰ ʂ˔ʽ ɿʰʽ ɿʰʽ 

ROB ʋʰ˃ʹ˂ʺ ʂ˔ʽ 1 ɽʾʴʹ ʂ˔ʽ ɿʰʽ 

SCO ɾʷˋʹ ʂ˔ʽ 1 ɽʾʴʹ ɿʰʽ ʂ˔ʽ 

SHO ɾʷˋʹ ɿʰʽ ɼʰ˃ʾʰ ɽʾ ʴʹ ɿʰʽ ɿʰʽ 

SPO ʇ˕ʹ˂ʺ ɿʰʽ 1 ʂ˔ʽ ɿʰʽ ʂ˔ʽ 
ʃʾ˄ʰˁʰˌ 1Υ ɹʵʽˈˍʹˍʶˌ ˍ˖˄ ʶˉˍʱ ˃ʶʻˈʵ˖˄ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ 

ʆʰ ʲʰˋʽˁʱ ˋˎ˃ˉʶˊʱˋ˃ʰˍʰ ˉˇˎ ˉˊˇˁˏˉˍˇˎ˄ ʰˉˈ ʰˎˍʺ ˍʹ ˋˎʴˁˊʽˍʽˁʺ ʰ˄ʱ˂ˎˋʹ ʶʾ˄ʰʽ 

ˈˍʽ ˎˉʱˊ˔ˇˎ˄ ʰˊˁʶˍʷˌ ˃ʷʻˇʵˇʽ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ ˉˇˎ ʵʶʾ˔˄ˇˎ˄ ˈˍʽ ʷ˔ˇˎ˄ ˍʽˌ 

ʵˎ˄ʰˍˈˍʹˍʶˌ ˄ʰ ʵˇˎ˂ʷ˕ˇˎ˄ ʰˉˇʵˇˍʽˁʱ ˁʰʽ ˈˍʽ ˃ʷ˄ˇˎ˄ ʰˁˈ˃ʰ ˉˇ˂˂ʱ ˄ʰ ˃ʱʻˇˎ˃ʶ ʴʽʰ 

ˍʹ ˋˎ˃ˉʶˊʽ˒ˇˊʱ ˍˇˎˌ ˁʰʽ ʴʽʰ ˍˇ ˉ˗ˌ ˄ʰ ʵʽʰ˂ʷʴˇˎ˃ʶ ʰ˄ʱ˃ʶˋʱ ˍˇˎˌ ˍʹ˄ ˁʰˍʱ˂˂ʹ˂ʹΣ 

ʰ˂˂ʱ ˁʰʽ ˍˇ ˉ˗ˌ ˄ʰ ʵʽʰ˂ʷʴˇˎ˃ʶ ̱ ʽˌ ˉʰˊʰ˃ʷˍˊˇˎˌ ˍˇˎˌΦ 

ʅˍʹ˄ ˉʰˊˇˏˋʰ ʵʽˉ˂˖˃ʰˍʽˁʺ ʹ ˃ʷʻˇʵˇˌ ˉˇˎ ʻʰ ˎ˂ˇˉˇʽʺˋˇˎ˃ʶ ʶʾ˄ʰʽ ʹ GEO ʴʽʰˍʾ 

ʶʾ˄ʰʽ ˃ʾʰ ʰˉˈ ʰˎˍʷˌ ˉˇˎ ʷ˔ˇˎ˄ ˉˇ˂ˏ ˁʰ˂ʱ ˔ʰˊʰˁˍʹˊʽˋˍʽˁʱΣ ˈˉ˖ˌ ˃ˇ˄ˇˍˇ˄ʽˁˈˍʹˍʰ 

ˋˍʹ ˋˏʴˁ˂ʽˋʹΣ ˔ˊʺˋʹ ʽˋˍˇˊʾʰˌ όʹ ˁʰʽ˄ˇˏˊʴʽʰ ˍʽ˃ʺ ˋˍʹ ʵʽʶˉʰ˒ʺ ʽˋˇˏˍʰʽ ˃ʶ ˍʹ˄ ˉʰ˂ʽʱ 

ˋˎ˄ ʷ˄ʰ˄ ˈˊˇ ʵʽˈˊʻ˖ˋʹˌύ ˁʰʽ ˍˇ ˈˍʽ ʶʾ˄ʰʽ ʶ˄ˈˌ ʲʺ˃ʰˍˇˌΦ ɳˉʾˋʹˌ ʴʽʰˍʾ ʴʽʰ ˍʹ GEO 

ˎˉʱˊ˔ʶʽ ˃ʽʰ ˉˊˈˋ˒ʰˍʹ ˎ˂ˇˉˇʾʹˋʹ ώ65ϐ ˃ʶ ˍʹ˄ ˇˉˇʾʰ ˃ˉˇˊˇˏ˃ʶ ˄ʰ ˋˎʴˁˊʾ˄ˇˎ˃ʶ ˍʹ ˄

ˉˊˇˍʶʽ˄ˈ˃ʶ˄ʹ ˎ˂ˇˉˇʾʹˋʹΦ ɶ ˎ˂ˇˉˇʾʹˋʹ ʲʷʲʰʽʰ ˁʰʽ ˍ˖˄ ˎˉˈ˂ˇʽˉ˖˄ ʷ˅ʽ ˃ʶʻˈʵ˖˄ ˋˍˇ 

ˉʶˊʽʲʱ˂˂ˇ˄ ʶˉʾ˂ˎˋʹˌ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˉˇ˂˂ʰˉ˂˗˄ ˉʶʵʾ˖˄κ ˉˇ˂˂ʰˉ˂˗˄ ˒ˎˋʽˁ˗˄ ˉˇˎ 

ˎ˂ˇˉˇʽˇˏ˃ʶ ʶʾ˄ʰʽ ˋˍʰ ʱ˃ʶˋʰ ˃ʶ˂˂ˇ˄ˍʽˁʱ ˃ʰˌ ˋ˔ʷʵʽʰΦ 
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4 ɫʞɾʔʍʋʉʀʏ ʑʌʋʇʋɾʅʎʐʅʆʘʏ ɻʍʔʅʐʀʆʐʋʉʅʆʘʏ 

4Ȣρ ɞʅʎɻɾʖɾʙ 

ɼʰˍʱ ˍʹ˄ ˍʶ˂ʶˎˍʰʾʰ ʵʶˁʰʶˍʾʰ ʹ ʰˊ˔ʽˍʶˁˍˇ˄ʽˁʺ ˍ˖˄ ˋˎˋˍˇʽ˔ʽ˗˄ ˎˉˇ˂ˇʴʽˋˍ˗˄ 

ό/ƭǳǎǘŜǊǎύ ʰ˄ʰʵʶʾ˔ʻʹˁʶ ˁʰʽ ˁʰʻʽʶˊ˗ʻʹˁʶ ˖ˌ ʹ ˉ˂ʷˇ˄ ˁʰˍʱ˂˂ʹ˂ʹ ˉ˂ʰˍ˒ˈˊ˃ʰ ʴʽʰ ˍʹ˄ 

ʶˉʾ˂ˎˋʹ ˎˉˇ˂ˇʴʽˋˍʽˁʱ ʰˉʰʽˍʹˍʽˁ˗˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄Σ ʴʶʴˇ˄ˈˌ ˉˇˎ ˁʰˍʰʵʶʽˁ˄ˏʶˍʰʽ ˁʰʽ 

ʰˉˈ ˍʹ˄ ˉʰˊʰˁˇ˂ˇˏʻʹˋʹ ˍʹˌ ʻʷˋʹˌ ˉˇˎ ˁʰˍʷ˔ʶʽ ˋʶ ʰˎˍˈ ˍˇ ˔ˊˇ˄ʽˁˈ ʵʽʱˋˍʹ˃ʰ ʹ 

ʰˊ˔ʽˍʶˁˍˇ˄ʽˁʺ ˍ˖˄ /ƭǳǎǘŜǊǎ ʰ˄ʱ˃ʶˋʰ ˋˍʰ рлл ʽˋ˔ˎˊˈˍʶˊʰ ˎˉˇ˂ˇʴʽˋˍʽˁʱ ˋˎˋˍʺ˃ʰˍʰ 

ˉʰʴˁˇˋ˃ʾ˖ˌΦ ʃˊˈˋ˒ʰˍʰΣ ʹ ˋʹ˃ʰ˄ˍʽˁʺ ˋˍˊˇ˒ʺ ˋˍˇ˄ ˍˇ˃ʷʰ ˍˇˎ ˋ˔ʶʵʽʰˋ˃ˇˏ ˍ˖˄ 

ˋˏʴ˔ˊˇ˄˖˄ ʶˉʶ˅ʶˊʴʰˋˍ˗˄Σ ˉˇˎ ˇʵʺʴʹˋʶ ˋˍʹ˄ ʰˏ˅ʹˋʹ ˍˇˎ ʶ˄ ʵˎ˄ʱ˃ʶʽ 

ˉʰˊʰ˂˂ʹ˂ʽˋ˃ˇˏ ˋˍˇ ˉ˂ʰʾˋʽˇ ʶ˄ˈˌ ʶˉʶ˅ʶˊʴʰˋˍʺΣ ˃ʶ ˍʹ˄ ʶʽˋʰʴ˖ʴʺ ˍ˖˄ ʶˉʶ˅ʶˊʴʰˋˍ˗˄ 

ˉˇ˂˂ʰˉ˂˗˄ ˉˎˊʺ˄˖˄Σ ʰ˄ʰ˃ʷ˄ʶˍʰʽ ˋˏ˄ˍˇ˃ʰ ˄ʰ ˇʵʹʴʺˋʶʽ ˋˍʹ˄ ˁʰˍʰˋˁʶˎʺ 

ˋˎˋˍˇʽ˔ʽ˗˄ ˃ʶ ʶˉʶ˅ʶˊʴʰˋˍʷˌ ˍʹˌ ˍʱ˅ʹˌ ˍ˖˄ ʶˁʰˍˇ˄ˍʱʵ˖˄ ˉˎˊʺ˄˖˄ ό/ƭǳǎǘŜǊǎ ƻŦ 

Many-cores). 

ʁʽ ʶ˅ʶ˂ʾ˅ʶʽˌ ʰˎˍʷˌ ˋˍʹ˄ ʰˊ˔ʽˍʶˁˍˇ˄ʽˁʺ ˍ˖˄ ˋˎˋˍʹ˃ʱˍ˖˄ ˎ˕ʹ˂ʺˌ ʶˉʾʵˇˋʹˌΣ ʽʵʽʰʾˍʶˊʰ 

ˋʹ˃ʰ˄ˍʽˁʷˌ ˋʶ ʶˉʾˉʶʵˇ ˎ˂ʽˁˇˏΣ ʰ˄ʰ˃ʷ˄ˇ˄ˍʰʽ ʰˁˈ˃ʹ ˉʽˇ ˁʰʻˇˊʽˋˍʽˁʷˌ ˋˍˇ ʶˉʾˉʶʵˇ 

ˍˇˎ ˂ˇʴʽˋ˃ʽˁˇˏΦ ʆˇ ˂ˇʴʽˋ˃ʽˁˈ ˉˇˎ ʻʰ ˉˊˇˇˊʾʸʶˍʰʽ ʴʽʰ ˍʹ˄ ʶˉʾ˂ˎˋʹ ˎˉˇ˂ˇʴʽˋˍʽˁʱ 

ʵˏˋˁˇ˂˖˄ ʶ˒ʰˊ˃ˇʴ˗˄ ˋˍʰ ˋˏʴ˔ˊˇ˄ʰ /ƭǳǎǘŜǊǎ ʻʰ ˉˊʷˉʶʽ ˄ʰ ʶʾ˄ʰʽ ˋʶ ʻʷˋʹ ˄ʰ 

ʰ˅ʽˇˉˇʽʶʾ ˍˇ˄ ˉʰˊʰ˂˂ʹ˂ʽˋ˃ˈ ˉˇˎ ʴʾ˄ʶˍʰʽ ʵʽʰʻʷˋʽ˃ˇˌ ˃ʷˋ˖ ˍˇˎ ˎ˂ʽˁˇˏ ˋʶ ʵʽʰʵˇ˔ʽˁʱ 

ʶˉʾˉʶʵʰΣ ʰˉˈ ˍˇ ʶˉʾˉʶʵˇ ˍˇˎ ʶˉʶ˅ʶˊʴʰˋˍʺ ʷ˖ˌ ˍˇ ʶˉʾˉʶʵˇ ʵʽʰˋˎ˄ʵʶʵʶ˃ʷ˄˖˄ 

ˋˎˋˍˇʽ˔ʽ˗˄ ˃ʷˋ˖ ˍ˖˄ DǊƛŘǎ ˁʰʽ ˍ˖˄ /ƭƻǳŘǎΦ 

ʅˍˇ ˉʶʵʾˇ ˍ˖˄ ˎˉˇ˂ˇʴʽˋˍʽˁ˗˄ ˉ˂ʶʴ˃ʱˍ˖˄ όDǊƛŘǎύ ʹ ʷˊʶˎ˄ʰ ˍ˖˄ ˍʶ˂ʶˎˍʰʾ˖˄ ˔ˊˈ˄˖˄ 

ʷ˔ʶʽ ˇʵʹʴʺˋʶʽ ˋˍʹ˄ ʰ˄ʱˉˍˎ˅ʹ ˂ˇʴʽˋ˃ʽˁˇˏ ˉ˂ʷʴ˃ʰˍˇˌ ˋʹ˃ʰ˄ˍʽˁʱ ʲʶ˂ˍʽ˖˃ʷ˄ˇˎ ˋʶ 

ˋ˔ʷˋʹ ˃ʶ ˍʽˌ ˉˊ˗ˍʶˌ ʶˁʵˈˋʶʽˌ ˉˇˎ ʶ˃˒ʰ˄ʾˋˍʹˁʰ˄ ˋˍʽˌ ʰˊ˔ʷˌ ˍˇˎ нлллΦ ʆʰ 

ˉʶˊʽʲʱ˂˂ˇ˄ˍʰ DǊƛŘ ʶʾ˄ʰʽ ʰˎˍʺ ˍʹ ˋˍʽʴ˃ʺ ˋʶ ʻʷˋʹ ˄ʰ ʶ˄ˇˉˇʽˇˏ˄ ˃ʶ ˉʽˇ ʶˎʷ˂ʽˁˍˇΣ ˉʽˇ 

ʰˉˇʵˇˍʽˁˈ ˁʰʽ ˂ʽʴˈˍʶˊˇ ˉˇ˂ˏˉ˂ˇˁˇ ˍˊˈˉˇ ˍˇˎˌ ʶˍʶˊˈˁ˂ʹˍˇˎˌ ˎˉˇ˂ˇʴʽˋˍʽˁˇˏˌ 

ˉˈˊˇˎˌ ˉˇˎ ˍʾʻʶ˄ˍʰʽ ˉˊˇˌ ʵʽʱʻʶˋʹ ˋʶ ʷ˄ʰ ʴʶ˖ʴˊʰ˒ʽˁʱ ˁʰˍʰ˄ʶ˃ʹ˃ʷ˄ˇ DǊƛŘΦ  

ʆʰˎˍˈ˔ˊˇ˄ʰΣ ʹ ˉˊˈˋ˒ʰˍʹ ʰ˄ʱˉˍˎ˅ʹ ˁʰʽ ˉˊˇˍˎˉˇˉˇʾʹˋʹ ˍ˖˄ ʵʽʰʵʽˁˍˎʰˁ˗˄ 

ˎˉʹˊʶˋʽ˗˄ όǿŜō ǎŜǊǾƛŎŜǎύ ʷ˔ʶʽ ˋˎ˄ʵˊʱ˃ʶʽ ˋʹ˃ʰ˄ˍʽˁʱ ˋˍʹ˄ ʶˏ˔ˊʹˋˍʹ ˁʰʽ 

ˇ˃ˇʽˈ˃ˇˊ˒ʹ ʵʽʱʻʶˋʹ ˍ˖˄ ˎˉˇ˂ˇʴʽˋˍʽˁ˗˄ ˉˈˊ˖˄ ˉˇˎ ʲˊʾˋˁˇ˄ˍʰʽ ʵʽʰʻʷˋʽ˃ˇʽ ˋˍˇ 

ˉ˂ʰʾˋʽˇ ˍ˖˄ ʶˁʱˋˍˇˍʶ DǊƛŘǎΣ ˃ʷˋ˖ ˍ˖˄ ˎˉˇʵˇ˃˗˄ ˍ˖˄ /ƭƻǳŘǎΦ ɶ ʵʽʱʻʶˋʹ ˍʹˌ 

˂ʶʽˍˇˎˊʴʽˁˈˍʹˍʰˌ ˁʰʽ ˍ˖˄ ˎˉˇ˂ˇʴʽˋˍʽˁ˗˄ ˉˈˊ˖˄ ˍ˖˄ /ƭǳǎǘŜǊǎΣ ˍ˖˄ DǊƛŘǎΣ ˁʰʽ ˍ˖˄ 

ʵʽʰ˒ˈˊ˖˄ ˎˉˇʵˇ˃˗˄ ʵʶʵˇ˃ʷ˄˖˄ ό5ŀǘŀ /ŜƴǘŜǊǎύ ˃ʶ ˍʹ ˃ˇˊ˒ʺ ˎˉʹˊʶˋʽ˗˄ ˋˍˇ 

ˉ˂ʰʾˋʽˇ ˍ˖˄ /ƭƻǳŘǎΣ ʷ˔ʶʽ ʰˉ˂ˇˉˇʽʺˋʶʽ ˋʹ˃ʰ˄ˍʽˁʱ ˍʹ˄ ʰ˅ʽˇˉˇʾʹˋʹ ʰˎˍ˗˄ ˍ˖˄ ˉˈˊ˖˄Φ 
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4.2 Clusters 

4.2.1 ɞʒɻʍʈʋɾʘʏ ʐʖʉ clusters  

ʃʰˊʱ ˍʹ ˊʰʴʵʰʾʰ ʶ˅ʷ˂ʽ˅ʹ ˍ˖˄ ˎˉˇ˂ˇʴʽˋˍ˗˄Σ ʶ˅ʰˁˇ˂ˇˎʻˇˏ˄ ˄ʰ ˎˉʱˊ˔ˇˎ˄ 

ˎˉˇ˂ˇʴʽˋˍʽˁʱ ˉˊˇʲ˂ʺ˃ʰˍʰ ˃ʶ ʰˎ˅ʹ˃ʷ˄ʶˌ ʰˉʰʽˍʺˋʶʽˌ ˋʶ ʶˉʶ˅ʶˊʴʰˋˍʽˁʺ ʽˋ˔ˏΣ ˃˄ʺ˃ʹ 

ˁʰʽ ˍʰ˔ˏˍʹˍʰ ʶʽˋˈʵˇˎκʶ˅ˈʵˇˎ ˁʰʽ ʴʽʰ ˍˇ˄ ˂ˈʴˇ ʰˎˍˈ ˉʰˊʰ˃ʷ˄ˇˎ˄ ʱ˂ˎˍʰ ʺ ʵˏˋˁˇ˂ʰ 

ʶˉʽ˂ˏˋʽ˃ʰΦ ʆˇ ʶˊʶˎ˄ʹˍʽˁˈ ˉˊˈʴˊʰ˃˃ʰ Iigh Performance and Communications 

(HPCC ς ʇˉˇ˂ˇʴʽˋ˃ˈˌ ˁʰʽ ɳˉʽˁˇʽ˄˖˄ʾʶˌ ʇ˕ʹ˂ʺˌ ɳˉʾʵˇˋʹˌύ ˉˊˇˋʵʽˈˊʽˋʶ ˇˊʽˋ˃ʷ˄ʶˌ 

ˉʶˊʽˇ˔ʷˌ ʶ˒ʰˊ˃ˇʴ˗˄ ˍʷˍˇʽˇˎ ˍˏˉˇˎ ˃ʶ ˋˉˇˎʵʰʾʰ ˇʽˁˇ˄ˇ˃ʽˁʺ ˁʰʽ ˁˇʽ˄˖˄ʽˁʺ 

ˋʹ˃ʰˋʾʰΦ ʃʰˊʰʵʶʾʴ˃ʰˍʰ ˍʷˍˇʽ˖˄ ʶ˒ʰˊ˃ˇʴ˗˄ ʰˉˇˍʶ˂ˇˏ˄ ʹ ˍʶ˔˄ˇ˂ˇʴʾʰ ˃ʰʴ˄ʹˍʽˁʺˌ 

ˁh ˍʰʴˊʰ˒ʺˌΣ ʹ ˂ˇʴʽˁʺ ˋ˔ʶʵʾʰˋʹ ˒ʰˊ˃ʱˁ˖˄Σ ˇʽ ˃ʶˍʰ˒ˇˊʷˌ ˎ˕ʹ˂ʺˌ ˍʰ˔ˏˍʹˍʰˌΣ ʹ 

˔ʹ˃ʽˁʺ ˁʰˍʱ˂ˎˋʹΣ ʹ ˃ˇ˄ˍʶ˂ˇˉˇʾʹˋʹ ˖ˁʶʰ˄˗˄Σ ʹ ˃ʶʾ˖ˋʹ ˍˇˎ ˈʸˇ˄ˍˇˌΣ ʹ ˕ʹ˒ʽʰˁʺ 

ʰ˄ʰˍˇ˃ʾʰΣ ʹ ʰˍ˃ˇˋ˒ʰʽˊʽˁʺ ˊˏˉʰ˄ˋʹΣ ʹ ˋ˔ʶʵʾʰˋʹ ˉˊ˖ˍʶʿ˄ʽˁ˗˄ ʵˇ˃˗˄ ˁʰʽ ʹ 

ˁʰˍʰ˄ˈʹˋʹ ʶʽˁˈ˄ʰˌΦ 

ɱʽʰ ˍʹ˄ ʶˉʾ˂ˎˋʹ ˍʷˍˇʽ˖˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄Σ ˇʽ ˎˉʱˊ˔ˇ˄ˍʶˌ ˋˎ˃ʲʰˍʽˁˇʾ ˎˉˇ˂ˇʴʽˋˍʷˌ 

ʷ˔ˇˎ˄ ʰˉˇʵʶʽ˔ʻʶʾ ʰ˄ʶˉʰˊˁʶʾˌΦ ʅˎ˄ʶˉ˗ˌΣ ʴʽʰ ˍʹ˄ ʰ˄ˍʽ˃ʶˍ˗ˉʽˋʺ ˍˇˎˌΣ 

˔ˊʹˋʽ˃ˇˉˇʽˇˏ˄ˍʰʽ ˉˇ˂ˎʶˉʶ˅ʶˊʴʰˋˍʽˁʱ ˎˉˇ˂ˇʴʽˋˍʽˁʱ ˋˎˋˍʺ˃ʰˍʰΣ ˉʰˊʱ˂˂ʹ˂ʰ ʺ 

ˁʰˍʰ˄ʶ˃ʹ˃ʷ˄ʰΦ ʍˋˍˈˋˇΣ ˍʰ ˍʶ˂ʶˎˍʰʾʰ ˔ˊˈ˄ʽʰ ˁʶˊʵʾʸˇˎ˄ ʷʵʰ˒ˇˌ ˎ˂ˇˉˇʽʺˋʶʽˌ ˉˇˎ 

ʲʰˋʾʸˇ˄ˍʰʽ ˋˍʹ˄ ʽʵʷʰ ˍʹˌ ˋˎ˄ʶˊʴʰˋʾʰˌ ˉˇ˂˂˗˄ ˎˉˇ˂ˇʴʽˋˍ˗˄ ʴʽʰ ˍʹ˄ ʶˉʾ˂ˎˋʹ ʶ˄ˈˌ 

ˉˊˇʲ˂ʺ˃ʰˍˇˌΦ ʅˎ˄ʶˉ˗ˌΣ ˁʰʽ ʴʽʰ ˂ˈʴˇˎˌ ˉˇˎ ˉʰˊˇˎˋʽʱʸˇ˄ˍʰʽ ˉʰˊʰˁʱˍ˖Σ 

ˉʰˊˇˎˋʽʱʸʶˍʰʽ ʰˎ˅ʹ˃ʷ˄ˇ ʶ˄ʵʽʰ˒ʷˊˇ˄ ʴʽʰ ˍʰ ŎƭǳǎǘŜǊǎΣ ˖ˌ ʶ˄ʰ˂˂ʰˁˍʽˁʱ ˋˎˋˍʺ˃ʰˍʰ 

ˎ˕ʹ˂ʺˌ ʶˉʾʵˇˋʹˌΦ 

ɳˁˍˈˌ ʰˉˈ ˍʽˌ ʶ˒ʰˊ˃ˇʴʷˌ ˉˇˎ ʰ˄ʰ˒ʷˊʻʹˁʰ˄ ˄˖ˊʾˍʶˊʰ ˁʰʽ ˇʽ ˇˉˇʾʶˌ ˉˊˇʷˊ˔ˇ˄ˍʰʽ 

ˁˎˊʾ˖ˌ ʰˉˈ ˍˇ˄ ˔˗ˊˇ ˍˇˎ ʶˉʽˋˍʹ˃ˇ˄ʽˁˇˏ ˎˉˇ˂ˇʴʽˋ˃ˇˏΣ ʹ ˔ˊʺˋʹ ŎƭǳǎǘŜǊǎ ʰˉˇˁˍʱ 

ˇ˂ˇʷ˄ʰ ˁʰʽ ˉʶˊʽˋˋˈˍʶˊʹ ʰˉˇʵˇ˔ʺ ˋˍʹ˄ ˉʶˊʽˇ˔ʺ ˍ˖˄ ʶ˄ˋ˖˃ʰˍ˖˃ʷ˄˖˄ ˋˎˋˍʹ˃ʱˍ˖˄ 

ˉˊʰʴ˃ʰˍʽˁˇˏ ˔ˊˈ˄ˇˎ ˁʰʽ ʽʵʽʰʾˍʶˊʰ ˋʶ ʶ˒ʰˊ˃ˇʴʷˌ ʵʽʰˋˍʹ˃ʽˁʺˌΣ ʶˉʶ˅ʶˊʴʰˋʾʰˌ 

ˋʺ˃ʰˍˇˌ ˁʰʽ ˍʹ˂ʶˉʽˁˇʽ˄˖˄ʽ˗˄Φ ʆʷ˂ˇˌ ʵʽʰˉʽˋˍ˗˄ʶˍʰʽ ˇ˂ˇʷ˄ʰ ˁʰʽ ʰˎ˅ʰ˄ˈ˃ʶ˄ʹ ˔ˊʺˋʹ 

ŎƭǳǎǘŜǊǎ ʴʽʰ ˍʹ˄ ʰ˄ʱˁʰ˃˕ʹ ʰˉˈ ˋ˒ʱ˂˃ʰˍʰ όŦŀƛƭ-ƻǾŜǊύΣ ˍʹ˄ ʶˉʾˍʶˎ˅ʹ ˎ˕ʹ˂ʺˌ 

ʵʽʰʻʶˋʽ˃ˈˍʹˍʰˌ όƘƛƎƘ ŀǾŀƛƭŀōƛƭƛǘȅύΣ ˁʰʻ˗ˌ ˁʰʽ ˍʹ˄ ʶ˅ʽˋˇˊˊˈˉʹˋʹ ˒ˇˊˍʾˇˎ όƭƻŀŘ 

balaƴŎƛƴƎύΣ ʽʵʽˈˍʹˍʶˌ ʽʵʽʰʾˍʶˊʰ ˔ˊʺˋʽ˃ʶˌ ˋʶ ˉˇ˂ˎˋˏ˔˄ʰˋˍˇˎˌ ʵʽˁˍˎʰˁˇˏˌ ˍˈˉˇˎˌΦ 

4.2.2 ɨʍʅʎʈʝʏ ʐʖʉ clusters  

ʁ ˋˎ˄ʵˎʰˋ˃ˈˌ ʽʵʶ˗˄ ʰˉˈ ˍʰ ˉʰˊʱ˂˂ʹ˂ʰ ˋˎˋˍʺ˃ʰˍʰΣ ˈˉ˖ˌ ʹ ˇ˃ʰʵˇˉˇʾʹˋʹ ˉˈˊ˖˄ 

ˎ˂ʽˁˇˏ όˋˎ˔˄ʱ ʴʶ˄ʽˁˇˏ ˋˁˇˉˇˏύΣ ˃ʶ ʷ˄˄ˇʽʶˌ ʰˉˈ ˍʰ ˁʰˍʰ˄ʶ˃ʹ˃ʷ˄ʰ ˋˎˋˍʺ˃ʰˍʰΣ ˈˉ˖ˌ 

ˍˇ ʰ˒ʰʽˊʶˍʽˁˈ ˃ˇ˄ˍʷ˂ˇ ˉʶˊʱˋ˃ʰˍˇˌ ˃ʹ˄ˎ˃ʱˍ˖˄ ˁʰʽ ʹ ˔ˊʺˋʹ ˍ˖˄ ˎˉˇ˂ˇʴʽˋˍʽˁ˗˄ 

ʵˎ˄ʰˍˇˍʺˍ˖˄ ˔ʰ˃ʹ˂ˇˏ ˁˈˋˍˇˎˌ ˉˇˎ ˉˊˇˋ˒ʷˊʶʽ ʹ ʲʽˇ˃ʹ˔ʰ˄ʾʰ ˍ˖˄ ˉˊˇˋ˖ˉʽˁ˗˄ 

ˎˉˇ˂ˇʴʽˋˍ˗˄ ˁʰʽ ˍ˖˄ ʵʽˁˍˏ˖˄Σ ˇʵʺʴʹˋʰ˄ ˋˍʹ˄ ʰ˄ʱˉˍˎ˅ʹ ˍ˖˄ ŎƭǳǎǘŜǊǎΦ ʁʽ ʶ˃ˉˇˊʽˁʷˌ 

ˋˎˋˍʱʵʶˌ ˋˍʰʻ˃˗˄ ʶˊʴʰˋʾʰˌ ˁʰʽ ˍʰ ˋˎˋˍʺ˃ʰˍʰ ˍʹˌ ˍʱ˅ʹˌ .ŜƻǿǳƭŦ ʰˉˇˍʶ˂ˇˏ˄ 
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ˋʺ˃ʶˊʰ ˃ʽʰ ˍʰ˔ˏˍʰˍʰ ʰ˄ʰˉˍˎˋˋˈ˃ʶ˄ʹ ˁʰˍʹʴˇˊʾʰ ˎˉˇ˂ˇʴʽˋˍʽˁ˗˄ ˋˎˋˍʹ˃ʱˍ˖˄ 

ˎ˕ʹ˂ʺˌ ʶˉʾʵˇˋʹˌΦ 

ɾʾʰ ʶ˃ˉˇˊʽˁʺ ˋˎˋˍʱʵʰ όŎƻƳƳƻŘƛǘȅ ŎƭǳǎǘŜǊύ ʶʾ˄ʰʽ ʷ˄ʰ ˍˇˉʽˁˈ ˎˉˇ˂ˇʴʽˋˍʽˁˈ ˋˏˋˍʹ˃ʰ 

ˉˇˎ ʰˉˇˍʶ˂ʶʾˍʰʽ ʰˉˈ ˃ʾʰ ˇ˃ʱʵʰ ʰ˄ʶ˅ʱˊˍʹˍ˖˄ ˎˉˇ˂ˇʴʽˋˍ˗˄ ˁʰʽ ʷ˄ʰ ʵʾˁˍˎˇ ˉˇˎ ˍˇˎˌ 

ʵʽʰˋˎ˄ʵʷʶʽΦ ɾʽʰ ˋˎˋˍʱʵʰ ʶʾ˄ʰʽ ˍˇˉʽˁʺΣ ˃ʶ ˍʹ˄ ʷ˄˄ˇʽʰ ˈˍʽ ˈ˂ʰ ˍʰ ʶˉʾ ˃ʷˊˇˎˌ 

ˋˎˋˍʺ˃ʰˍʰ ˉˇˎ ˍʹ˄ ʰˉˇˍʶ˂ˇˏ˄ ʶˉʽˍʹˊˇˏ˄ˍʰʽ ʶ˄ˍˈˌ ˃ʽʰˌ ʵʽʰ˔ʶʽˊʽˋˍʽˁʺˌ ˉʶˊʽˇ˔ʺˌΦ ʁʽ 

ˎˉˇ˂ˇʴʽˋˍʽˁˇʾ ʰˎˍˇʾ ˁˈ˃ʲˇʽ ʶʾ˄ʰʽ ʶ˃ˉˇˊʽˁˇʾ ˁʰʽ ʱ˃ʶˋʰ ʵʽʰʻʷˋʽ˃ˇʽ όŎƻƳƳŜǊŎƛŀƭ ƻŦŦ 

the self ς /h¢{ύΣ ˁʰʽ ʶʾ˄ʰʽ ʽˁʰ˄ˇʾ ˄ʰ ˂ʶʽˍˇˎˊʴˇˏ˄ ʰ˄ʶ˅ʱˊˍʹˍʰ ˁʰʽ ʰˎˍˈ˄ˇ˃ʰ ʴʽʰ 

ˋˎ˄ʺʻʶʽˌ ˂ʶʽˍˇˎˊʴʾʶˌΦ ʁ ˁʱʻʶ ˁˈ˃ʲˇˌ ˃ˉˇˊʶʾ ˄ʰ ʰˉˇˍʶ˂ʶʾˍʰʽ ʶʾˍʶ ʰˉˈ ʷ˄ʰ˄ 

˃ʽˁˊˇʶˉʶ˅ʶˊʴʰˋˍʺ ʶʾˍʶ ʰˉˈ ˉˇ˂˂ˇˏˌ ˋʶ ˃ʾʰ ˋˎ˃˃ʶˍˊʽˁʺ ˉˇ˂ˎʶˉʶ˅ʶˊʴʰˋˍʽˁʺ 

ˋˏ˄ʻʶˋʹ όǎȅƳƳŜǘǊƛŎ ƳǳƭǘƛǇǊƻŎŜǎǎƻǊ - {atύΦ ʆˇ ʵʽʰˋˎ˄ʵʶˍʽˁˈ ʵʾˁˍˎˇ ˔ˊʹˋʽ˃ˇˉˇʽʶʾ 

ʶ˃ˉˇˊʽˁʷˌ ˁʰʽ ʱ˃ʶˋʰ ʵʽʰʻʷˋʽ˃ʶˌ ˍʶ˔˄ˇ˂ˇʴʾʶˌ ʵʽˁˍˏ˖˄Σ ˍˇˉʽˁ˗˄ όƭocal area network - 

[!bύ ʺ ˉʶˊʽˇ˔ʷˌ ˋˎˋˍʺ˃ʰˍˇˌ όǎȅǎǘŜƳǎ ŀǊŜŀ ƴŜǘǿƻǊƪ ς {!bύΣ ˇʽ ˇˉˇʾʶˌ ʰˉʰˊˍʾʸˇˎ˄ 

ˉˇ˂˂ʷˌ ʰ˄ʶ˅ʱˊˍʹˍʶˌ ʵʽˁˍˎʰˁʷˌ ʵˇ˃ʷˌ ʺ ˃ʾʰ ʽʶˊʰˊ˔ʾʰ ˍʷˍˇʽ˖˄Φ ʆˇ ʵʾˁˍˎˇ ˍˇˎ ŎƭǳǎǘŜǊ 

ʶ˄ˇˉˇʽʶʾ ˍˇˎˌ ˎˉˇ˂ˇʴʽˋˍʽˁˇˏˌ ˍˇˎ ˁˈ˃ʲˇˎˌ ˁʰʽ ʶʾ˄ʰʽ ʵʽʰ˔˖ˊʽˋ˃ʷ˄ˇ ʰˉˈ ˍˇ 

ʶ˅˖ˍʶˊʽˁˈ ˍˇˎ ˉʶˊʽʲʱ˂˂ˇ˄Φ 

ɴ˄ʰ ŎƭǳǎǘŜǊ ˃ˉˇˊʶʾ ˄ʰ ʶʾ˄ʰʽ ˊˎʻ˃ʽˋ˃ʷ˄ˇ ʷˍˋʽ ˗ˋˍʶ ˄ʰ ʶ˅ˎˉʹˊʶˍʶʾ ʵʽʱ˒ˇˊˇˎˌ 

ˋˁˇˉˇˏˌΣ ˈˉ˖ˌ ˎ˕ʹ˂ʺ ˎˉˇ˂ˇʴʽˋˍʽˁʺ ʶˉʾʵˇˋʹ ʴʽʰ ˍʹ˄ ʶˉʾ˂ˎˋʹ ʶ˄ˈˌ ˉˊˇʲ˂ʺ˃ʰˍˇˌΣ 

ˎ˕ʹ˂ʺ ˔˖ˊʹˍʽˁˈˍʹˍʰΣ ʵʽʰ˃ʶˍʰʴ˖ʴʺ ʴʽʰ ʷ˄ʰ ˒ˇˊˍʾˇ ʵʽʶˊʴʰˋʽ˗˄Σ ˎ˕ʹ˂ʺ 

ʵʽʰʻʶˋʽ˃ˈˍʹˍʰ ό˃ʷˋ˖ ˉ˂ʶˇ˄ʰˋ˃ˇˏ ˁˈ˃ʲ˖˄ύ ʺ ˎ˕ʹ˂ˈ ʶˏˊˇˌ ʸ˗˄ʹˌ ό˃ʷˋ˖ ˃ʶʴʱ˂ˇˎ 

ʰˊʽʻ˃ˇˏ ʵʾˋˁ˖˄ ˁʰʽ ˁʰ˄ʰ˂ʽ˗˄ ʶʽˋˈʵˇˎκ ʶ˅ˈʵˇˎύΦ ɴ˄ʰ ˋˏˋˍʹ˃ʰ ˍʹˌ ˍʱ˅ʹˌ .ŜƻǿǳƭŦ 

ό.ŜƻǿǳƭŦ Ŏƭŀǎǎ ǎȅǎǘŜƳύ ʶʾ˄ʰʽ ˃ʾʰ ˋˎˋˍʱʵʰ ˃ʶ ˁˈ˃ʲˇˎˌ ˇʽ ˇˉˇʾˇʽ ʶʾ˄ʰʽ ˉˊˇˋ˖ˉʽˁˇʾ 

ˎˉˇ˂ˇʴʽˋˍʷˌ ʺ ˃ʽˁˊˇʾ ˋˎ˃˃ʶˍˊʽˁˇʾ ˉˇ˂ˎʶˉʶ˅ʶˊʴʰˋˍʽˁˇʾ ˉˊˇˋ˖ˉʽˁˇʾ ˎˉˇ˂ˇʴʽˋˍʷˌΣ 

ʶ˄ˇˉˇʽʹ˃ʷ˄ˇʽ ˃ʶ ʶ˃ˉˇˊʽˁʱ ˁʰʽ ʱ˃ʶˋʰ ʵʽʰʻʷˋʽ˃ʰ ʵʾˁˍˎʰ ˁʰʽ ʵʽʰʻʷˍˇˎ˄ ʷ˄ʰ 

˂ʶʽˍˇˎˊʴʽˁˈ ˋˏˋˍʹ˃ʰ ʰ˄ʱ ˁˈ˃ʲˇΣ ˋˎ˄ʺʻ˖ˌ ʰ˄ˇʽˁˍˇˏ ˁ˗ʵʽˁʰ ˁʰʽ ˍˏˉˇˎ ¦ƴƛȄΦ 

ʅˍʹ˄ ˉ˂ʶʽˇ˕ʹ˒ʾʰ ˍ˖˄ ˋˎˋˍʹ˃ʱˍ˖˄ ˍʷˍˇʽˇˎ ˍˏˉˇˎ ˎˉʱˊ˔ʶʽ ʷ˄ʰˌ ˁˈ˃ʲˇˌ ˎˉʶˏʻˎ˄ˇˌ 

ʴʽʰ ˍʹ˄ ʶˉʰ˒ʺ ˃ʶ ˍˇ˄ ˎˉˈ˂ˇʽˉˇ ˁˈˋ˃ˇ όŦǊƻƴǘ ŜƴŘ ƴƻŘŜύ ˃ʷˋ˖ ˍˇˎ ˇˉˇʾˇˎ 

ˉˊʰʴ˃ʰˍˇˉˇʽʶʾˍʰʽ ˁʰʽ ʹ ˉˊˈˋʲʰˋʹ ˋˍˇˎˌ ˎˉˈ˂ˇʽˉˇˎˌ ˎˉˇ˂ˇʴʽˋˍʷˌΦ ɾʾʰ ˉ˂ʶʽʱʵʰ 

όŎƻƴǎǘŜƭƭŀǘƛƻƴύ ʵʽʰ˒ʷˊʶʽ ʰˉˈ ˃ʾʰ ʶ˃ˉˇˊʽˁʺ ˋˎˋˍʱʵʰ ˋˍˇ ʴʶʴˇ˄ˈˌ ˈˍʽ ˇ ʰˊʽʻ˃ˈˌ ˍ˖˄ 

ʶˉʶ˅ʶˊʴʰˋˍ˗˄ ˋˍˇˎˌ ˋˎ˃˃ʶˍˊʽˁˇˏˌ ˉˇ˂ˎʶˉʶ˅ʶˊʴʰˋˍʷˌ ˍ˖˄ ˁˈ˃ʲ˖˄ ˎˉʶˊʲʰʾ˄ʶʽ ˍˇ˄ 

ʰˊʽʻ˃ˈ ˍ˖˄ ˋˎ˃˃ʶˍˊʽˁ˗˄ ˉˇ˂ˎʶˉʶ˅ʶˊʴʰˋˍ˗˄ ˉˇˎ ʰˉˇˍʶ˂ˇˏ˄ ˍˇ ˋˏˋˍʹ˃ʰΣ ˁʰʻ˗ˌ 

ˁʰʽ ˋˍˇ ʴʶʴˇ˄ˈˌ ˈˍʽ ˍˇ ʵʽʰˋˎ˄ʵʶˍʽˁˈ ˍˇˎˌ ʵʾˁˍˎˇ ʶʾ˄ʰʽ ˉʽʻʰ˄ʱ ʶʽʵʽˁʺˌ ˍʶ˔˄ˇ˂ˇʴʾʰˌ 

ˁʰʽ ˋ˔ʶʵʽʰˋ˃ˇˏΦ ʂˍʰ˄ ˇʽ ʵʽʰˋˎ˄ʵʶʵʶ˃ʷ˄ˇʽ ˎˉˇ˂ˇʴʽˋˍʷˌ ʶʾ˄ʰʽ ˋˍʰʻ˃ˇʾ ʶˊʴʰˋʾʰˌΣ 

ˍˈˍʶ ˃ʽ˂ʱ˃ʶ ʴʽʰ ɲʾˁˍˎˇ ʅˍʰʻ˃˗˄ ɳˊʴʰˋʾʰˌ όbŜǘǿƻǊƪ hŦ ²ƻǊƪǎǘŀǘƛƻƴǎ ς NOW). 

ʆʷ˂ˇˌΣ ʰ˄ʰ˒ʶˊˈ˃ʶ˄ˇʽ ˋˍʹ˄ ˔ˊʺˋʹ ˎˉˇ˂ˇʴʽˋˍʽˁ˗˄ ˉˈˊ˖˄ ʵʽʰʻʷˋʽ˃˖˄ ˃ʷˋ˖ ˍˇˎ 

ʵʽʰʵʽˁˍˏˇˎ ˃ʽ˂ʱ˃ʶ ʴʽʰ ˉ˂ʷʴ˃ʰˍʰ όƎǊƛŘǎύ ˎˉˇ˂ˇʴʽˋˍ˗˄Φ 
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4.2.3 ɩʇʀʋʉʀʆʐʙʈɻʐɻ ʆɻʅ ʈʀʅʋʉʀʆʐʙʈɻʐɻ ʐʖʉ clusters  

ɽʰ˃ʲʱ˄ˇ˄ˍʰˌ ˎˉΩ ˈ˕ʽ˄ ˍʽˌ ˉʰˊʰʵˇˋʽʰˁʷˌ ˉˊˇˋʶʴʴʾˋʶʽˌ ʰˉˈ ˍˇˎˌ ˔˗ˊˇˎˌ ˍʹˌ 

ˉʰˊʱ˂˂ʹ˂ʹˌ ʶˉʶ˅ʶˊʴʰˋʾʰˌ ˁʰʽ ˍ˖˄ ˉʰˊʱ˂˂ʹ˂˖˄ ʰˊ˔ʽˍʶˁˍˇ˄ʽˁ˗˄ ˃ˉˇˊˇˏ˃ʶ ˄ʰ 

ʶ˄ˍˇˉʾˋˇˎ˃ʶ ʰˊˁʶˍʱ ˃ʶʽˇ˄ʶˁˍʺ˃ʰˍʰ ˍ˖˄ ŎƭǳǎǘŜǊǎΦ ɮˉˈ ˍʹ˄ ʶ˃ˉʶʽˊʾʰ ˃ʰˌΣ ʷ˔ˇˎ˃ʶ 

ʵʽʰˉʽˋˍ˗ˋʶʽ ˉˈˋˇ ˁˊʾˋʽ˃ˇʽ ˉʰˊʱʴˇ˄ˍʶˌ ʶʾ˄ʰʽ ʹ ˁʰʻˎˋˍʷˊʹˋʹ ˁʰʽ ˍˇ ʶˏˊˇˌ ʸ˗˄ʹˌ 

ˍˇˎ ʵʽʰˋˎ˄ʵʶˍʽˁˇˏ ʵʽˁˍˏˇˎΣ ˉˈˋˇ ˔ˊʺˋʽ˃ʹ ʶʾ˄ʰʽ ʹ ˁˇʽ˄ˈ˔ˊʹˋˍʹ ˃˄ʺ˃ʹ ˁʰʽ ˉˈˋˇ 

ʰ˄ʰʴˁʰʾˇ ˍˇ ʶ˂ʰ˒ˊˏ ˂ˇʴʽˋ˃ʽˁˈ ʶ˂ʷʴ˔ˇˎΦ ʅʶ ʰˎˍʱ ˍʰ ˋʹ˃ʶʾʰΣ ˍʰ ŎƭǳǎǘŜǊǎ ˎˋˍʶˊˇˏ˄ 

ˋˎʴˁˊʽˍʽˁʱ ˃ʶ ˍʰ ˋˎ˃ʲʰˍʽˁʱ ˉʰˊʱ˂˂ʹ˂ʰ ˋˎˋˍʺ˃ʰˍʰΣ ˈˉˇˎ ˍˇ ʵʽʰˋˎ˄ʵʶˍʽˁˈ ʵʾˁˍˎˇ 

ʶʾ˄ʰʽ ˎ˕ʹ˂ˈˍʶˊ˖˄ ʶˉʽʵˈˋʶ˖˄Σ ʹ ˁˇʽ˄ʺ ˃˄ʺ˃ʹΣ ˇ ˁʰʻˇ˂ʽˁˈˌ ˋˎʴ˔ˊˇ˄ʽˋ˃ˈˌ ˁʰʽ ʹ 

ʵʽʰˍʺˊʹˋʹ ˍʹˌ ˋˎ˄ˇ˔ʺˌ ˍʹˌ ˁˊˎ˒ʺˌ ˃˄ʺ˃ʹˌ ˎ˂ˇˉˇʽˇˏ˄ˍʰʽ ˃ʶ ˎ˂ʽˁˈΣ ˎˉʶˊˍʶˊ˗˄ˍʰˌ 

ˋʶ ˋ˔ʷˋʹ ˃ʶ ˍʹ˄ ʰ˄ˍʾˋˍˇʽ˔ʹ ˎ˂ˇˉˇʾʹˋʹ ˃ʶ ˂ˇʴʽˋ˃ʽˁˈΣ ʶ˄˗ ˍʷ˂ˇˌ ˍˇ ʶʽʵʽˁˇˏ ˍˏˉˇˎ 

˂ˇʴʽˋ˃ʽˁˈ ˉˇˎ ˃ˉˇˊʶʾ ˄ʰ ʶ˂ʷʴ˔ʶʽ ˁʱʻʶ ˁˈ˃ʲˇ ˁʰˍʰ˄ʰ˂˗˄ʶʽ ˂ʽʴˈˍʶˊʹ ˃˄ʺ˃ʹ ˁʰʽ 

ʰ˄ˍʽʵˊʱ ˉʽˇ ʴˊʺʴˇˊʰ ʰˉˈ ˍˇ ˉ˂ʺˊʶˌ ˁʰʽ ʰˎˍˈ˄ˇ˃ˇ ˂ʶʽˍˇˎˊʴʽˁˈ ˋˏˋˍʹ˃ʰ ˉˇˎ 

ʶ˂ʷʴ˔ʶʽ ˁʱʻʶ ˁˈ˃ʲˇ ˍˇˎ ŎƭǳǎǘŜǊΦ ɽˈʴ˖ ˍ˖˄ ˉʰˊʰˉʱ˄˖ ˃ʶʽˇ˄ʶˁˍʹ˃ʱˍ˖˄Σ ˍʰ ŎƭǳǎǘŜǊǎ 

ʰˉˇʵʶʽˁ˄ˏˇ˄ˍʰʽ ʰˁʰˍʱ˂˂ʹ˂ʰ ʴʽʰ ˇˊʽˋ˃ʷ˄ʶˌ ʶ˒ʰˊ˃ˇʴʷˌΦ ʅʶ ˉˇ˂˂ʷˌ ˖ˋˍˈˋˇ 

ˉʶˊʽˉˍ˗ˋʶʽˌΣ ˔ˊʹˋʽ˃ˇˉˇʽ˗˄ˍʰˌ ˄ʷʶˌ ʰ˂ʴˇˊʽʻ˃ʽˁʷˌ ˍʶ˔˄ʽˁʷˌ ˉˇˎ ʵʶ˄ ʶ˅ʰˊˍ˗˄ˍʰʽ 

ˍˈˋˇ ʰˉˈ ˍʹ˄ ʴˊʺʴˇˊʹ ʶˉʽˁˇʽ˄˖˄ʾʰ ˍ˖˄ ˁˈ˃ʲ˖˄Σ ˍʰ ŎƭǳǎǘŜǊǎ ˃ˉˇˊˇˏ˄ ˄ʰ 

ʰ˄ˍʰʴ˖˄ʽˋˍˇˏ˄ ˋʶ ʶˉʽʵˈˋʶʽˌ ˉʰˊʱ˂˂ʹ˂ʰ ˋˎˋˍʺ˃ʰˍʰ ˉˇ˂ˏ ˎ˕ʹ˂ˈˍʶˊˇˎ ˁˈˋˍˇˎˌΦ 

ʆˇ ˋʹ˃ʰ˄ˍʽˁˈˍʶˊˇ ˉ˂ʶˇ˄ʷˁˍʹ˃ʰ ˍ˖˄ ŎƭǳǎǘŜǊǎ ʶʾ˄ʰʽ ˈˍʽ ˔ˊʹˋʽ˃ˇˉˇʽˇˏ˄ˍʰʽ ˍʶ˔˄ˇ˂ˇʴʾʶˌ 

ˎ˂ʽˁˇˏ ˁʰʽ ˂ˇʴʽˋ˃ʽˁˇˏ ʶˎˊʶʾʰˌ ˔ˊʺˋʹˌΦ ʆˈˋˇ ˍʰ ʵʾˁˍˎʰ ˋˍʰʻ˃˗˄ ʶˊʴʰˋʾʰˌΣ ˈˋˇ ˁʰʽ 

ˇʽ ˋˎˋˍʱʵʶˌ ˉˊˇˋ˖ˉʽˁ˗˄ ˎˉˇ˂ˇʴʽˋˍ˗˄ ˍʹˌ ˍʱ˅ʹˌ .ŜƻǿǳƭŦ ʱ˄ʻʽˋʰ˄ ʵʽˈˍʽ ʵʶ˄ 

ʰˉʰʽˍˇˏˋʰ˄ ʵʰˉʰ˄ʹˊʱ ˁʰʽ ˃ʰˁˊˇˉˊˈʻʶˋ˃ʰ ˋ˔ʷʵʽʰ ˃ʷ˔ˊʽ ˄ʰ ʰˊ˔ʾˋˇˎ˄ ˄ʰ 

ʰˉˇʵʾʵˇˎ˄Φ ʆˇ ˔ʰˊʰˁˍʹˊʽˋˍʽˁˈ ʰˎˍˈ ˇʵʹʴʶʾ ˉˊˇ˒ʰ˄˗ˌ ˁʰʽ ˋʶ ʷ˄ʰ ˋʰ˒ʷˌ 

ˉ˂ʶˇ˄ʷˁˍʹ˃ʰ ˁˈˋˍˇˎˌΦ ʅˎ˄ʶˉ˗ˌ ˇ ˂ˈʴˇˌ ˁˈˋˍˇˎˌ ˉˊˇˌ ʰˉˈʵˇˋʹ ˍ˖˄ ŎƭǳǎǘŜǊǎ ˃ˉˇˊʶʾ 

˄ʰ ˎˉʶˊˍʶˊʶʾ ˍˇˎ ʰ˄ˍʾˋˍˇʽ˔ˇˎ ˍ˖˄ ˉʰˊʰʵˇˋʽʰˁ˗˄ ˎˉʶˊˎˉˇ˂ˇʴʽˋˍ˗˄ ʴʽʰ ʶ˒ʰˊ˃ˇʴʷˌ 

ˉˇˎ ʵʶ˄ ʰˉʰʽˍˇˏ˄ ʶˉʽˁˇʽ˄˖˄ʾʰ ˎ˕ʹ˂ˇˏ ʶˏˊˇˎˌ ʸ˗˄ʹˌ ˁʰʽ ˔ʰ˃ʹ˂ʺˌ ˁʰʻˎˋˍʷˊʹˋʹˌΦ 

ɴ˄ʰ ʱ˂˂ˇ ˋʹ˃ʶʾˇ ˎˉʶˊˇ˔ʺˌ ˍ˖˄ ʶ˃ˉˇˊʽˁ˗˄ ˋˎˋˍʱʵ˖˄ ˎˉˇ˂ˇʴʽˋˍ˗˄ ˋʶ ˋ˔ʷˋʹ ˃ʶ ˍʽˌ 

ˁ˂ʰˋʽˁʷˌ ˉʰˊʱ˂˂ʹ˂ʶˌ ˃ʹ˔ʰ˄ʷˌΣ ʶʾ˄ʰʽ ʹ ʶˎʶ˂ʽ˅ʾʰ ˁʰʽ ʹ ˉʰˊʰ˃ʶˍˊˇˉˇʽʹˋʽ˃ˈˍʹˍʱ ˍˇˎˌΦ 

ʁ ʰˊʽʻ˃ˈˌ ˍ˖˄ ˁˈ˃ʲ˖˄Σ ʹ ˔˖ˊʹˍʽˁˈˍʹˍʰ ˃˄ʺ˃ʹˌ ʰ˄ʱ ˁˈ˃ʲˇΣ ˇ ʰˊʽʻ˃ˈˌ ˍ˖˄ 

ʶˉʶ˅ʶˊʴʰˋˍ˗˄ ʰ˄ʱ ˁˈ˃ʲˇ ˁʰʽ ʹ ˍˇˉˇ˂ˇʴʾʰ ˍˇˎ ʵʽʰˋˎ˄ʵʶˍʽˁˇˏ ʵʽˁˍˏˇˎ ʶʾ˄ʰʽ ʵˇ˃ʽˁʷˌ 

ˉʰˊʱ˃ʶˍˊˇʽ ˉˇˎ ˃ˉˇˊˇˏ˄ ˄ʰ ˁʰʻˇˊʽˋˍˇˏ˄ ˃ʶ ˃ʶʴʱ˂ʹ ˂ʶˉˍˇ˃ʷˊʶʽʰ ˁʰʽ ʴʽʰ ˁʱʻʶ 

ŎƭǳǎǘŜǊ ˅ʶ˔˖ˊʽˋˍʱΦ ɳˉʽˉ˂ʷˇ˄Σ ʹ ʵˇ˃ʺ ˍˇˎ ˋˎˋˍʺ˃ʰˍˇˌ ˃ˉˇˊʶʾ ˄ʰ ʰ˂˂ʱʸʶʽ ʺ ˄ʰ 

ʶˉʶˁˍʶʾ˄ʶˍʰʽ ʰ˅ʽˇˉˇʽ˗˄ˍʰˌ ˍʹ˄ ʺʵʹ ˎˉʱˊ˔ˇˎˋʰ ˎˉˇʵˇ˃ʺΦ ʁ ʶˁˍʶˍʰ˃ʷ˄ˇˌ ʰˎˍˈˌ 

ʷ˂ʶʴ˔ˇˌ ˋˍʹ ʵˇ˃ʺ ˍˇˎ ˋˎˋˍʺ˃ʰˍˇˌ ˖˒ʶ˂ʶʾ ˍˈˋˇ ˍˇˎˌ ˔ˊʺˋˍʶˌΣ ˉˇˎ ˃ˉˇˊˇˏ˄ ˄ʰ 

ʷ˔ˇˎ˄ ˁʱʻʶ ˋˍʽʴ˃ʺ ʰˎˍˈ ˉˇˎ ʶˉʽʻˎ˃ˇˏ˄Σ ˈˋˇ ˁʰʽ ˍˇˎˌ ˁʰˍʰˋˁʶˎʰˋˍʷˌΣ ˉˇˎ ˃ˉˇˊˇˏ˄ 

˄ʰ ˁʰ˂ˏˉˍˇˎ˄ ʷ˄ʰ ʶˎˊˏ ˒ʱˋ˃ʰ ʰˉʰʽˍʺˋʶ˖˄ ʶˉʽʵˈˋʶ˖˄ ʺ ˁˈˋˍˇˎˌΦ 

ʆʷ˂ˇˌΣ ˇʽ ʶ˃ˉˇˊʽˁʷˌ ˋˎˋˍʱʵʶˌ ˎˉˇ˂ˇʴʽˋˍ˗˄ ˃ˉˇˊˇˏ˄ ˄ʰ ʶ˄ˋ˖˃ʰˍ˗˄ˇˎ˄ ʴˊʺʴˇˊʰ 

ˍʶ˔˄ˇ˂ˇʴʽˁʷˌ ʶ˅ʶ˂ʾ˅ʶʽˌ ˉˇˎ ˔ˊʹˋʽ˃ˇˉˇʽˇˏ˄ˍʰʽ ˃ʰʸʽˁʱΦ ɿʷˇʽ ˍˏˉˇʽ ʶˉʶ˅ʶˊʴʰˋˍ˗˄Σ 

˃˄ʹ˃˗˄Σ ʵʾˋˁ˖˄ ˁʰʽ ʵʽˁˍˏ˖˄ ˁʰˍʰˋˁʶˎʱʸˇ˄ˍʰʽ ʵʽʰˊˁ˗ˌ ʴʽʰ ˍˇˎˌ ˉˊˇˋ˖ˉʽˁˇˏˌ 
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ˎˉˇ˂ˇʴʽˋˍʷˌΣ ʶˉʽˍˊʷˉˇ˄ˍʰˌ ˁʰʽ ˋˍʰ ŎƭǳǎǘŜǊǎ ˄ʰ ʶˉ˖˒ʶ˂ˇˏ˄ˍʰʽ ʰˉˈ ˍʽˌ ˉˊˇˈʵˇˎˌ 

ʰˎˍʷˌΦ ʆʰ ŎƭǳǎǘŜǊǎ ʶˉʽˉ˂ʷˇ˄ ʶˉ˖˒ʶ˂ˇˏ˄ˍʰʽ ʰˉˈ ˉˍ˗ˋʶʽˌ ˍʽ˃˗˄ ˂ˈʴ˖˄ ˍʽˌ ˃ʰʸʽˁʺˌ 

ˉʰˊʰʴ˖ʴʺˌ ˍ˖˄ ʶ˅ʰˊˍʹ˃ʱˍ˖˄ ˉˊˇˋ˖ˉʽˁ˗˄ ˎˉˇ˂ˇʴʽˋˍ˗˄Φ ʅˎ˄ˇ˂ʽˁʱ ʻʰ ˂ʷʴʰ˃ʶ ˈˍʽ 

ʰ˄ ˁʰʽ ˍʰ ŎƭǳǎǘŜǊǎ ˎˉˇ˂ˇʴʽˋˍ˗˄ ʵʶ˄ ʶˉʽˍˎʴ˔ʱ˄ˇˎ˄ ˉʱ˄ˍʰ ʶˉʽʵˈˋʶʽˌ ʰ˄ˍʱ˅ʽʶˌ 

ˁˇˊˎ˒ʰʾ˖˄ ˉʰˊʱ˂˂ʹ˂˖˄ ˃ʹ˔ʰ˄˗˄Σ ˍˇ ˔ʰ˃ʹ˂ˈ ˍˇˎˌ ˁˈˋˍˇˌ ˁʰʽ ʹ ʶˎʶ˂ʽ˅ʾʰ ˉˇˎ 

ˉˊˇˋ˒ʷˊˇˎ˄ ˍʰ ˁʰʻʽˋˍʱ ˋʰ˒˗ˌ ʰ˄ˍʰʴ˖˄ʽˋˍʽˁʱΦ 

4.2.4 Cluster  of blades 

ɴ˄ʰˌ blade server ʶʾ˄ʰʽ ʷ˄ʰˌ ʰˉˇʴˎ˃˄˖˃ʷ˄ˇˌ server ˃ʶ ˍ˃ʹ˃ʰˍʽˁʺ ˋ˔ʶʵʾʰˋʹ 

ʲʶ˂ˍʽˋˍˇˉˇʽʹ˃ʷ˄ˇˌ ʴʽʰ ˄ʰ ʶ˂ʰ˔ʽˋˍˇˉˇʽʺˋʶʽ ˍʹ ˔ˊʺˋʹ ˒ˎˋʽˁˇˏ ˔˗ˊˇˎ ˁʰʽ ʶ˄ʷˊʴʶʽʰˌΦ 

ɳ˄˗ ʷ˄ʰˌ ˍˎˉʽˁˈˌ rack-mount server ˃ˉˇˊʶʾ ˄ʰ ˂ʶʽˍˇˎˊʴʺˋʶʽ ˍˇˎ˂ʱ˔ʽˋˍˇ˄ ˃ʶ ʷ˄ʰ 

ˁʰ˂˗ʵʽˇ ˊʶˏ˃ʰˍˇˌ ˁʰʽ ʷ˄ʰ ˁʰ˂˗ʵʽˇ ʽˋ˔ˏˇˌΣ ˋˍˇˎˌ blade servers ʷ˔ˇˎ˄ ʰ˒ʰʽˊʶʻʶʾ 

ˉˇ˂˂ʱ ˋˎˋˍʰˍʽˁʱ ʴʽʰ ˄ʰ ʶ˅ˇʽˁˇ˄ˇ˃ʺˋˇˎ˄ ˔˗ˊˇΣ ˄ʰ ʶ˂ʰ˔ʽˋˍˇˉˇʽʺˋˇˎ˄ ˍʹ˄ 

ˁʰˍʰ˄ʱ˂˖ˋʹ ʽˋ˔ˏˇˌΣ ʰ˂˂ʱ ʶ˅ʰˁˇ˂ˇˎʻˇˏ˄ ˄ʰ ʷ˔ˇˎ˄ ˈ˂ʰ ʶˁʶʾ˄ʰ ˍʰ ˂ʶʽˍˇˎˊʴʽˁʱ 

ˋˎˋˍʰˍʽˁʱ ʴʽʰ ˄ʰ ʻʶ˖ˊˇˏ˄ˍʰʽ ˎˉˇ˂ˇʴʽˋˍʷˌΦ ɴ˄ʰ blade enclosure ˉˇˎ ˃ˉˇˊʶʾ ˄ʰ 

ˋˍʹˊʾʸʶʽ ˉˇ˂˂ʰˉ˂ˇˏˌ blade servers ˉʰˊʷ˔ʶʽ ˎˉʹˊʶˋʾʶˌΣ ˈˉ˖ˌ ˊʶˏ˃ʰΣ ˕ˏ˅ʹΣ 

ʵʽˁˍˏ˖ˋʹ ˁʰʽ ʵʽʰ˔ʶʾˊʽˋʹΦ 

4.3 Grids 

DǊƛŘ ŎƻƳǇǳǘƛƴƎ ʶʾ˄ʰʽ ˇ ˋˎ˄ʵˎʰˋ˃ˈˌ ˍ˖˄ ˎˉˇ˂ˇʴʽˋˍʽˁ˗˄ ˉˈˊ˖˄ ʰˉˈ ˉˇ˂˂ʰˉ˂ˇˏˌ 

ʵʽˇʽˁʹˍʽˁˇˏˌ ˍˇ˃ʶʾˌ ˉˇˎ ʶ˒ʰˊ˃ˈʸʶˍʰʽ ˋʶ ʷ˄ʰ ˁˇʽ˄ˈ ˁʰʻʺˁˇ˄Σ ˋˎ˄ʺʻ˖ˌ ˋʶ ʷ˄ʰ 

ʶˉʽˋˍʹ˃ˇ˄ʽˁˈΣ ˍʶ˔˄ʽˁˈ ʺ ʶˉʽ˔ʶʽˊʹ˃ʰˍʽˁˈ ˉˊˈʲ˂ʹ˃ʰ ˉˇˎ ʰˉʰʽˍʶʾ ʷ˄ʰ ˃ʶʴʱ˂ˇ ʰˊʽʻ˃ˈ 

ˎˉˇ˂ˇʴʽˋˍʽˁ˗˄ ˁˏˁ˂˖˄ ʶˉʶ˅ʶˊʴʰˋʾʰˌ ʺ ˍʹ˄ ʰ˄ʱʴˁʹ ʴʽʰ ˍʹ˄ ʶˉʶ˅ʶˊʴʰˋʾʰ ˃ʶʴʱ˂ˇˎ 

ˈʴˁˇˎ ʵʶʵˇ˃ʷ˄˖˄Φ ʃˊˈˁʶʽˍʰʽ ʴʽʰ ʷ˄ʰ ʶʾʵˇˌ ˉʰˊʱ˂˂ʹ˂ˇˎ ˁʰʽ ˁʰˍʰ˄ʶ˃ʹ˃ʷ˄ˇˎ 

ˋˎˋˍʺ˃ʰˍˇˌ ˉˇˎ ʶˉʽˍˊʷˉʶʽ ˍʹ˄ ˁˇʽ˄ʺ ˔ˊʺˋʹΣ ˍʹ˄ ʶˉʽ˂ˇʴʺ ˁʰʽ ˍʹ ˋˏ˄ʻʶˋʹ 

ʴʶ˖ʴˊʰ˒ʽˁʱ ˁʰˍʰ˄ʶ˃ʹ˃ʷ˄˖˄ ʰˎˍˈ˄ˇ˃˖˄ ˉˈˊ˖˄ ʵˎ˄ʰ˃ʽˁʱ ˁʰˍʱ ˍˇ ˔ˊˈ˄ˇ ʶˁˍʷ˂ʶˋʹˌΣ 

ʰ˄ʱ˂ˇʴʰ ˃ʶ ˍʹ ʵʽʰʻʶˋʽ˃ˈˍʹˍʱ ˍˇˎˌΣ ˍʹ˄ ʽˁʰ˄ˈˍʹˍʰΣ ˍʹ˄ ʰˉˈʵˇˋʹΣ ˍˇ ˁˈˋˍˇˌ ˁʰʽ ˍʹ˄ 

ˉˇʽˈˍʹˍʰ ˍ˖˄ ˎˉʹˊʶˋʽ˗˄ ʴʽʰ ˍˇˎˌ ˔ˊʺˋˍʶˌΦ ɳʾ˄ʰʽ ˃ʽʰ ˁˇʽ˄ʺ ˋˎ˂˂ˇʴʺ ʰ˅ʽˈˉʽˋˍ˖˄ ˁʰʽ 

ʰ˄ʰ˅ʽˈˉʽˋˍ˖˄ ˉˈˊ˖˄ ˁʰʽ ʵʽʰʵˊʰˋˍʽˁʱ ʶˉʽˁˇʽ˄˖˄ˇˏ˄ˍ˖˄ ʶˊʶˎ˄ʹˍ˗˄ ʵʽʰ˒ˈˊ˖˄ 

ʶʽˁˇ˄ʽˁ˗˄ ˇˊʴʰ˄ʽˋ˃˗˄ όʴʽʰˍˊˇʾΣ ʲʽˇ˂ˈʴˇʽύΦ ɮˎˍˈ ˍˇ ˋˏˋˍʹ˃ʰ ʶ˂ʷʴ˔ʶʽ ˁʰʽ ˋˎ˄ˍˇ˄ʾʸʶʽ 

ˍʹ˄ ʰˁʶˊʰʽˈˍʹˍʰ ˍˇˎ gǊƛŘ ˃ʶ ˍʹ˄ ʶ˅ʽˋˇˊˊˈˉʹˋʹ ˍʹˌ ˔ˊʺˋʹˌ ʰ˅ʽˈˉʽˋˍ˖˄ ˁʰʽ 

ʰ˄ʰ˅ʽˈˉʽˋˍ˖˄ ˉˈˊ˖˄ ˃ʶˍʰ˅ˏ ˍ˖˄ ˋˎ˃˃ʶˍʶ˔ˈ˄ˍ˖˄ ˉʰˊʷ˔ˇ˄ˍʰˌ ˁʰ˂ˏˍʶˊʹ ˉˇʽˈˍʹˍʰ 

ˎˉʹˊʶˋʽ˗˄Φ ɾˉˇˊʶʾ ʶˉʾˋʹˌ ˄ʰ ˋˎ˃ʲˇ˂ʾʸʶˍʰʽ ʰˉˈ ˃ʶʴʱ˂ʹˌ ˁ˂ʾ˃ʰˁʰˌ cluster 

ŎƻƳǇǳǘƛƴƎΣ ˁʰʻ˗ˌ ˁʰʽ ˃ʾʰ ˃ˇˊ˒ʺ ˁʰˍʰ˄ʶ˃ʹ˃ʷ˄ˇˎ ʵʽˁˍˏˇˎ ˉʰˊʱ˂˂ʹ˂ʹˌ 

ʶˉʶ˅ʶˊʴʰˋʾʰˌΦ ʃˊˈˁʶʽˍʰʽ ʴʽʰ ˃ʽʰ ˋˎ˂˂ˇʴʺ ʰˉˈ servers ˉˇˎ ˋˎʴˁʶ˄ˍˊ˗˄ˇ˄ˍʰʽ ˃ʰʸʾ 

ʴʽʰ ˄ʰ ʶˉʽˍʶʻˇˏ˄ ˋʶ ʷ˄ʰ ˃ˈ˄ˇ ˉˊˈʲ˂ʹ˃ʰΦ ʆˇ gǊƛŘ ŎƻƳǇǳǘƛƴƎ ʷ˔ʶʽ ˄ʰ ˁʱ˄ʶʽ ˃ʶ ˍˇ 

ʵʽʰ˃ˇʽˊʰˋ˃ˈΣ ˍʹ ˋˏ˄ʻʶˋʹΣ ˍʹ ˒ʽ˂ˇ˅ʶ˄ʾʰ ˁʰʽ ˍʹ˄ ˉˊˇˋ˒ˇˊʱ ˎˉʹˊʶˋʽ˗˄ ˋʶ ˈ˂ˇ ˍˇ˄ 

ˁˈˋ˃ˇ ʴʽʰ ˍʰ ˇ˒ʷ˂ʹ ˍʹˌ ʰ˄ʻˊ˖ˉˈˍʹˍʰˌΦ 

ɴ˄ʰ ˎˉˇ˂ˇʴʽˋˍʽˁˈ grid ˉˊˇˋ˒ʷˊʶʽ ˃ʽʰ ˎˉˇʵˇ˃ʺ ʰˉˈ ˎˉˇ˂ˇʴʽˋˍʷˌΣ 

software/middlewareΣ ʶʽʵʽˁʱ ˈˊʴʰ˄ʰΣ ʰ˄ʻˊ˗ˉˇˎˌ ˁʰʽ ʰʽˋʻʹˍʺˊʶˌΦ ʆˇ grid ˋˎ˄ʺʻ˖ˌ 
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ˁʰˍʰˋˁʶˎʱʸʶˍʰʽ ˋʶ ʷ˄ʰ LAN, WAN ʺ ʲʰˋʽˋ˃ʷ˄ˇ ˋˍˇ Internet ʵʾˁˍˎˇ ˋʶ 

ˉʶˊʽ˒ʶˊʶʽʰˁʺΣ ʶʻ˄ʽˁʺ ʺ ˉʰʴˁˈˋ˃ʽʰ ˁ˂ʾ˃ʰˁʰΦ ʁʽ ʶˉʽ˔ʶʽˊʺˋʶʽˌ ʺ ˇʽ ˇˊʴʰ˄ʽˋ˃ˇʾ 

ˉʰˊˇˎˋʽʱʸˇˎ˄ ˍʰ grids ˋʰ˄ ʶ˄ˋ˖˃ʰˍ˖˃ʷ˄ˇˎˌ ˎˉˇ˂ˇʴʽˋˍʽˁˇˏˌ ˉˈˊˇˎˌΦ ɾˉˇˊˇˏ˃ʶ 

ʶˉʾˋʹˌ ˄ʰ ˍʰ ʵˇˏ˃ʶ ˋʰ˄ ʶʽˁˇ˄ʽˁʷˌ ˉ˂ʰˍ˒ˈˊ˃ʶˌ ˉˇˎ ˎˉˇˋˍʹˊʾʸˇˎ˄ ʶʽˁˇ˄ʽˁˇˏˌ 

ˇˊʴʰ˄ʽˋ˃ˇˏˌΦ ʁʽ ˎˉˇ˂ˇʴʽˋˍʷˌ ˉˇˎ ˔ˊʹˋʽ˃ˇˉˇʽˇˏ˄ˍʰʽ ˋʶ ʷ˄ʰ grid ʶʾ˄ʰʽ ˁˎˊʾ˖ˌ 

ˋˍʰʻ˃ˇʾ ʶˊʴʰˋʾʰˌΣ servers, clusters ˁʰʽ ˎˉʶˊˎˉˇ˂ˇʴʽˋˍʷˌΦ ʁʽ ˉˊˇˋ˖ˉʽˁˇʾ 

ˎˉˇ˂ˇʴʽˋˍʷˌΣ ˍʰ laptops ˁʰʽ ˍʰ PDAs ˃ˉˇˊˇˏ˄ ˄ʰ ˔ˊʹˋʽ˃ˇˉˇʽʹʻˇˏ˄ ˋʰ ˋˎˋˁʶˎʷˌ 

ˉˊˈˋʲʰˋʹˌ ˋʶ ʷ˄ʰ grid. 

4.4 Cloud computing  

ʆˇ cloud computing ʶʾ˄ʰʽ ʷ˄ʰˌ ˁʰʽ˄ˇˏˊʴʽˇˌ ˈˊˇˌ ˋˍˇ˄ ˁˈˋ˃ˇ ˍˇˎ ˎˉˇ˂ˇʴʽˋ˃ˇˏ ˁʰʽ 

ˋʹ˃ʰˍˇʵˇˍʶʾ ʷ˄ʰ ˄ʷˇ ˎˉˇ˂ˇʴʽˋˍʽˁˈ ˉʰˊʱʵʶʽʴ˃ʰΣ ˍʰ˔ʷ˖ˌ ʰ˄ʰˉˍˎˋˋˈ˃ʶ˄ˇΦ ɶ 

ʰ˄ʱˉˍˎ˅ʹ ʰˎˍʺ ˍˊˇ˒ˇʵˇˍʶʾˍʰʽ ʰˉˈ ˍʽˌ ʰ˄ʰʵˎˈ˃ʶ˄ʶˌ ˎˉˇ˂ˇʴʽˋˍʽˁʷˌ ˍʶ˔˄ˇ˂ˇʴʾʶˌ ˉˇˎ 

ʶˉʽˍˊʷˉˇˎ˄ ˃ʶʾ˖ˋʹ ˍˇˎ ˁˈˋˍˇˎˌ ˁʰʽ ˃ʶʴʱ˂ʶˌ ʰˉˇʻʹˁʶˎˍʽˁʷˌ ʵˎ˄ʰˍˈˍʹˍʶˌΦ ʆˇ ŎƭƻǳŘ 

ŎƻƳǇǳǘƛƴƎ ʶʾ˄ʰʽ ʷ˄ʰ ˉʰˊʱʵʶʽʴ˃ʰ ˎˉˇ˂ˇʴʽˋ˃ˇˏ ˉˇˎ ˉʶˊʽ˂ʰ˃ʲʱ˄ʶʽ ˍʹ˄ ʶ˅˖ˍʶˊʽˁʺ 

ʰ˄ʱʻʶˋʹ ˍ˖˄ ˎˉˇ˂ˇʴʽˋˍʽˁ˗˄ ˉˈˊ˖˄ ˃ʶ ˍʽˌ ʵˎ˄ʰˍˈˍʹˍʶˌ ˍʹˌ ˁ˂ʽ˃ʱˁ˖ˋʹˌ ˍ˖˄ 

ʰ˄ʰ˂˗ˋʽ˃˖˄ ˉˈˊ˖˄ ˁʰʽ ˍʹˌ ƻƴ-ŘŜƳŀƴŘ ˉʰˊˇ˔ʺˌ ˃ʶ ʶ˂ʱ˔ʽˋˍˇ ʺ ˁʰʻˈ˂ˇˎ ʶˁ ˍ˖˄ 

ˉˊˇˍʷˊ˖˄ ˁˈˋˍˇˌ ʴʽʰ ʶˉʶ˄ʵˏˋʶʽˌ ˋʶ ˎˉˇʵˇ˃ʷˌΦ ʆˇ ŎƭƻǳŘ ŎƻƳǇǳǘƛƴƎ ˉˊˇˋ˒ʷˊʶʽ ˍʰ 

ˇ˒ʷ˂ʹ ˍˇˎ ˃ʷˋ˖ ˍˊʽ˗˄ ˍˏˉ˖˄ ˎˉʹˊʶˋʽ˗˄ ʺ ˃ˇ˄ˍʷ˂˖˄ ˉʰˊˇ˔ʺˌ ʵʹ˂ʰʵʺ 

Infrastructure-as-a-Service (IAAS), Platform-as-a-ǎŜǊǾƛŎŜ όtŀŀ{ύ ˁʰʽ {ƻŦǘǿŀǊŜ-as-a-

{ŜǊǾƛŎŜ ό{ŀŀ{ύΦ ʃʰˊʷ˔ʶʽ ʶˉʾˋʹˌ ˍʽˌ ˎˉʹˊʶˋʾʶˌ ˍˇˎ ˃ʷˋ˖ ˍʶˋˋʱˊ˖˄ ˃ˇ˄ˍʷ˂˖˄ 

ʰ˄ʱˉˍˎ˅ʹˌΣ ʵʹ˂ʰʵʺ ʵʹ˃ˈˋʽˇ ŎƭƻǳŘΣ ʽʵʽ˖ˍʽˁˈ ŎƭƻǳŘΣ ŎƭƻǳŘ ˁˇʽ˄ˈˍʹˍʰˌ ˁʰʽ ˎʲˊʽʵʽˁˈ 

cloud. 

ʅˍʰ ʵʹ˃ˈˋʽʰ clouds ʹ ˎˉˇʵˇ˃ʺ ʶʾ˄ʰʽ ˉˊˇˋʲʱˋʽ˃ʹ ˋˍˇ ˁˇʽ˄ˈ ˁʰʽ ʵʽʰ˃ˇʽˊʱʸʶˍʰʽ ˃ʶ 

ʷ˄ʰ ˃ˇ˄ˍʷ˂ˇ ˉ˂ʹˊ˖˃ʺˌ ʲʱˋʶʽ ˔ˊʺˋʹˌΦ ʁʽ ˉˈˊˇʽ ˍˇˎ cloud ʶʾ˄ʰʽ ˉˊˇˋʲʱˋʽ˃ˇʽ ˃ʷˋ˖ 

internet ˁʰʽ ˇ ˉʱˊˇ˔ˇˌ ʶʾ˄ʰʽ ˎˉʶˏʻˎ˄ˇˌ ʴʽʰ ˍʹ˄ ˁ˂ʽ˃ʱˁ˖ˋʹ ˁʰʽ ˍʹ ʵʽʰ˔ʶʾˊʽˋʹ ˍʹˌ 

ˎˉˇʵˇ˃ʺˌΦ ʅˍˇ ˃ˇ˄ˍʷ˂ˇ ʰˎˍˈ ˇʽ ˉʶ˂ʱˍʶˌ ˃ˉˇˊˇˏ˄ ˄ʰ ʶˉʽ˂ʷʴˇˎ˄ ˍˇ ʶˉʾˉʶʵˇ 

ʰˋ˒ʱ˂ʶʽʰˌ ˁʰʽ ˎˉʹˊʶˋʽ˗˄Φ 

ʅˍʰ ʽʵʽ˖ˍʽˁʱ clouds ̌ ʽ ˉˈˊˇʽ ʵʶ˄ ʵʽʰ˃ˇʽˊʱʸˇ˄ˍʰʽ ˃ʶ ʱʴ˄˖ˋˍˇˎˌ ˍˊʾˍˇˎˌ ˁʰʽ ˃ˉˇˊˇˏ˄ 

˄ʰ ʲˊʾˋˁˇ˄ˍʰʽ ʶʾˍʶ ʶ˄ˍˈˌ ˍ˖˄ ʶʴˁʰˍʰˋˍʱˋʶ˖˄ ˍˇˎ ˇˊʴʰ˄ʽˋ˃ˇˏ ˍˇˎ ˉʶ˂ʱˍʹ ʺ 

ʶ˅˖ˍʶˊʽˁʱΦ ʅˍˇ ˃ˇ˄ˍʷ˂ˇ ʰˎˍˈ ʹ ʰˋ˒ʱ˂ʶʽʰ ˍˇˎ ˉʶ˂ʱˍʹ ˁʰʽ ˇʽ ʰˉʰʽˍʺˋʶʽˌ 

ˋˎ˃˃ˈˊ˒˖ˋʹˌ ʵʶ˄ ʶˉʹˊʶʱʸˇ˄ˍʰʽ ˁʰʽ ˍˇ ʴʶ˄ʽˁˈ ˁˇʽ˄ˈ ʵʶ˄ ʷ˔ʶʽ ˉˊˈˋʲʰˋʹ ˋˍˇ 

ʽʵʽ˖ˍʽˁˈ cloud. 

ʆʰ ˎʲˊʽʵʽˁʱ clouds ʶʾ˄ʰʽ ʷ˄ʰ ˃ˇ˄ˍʷ˂ˇ ʰ˄ʱˉˍˎ˅ʹˌ ˉˇˎ ˋˎ˄ʵˎʱʸʶʽ ʵʽʰ˒ˇˊʶˍʽˁʱ 

cloudsΣ ʴʽʰ ˉʰˊʱʵʶʽʴ˃ʰ ʵʹ˃ˈˋʽʰ ˁʰʽ ʽʵʽ˖ˍʽˁʱΦ ʆʰ ʵʽʰ˒ˇˊʶˍʽˁʱ clouds ʵʽʰˍʹˊˇˏ˄ ˍʽˌ 

ˍʰˎˍˈˍʹˍʷˌ ˍˇˎˌΣ ʰ˂˂ʱ ˋˎ˄ʵˎʱʸˇ˄ˍʰʽ ˃ʶ ˉˊˇˍˎˉˇˉˇʽʹ˃ʷ˄ʹ ˍʶ˔˄ˇ˂ˇʴʾʰΦ ʆˇ ʴʶ˄ʽˁˈ 

ˁˇʽ˄ˈ ʵʶ˄ ʷ˔ʶʽ ˉˊˈˋʲʰˋʹ ˋˍˇ cloudΣ ʰ˂˂ʱ ˇ ˇˊʴʰ˄ʽˋ˃ˈˌ ˔ˊʹˋʽ˃ˇˉˇʽʶʾ ˍʹ˄ ˎˉˇʵˇ˃ʺ 

ˍˈˋˇ ˋˍˇ ʵʹ˃ˈˋʽˇ ˈˋˇ ˁʰʽ ˋˍˇ ʽʵʽ˖ˍʽˁˈ cloud. 
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ʅˍʰ clouds ˁˇʽ˄ˈˍʹˍʰˌ ʹ ˎˉˇʵˇ˃ʺ ʵʽʰ˃ˇʽˊʱʸʶˍʰʽ ʰˉˈ ˉˇ˂˂ʰˉ˂ˇˏˌ ˇˊʴʰ˄ʽˋ˃ˇˏˌ ˁʰʽ 

ʽʵˊˏ˃ʰˍʰ ˉˇˎ ʷ˔ˇˎ˄ ʷ˄ʰ ˁˇʽ˄ˈ ʶ˄ʵʽʰ˒ʷˊˇ˄Σ ˈˉ˖ˌ ʰˉʰʽˍʺˋʶʽˌ ˋˎ˃˃ˈˊ˒˖ˋʹˌ ʺ 

ʰˋ˒ʱ˂ʶʽʰˌΦ ɶ ʵʽʰ˔ʶʾˊʽˋʹ ʴʾ˄ʶˍʰʽ ʰˉˈ ˍˇ˄ ˇˊʴʰ˄ʽˋ˃ˈ ʺ ʰˉˈ ˁʱˉˇʽˇ˄ ˍˊʾˍˇ ˁʰʽ 

ʶʵˊʱʸʶˍʰʽ ʶʾˍʶ ʶ˄ˍˈˌ ˍ˖˄ ʶʴˁʰˍʰˋˍʱˋʶ˖˄ ʶʾˍʶ ʶˁˍˈˌΦ ʆˈˋˇ ˍˇ ˁˇʽ˄ˈ ˈˋˇ ˁʰʽ ˇʽ 

ˇˊʴʰ˄ʽˋ˃ˇʾ ˉˇˎ ʰˉˇˍʶ˂ˇˏ˄ ˍʹ˄ ˁˇʽ˄ˈˍʹˍʰ ʷ˔ˇˎ˄ ˉˊˈˋʲʰˋʹ ˋˍʽˌ ˎˉʹˊʶˋʾʶˌ ˍˇˎ 

cloud. 

Clusters Grids Clouds 

ʋʰˊʰˁˍʹˊʽˋˍʽˁʱΥ 
ʅˍʶ˄ʱ ˋˎ˄ʵʶʵʶ˃ʷ˄ʰ 
ˋˎˋˍʺ˃ʰˍʰ 
ɳʽˁˈ˄ʰ ʶ˄ʽʰʾˇˎ 
ˋˎˋˍʺ˃ʰˍˇˌ 
ʅˏˋˍʹ˃ʰ ˁʶ˄ˍˊʽˁʺˌ 
ʵʽʰ˔ʶʾˊʽˋʹˌ ˁʰʽ 
ˉˊˇʴˊʰ˃˃ʰˍʽˋ˃ˇˏ 
ʶˊʴʰˋʽ˗˄ 

ʋʰˊʰˁˍʹˊʽˋˍʽˁʱΥ 
ʋʰ˂ʰˊʱ ˋˎ˄ʵʶʵʶ˃ʷ˄ʰ 
ˋˎˋˍʺ˃ʰˍʰ 
όɮˉˇˁʷ˄ˍˊ˖ˋʹύ 
ɲʽʰ˒ˇˊʶˍʽˁˈˍʹˍʰ ˁʰʽ 
ʵˎ˄ʰ˃ʽˁˈˍʹˍʰ 
ɼʰˍʰ˄ʶ˃ʹ˃ʷ˄ʹ ʵʽʰ˔ʶʾˊʽˋʹ 
ˁʰʽ ˉˊˇʴˊʰ˃˃ʰˍʽˋ˃ˈˌ 
ʶˊʴʰˋʽ˗˄ 

ʋʰˊʰˁˍʹˊʽˋˍʽˁʱΥ 
ɲˎ˄ʰ˃ʽˁʺ ˎˉˇʵˇ˃ʺ 
ˎˉˇ˂ˇʴʽˋˍʽˁ˗˄ ˉˈˊ˖˄ 
ʇˉʹˊʶˋʽˇˁʶ˄ˍˊʽˁʺ 
ˉˊˇˋʷʴʴʽˋʹ 
ɾˇ˄ˍʷ˂ˇ ˔ˊʺˋʹˌ 
ʲʰˋʽˋ˃ʷ˄ˇ ˋˍʹ˄ 
ʰˎˍˇʶ˅ˎˉʹˊʷˍʹˋʹ 
ɳ˂ʱ˔ʽˋˍʰ ʺ 
ʰˎˍˇʵʽʰ˔ʶʽˊʽʸˈ˃ʶ˄ʹ 
ˉ˂ʰˍ˒ˈˊ˃ʰ 
ʆʽ˃ˇ˂ˈʴʹˋʹ ʲʱˋʶʽ 
ˁʰˍʰ˄ʱ˂˖ˋʹˌ 

ɾʽʰ ˇ˃ʱʵʰ ˉʰˊˈ˃ˇʽ˖˄ όʺ 
ˉʰ˄ˇ˃ˇʽˈˍˎˉ˖˄ύ 
ˎˉˇ˂ˇʴʽˋˍ˗˄ ʶʾ˄ʰʽ 
ˋˎ˄ʵʶʵʶ˃ʷ˄ˇʽ ˍˇˉʽˁʱ 
όˋˍʹ˄ ʾʵʽʰ ˒ˎˋʽˁʺ 
ˍˇˉˇʻʶˋʾʰΣ ʱ˃ʶˋʰ 
ˋˎ˄ʵʶʵʶ˃ʷ˄ˇʽ ˃ʶ 
ˋˎ˄ʵʷˋʶʽˌ ˉˇ˂ˏ ˎ˕ʹ˂ʺˌ 
ˍʰ˔ˏˍʹˍʰˌύ ʴʽʰ ˄ʰ 
˂ʶʽˍˇˎˊʴˇˏ˄ ˋʰ˄ ʷ˄ʰˌ 
ʶ˄ʽʰʾˇˌ ˎˉˇ˂ˇʴʽˋˍʺˌΦ 

ʁʽ ˎˉˇ˂ˇʴʽˋˍʷˌ ʵʶ˄ 
˔ˊʶʽʱʸʶˍʰʽ ˄ʰ ʶʾ˄ʰʽ ˋˍʹ˄ 
ʾʵʽʰ ˒ˎˋʽˁʺ ˍˇˉˇʻʶˋʾʰ 
ˁʰʽ ˃ˉˇˊˇˏ˄ ˄ʰ 
˂ʶʽˍˇˎˊʴˇˏ˄ ʰ˄ʶ˅ʱˊˍʹˍʰΦ 
ɱʽʰ ˍˇˎˌ ʱ˂˂ˇˎˌ 
ˎˉˇ˂ˇʴʽˋˍʷˌ ˇ ˁʱʻʶ 
ˎˉˇ˂ˇʴʽˋˍʺˌ ˋˍˇ grid 
ʶʾ˄ʰʽ ˅ʶ˔˖ˊʽˋˍˈˌΦ 

ʁʽ ˎˉˇ˂ˇʴʽˋˍʷˌ ʵʶ˄ 
˔ˊʶʽʱʸʶˍʰʽ ˄ʰ ʶʾ˄ʰʽ ˋˍʹ˄ 
ʾʵʽʰ ˒ˎˋʽˁʺ ˍˇˉˇʻʶˋʾʰΦ 

ʁʽ ˎˉˇ˂ˇʴʽˋˍʷˌ ˍˇˎ 
cluster ̫ ˔ˇˎ˄ ˈ˂ˇʽ ˍˇ ʾʵʽˇ 
hardware ˁ ʰʽ ˂ʶʽˍˇˎˊʴʽˁˈ 
ˋˏˋˍʹ˃ʰΦ  

ʁʽ ˎˉˇ˂ˇʴʽˋˍʷˌ ˃ˉˇˊˇˏ˄ 
˄ʰ ʷ˔ˇˎ˄ ʵʽʰ˒ˇˊʶˍʽˁʱ 
˂ʶʽˍˇˎˊʴʽˁʱ ˋˎˋˍʺ˃ʰˍʰ 
ˁʰʽ ʵʽʰ˒ˇˊʶˍʽˁˈ 
hardware. 

ɶ ˃˄ʺ˃ʹΣ ʹ ̀ ˎˋˁʶˎʺ 
ʰˉˇʻʺˁʶˎˋʹˌ ˁʰʽ ʹ 
ʶˉʽˁˇʽ˄˖˄ʾʰ ʵʽˁˍˏˇˎ 
ʵʽʰ˔ʶʽˊʾʸˇ˄ˍʰʽ ʰˉˈ ˍˇ 
˂ʶʽˍˇˎˊʴʽˁˈ ˋˏˋˍʹ˃ʰ ˍ˖˄ 
ʲʰˋʽˁ˗˄ ˒ˎˋʽˁ˗˄ 
˃ˇ˄ʱʵ˖˄ ˍˇˎ cloud. 

ʂ˂ˇ ˍˇ ˋˏˋˍʹ˃ʰ όˈ˂ˇʽ ˇʽ 
ˁˈ˃ʲˇʽύ ˋˎ˃ˉʶˊʽ˒ʷˊʶˍʰʽ 
ˋʰ ˃ʽʰ ˈ˕ʹ ʶ˄ʽʰʾˇˎ 
ˋˎˋˍʺ˃ʰˍˇˌ ˁʰʽ ˇʽ ˉˈˊˇʽ 
ʵʽʰ˔ʶʽˊʾʸˇ˄ˍʰʽ ʰˉˈ 
ˁʶ˄ˍˊʽˁˈ ʵʽʰ˔ʶʽˊʽˋˍʺ 
ˉˈˊ˖˄Φ 

ɼʱʻʶ ˁˈ˃ʲˇˌ ʶʾ˄ʰʽ 
ʰˎˍˈ˄ˇ˃ˇˌΣ ʵʹ˂ʰʵʺ ʷ˔ʶʽ 
ˍˇ ʵʽˁˈ ˍˇˎ ʵʽʰ˔ʶʽˊʽˋˍʺ 
ˉˈˊ˖˄ ˁʰʽ 
ˋˎ˃ˉʶˊʽ˒ʷˊʶˍʰʽ ˋʰ˄ 
ʰ˄ʶ˅ʱˊˍʹˍʹ ˇ˄ˍˈˍʹˍʰΦ 

ɼʱʻʶ ˁˈ˃ʲˇˌ 
ˋˎ˃ˉʶˊʽ˒ʷˊʶˍʰʽ ˋʰ˄ 
ʰ˄ʶ˅ʱˊˍʹˍʹ ˇ˄ˍˈˍʹˍʰΦ 
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ʁʽ ˎˉˇ˂ˇʴʽˋˍʷˌ ˋˍˇ 
cluster ̀ ˎ˄ʺʻ˖ˌ 
ˉʶˊʽ˂ʰ˃ʲʱ˄ˇ˄ˍʰʽ ˋʶ ˃ʽʰ 
˃ˇ˄ʰʵʽˁʺ ˍˇˉˇʻʶˋʾʰ ʺ 
ˋˎʴˁˊˈˍʹ˃ʰΦ 

ɳʾ˄ʰʽ ʶˁ ˒ˏˋʶ˖ˌ 
ˁʰˍʰ˄ʶ˃ʹ˃ʷ˄ʰ ˋʶ ʷ˄ʰ 
LANΣ ˃ʹˍˊˇˉˇ˂ʽˍʽˁˈ ʺ 
WAN. 

ɳʾ˄ʰʽ ˁˎˊʾ˖ˌ 
ˁʰˍʰ˄ʶ˃ʹ˃ʷ˄ʰ  ˋʶ ɾɮɿΦ 

ʃʶˊʽˋˋˈˍʶˊˇʽ ʰˉˈ н 
ˎˉˇ˂ˇʴʽˋˍʷˌ ˋˎ˄ʵʷˇ˄ˍʰʽ 
ʴʽʰ ˄ʰ ˂ˏˋˇˎ˄ ʷ˄ʰ 
ˉˊˈʲ˂ʹ˃ʰΦ 

ɴ˄ʰ ˃ʶʴʱ˂ˇ ʷˊʴˇ 
˃ˇʽˊʱʸʶˍʰʽ ˋʶ ˉˇ˂˂ʰˉ˂ˇˏ 
ˎˉˇ˂ˇʴʽˋˍʷˌ ʴʽʰ ˄ʰ ˁʱ˄ʶʽ 
˔ˊʺˋʹ ˍ˖˄ ˉˈˊ˖˄ ˍˇˎˌΦ 

ɳˉʽˍˊʷˉʶʽ ˉˇ˂˂ʰˉ˂ʷˌ 
˃ʽˁˊʷˌ ʶ˒ʰˊ˃ˇʴʷˌ ˄ʰ 
ˍˊʷ˔ˇˎ˄ ˍʰˎˍˈ˔ˊˇ˄ʰΦ  

Table 1: ɲʽʰ˒ˇˊʷˌ cluster, grid ˁ ʰʽ cloud computing 
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υ ɭʇʋʌʋʚʂʎʂ 

υȢρ ɞʅʎɻɾʖɾʙ 

ɶ ʶˉʾ˂ˎˋʹ ˃ʶʴʱ˂˖˄ ˁʰʽ ˋˏ˄ʻʶˍ˖˄ ɾʶˊʽˁ˗˄ ɲʽʰ˒ˇˊʽˁ˗˄ ɳ˅ʽˋ˗ˋʶ˖˄ όɾɲɳύ ʶʾ˄ʰʽ ʷ˄ʰ 

ˉˊˈʲ˂ʹ˃ʰ ˉˇˎ ʰ˄ˍʽ˃ʶˍ˖ˉʾʸʶˍʰʽ ˁˎˊʾ˖ˌ ˃ʶ ˍʶ˔˄ʽˁʷˌ ʵʽʰˁˊʽˍˇˉˇʾʹˋʹˌ ˉʶʵʾˇˎ ώ80, 

81ϐΦ ɮˎˍʺ ʹ ˉˊˇˋʷʴʴʽˋʹ ˉʶˊʽ˂ʰ˃ʲʱ˄ʶʽ ˍʹ˄ ʰˉˇˋˏ˄ʻʶˋʹ ˋˍˇ ʶˉʾˉʶʵˇ ˍʹˌ ʴˊʰ˃˃ʽˁʺˌ 

ʱ˂ʴʶʲˊʰˌ ˃ʶˍʱ ˍʹ˄ ʵʽʰˁˊʽˍˇˉˇʾʹ̀́  ˍˇˎ ˉʶʵʾˇˎ ˁʰʽ ˍʹˌ ʶ˅ʾˋ˖ˋʹˌ ˃ʶ ˍʹ˄ ʶˉʽʻˎ˃ʹˍʺ 

˃ʷʻˇʵˇΣ ʵʹ˂ʰʵʺΥ ʃʶˉʶˊʰˋ˃ʷ˄˖˄ ɲʽʰ˒ˇˊ˗˄ όʃɲύ ʺ ˉʶˉʶˊʰˋ˃ʷ˄˖˄ ˋˍˇʽ˔ʶʾ˖˄ όʃʅύΦ 

ʆˇ ˁˏˊʽˇ ˔ʰˊʰˁˍʹˊʽˋˍʽˁˈ ʰˎˍ˗˄ ˍ˖˄ ˃ʶʻˈʵ˖˄ ʶʾ˄ʰʽ ʹ ˃ʹ ʶˎʶ˂ʽ˅ʾʰ ʴʽʰ ˍʹ˄ ʶˉʽ˂ˇʴʺ 

ʵʽʰ˒ˇˊʶˍʽˁ˗˄ ˃ʶʻˈʵ˖˄ ʴʽʰ ˁʱʻʶ ˎˉˇˉʶʵʾˇ ˍˇˎ ʰˊ˔ʽˁˇˏ ˉˊˇʲ˂ʺ˃ʰˍˇˌΦ ɶ 

˃ʶʻˇʵˇ˂ˇʴʾʰ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ ʶʾ˄ʰʽ ˃ʽʰ ʶ˄ʵʽʰ˒ʷˊˇˎˋʰ ʶ˄ʰ˂˂ʰˁˍʽˁʺ ˂ˏˋʹ 

[64,96,97ϐΦ ɳʵ˗Σ ˍ̌  ̄ʶʵʾˇ ˍ˖˄ ɾɲɳ ʰˉˇˋˎ˄ˍʾʻʶˍʰʽ ˋʶ ˎˉˇˉʶʵʾʰΣ ʴʽʰ ˂ˈʴˇˎˌ ˉˇˎ 

ˉˊˇʷˊ˔ˇ˄̱ʰʽ ʰˉˈ ˍʹ˄ ˒ˎˋʽˁʺ ʺ ʴʽʰ ˂ˈʴˇˎˌ ˉʰˊʰ˂˂ʹ˂ʽˋ˃ˇˏΣ ˁʰʽ ˍʹ˄ ʾʵʽʰ ˋˍʽʴ˃ʺ 

ʰˊ˔ʽˁʷˌ ˃ʰ˄ˍʶ˕ʽʷˌ ˁʰʻˇˊʾʸˇ˄ˍʰʽ ˋ̱ ʽˌ ʵʽʶˉh˒ʷ̩ ˃ʶˍʰ˅ˏ ˍ˖˄ ˎˉˇˉʶʵʾ˖˄Φ ʆʰ 

ˎˉˇˉˊˇʲ˂ʺ˃ʰˍʰ ʶˉʽ˂ˏˇ˄ˍʰʽ ˁʰʽ ˄ʷʶˌ ˍʽ˃ʷˌ ˋ̱ ʽˌ ʵʽʶˉʰ˒ʷˌ ˎˉˇ˂ˇʴʾʸˇ˄ˍʰʽ ˃ʶ 

ˋˎʴˁʶˁˊʽ˃ʷ˄ʶˌ ˃ʶʻˈʵˇˎˌ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ (ʶˉʽʲʱ˂˂ˇ˄ˍʰˌ ˍʽˌ ˋ˖ˋˍʷˌ 

ˋˎ˄ʻʺˁʶˌ ʴʽʰ ˍˇ ˉˊˈʲ˂ʹ˃ʰύ ʶˉʰ˄ʰ˂ʹˉˍʽˁʱ ʷ˖ˌ ˈˍˇˎ ʹ ˋˏʴˁ˂ʽˋʹ ʶˉʽˍʶˎ˔ʻʶʾ. 

ʃʶˊʽʲʱ˂˂ˇ˄ˍʰ ʶˉʾ˂ˎˋʹˌ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˉˇ˂˂ʰˉ˂˗˄ ˉʶʵʾ˖˄ κ ˉˇ˂˂ʰˉ˂˗˄ ˒ˎˋʽˁ˗˄ 

ˉˇˎ ˎ˂ˇˉˇʽˇˏ˄ ˍʹ ˃ʶʻˇʵˇ˂ˇʴʾʰ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺ ʻʰ ˉˊʷˉʶʽ ˄ʰ ʶʾ˄ʰʽ ʽˁʰ˄ʱ 

˄ʰ ˒ʽ˂ˇ˅ʶ˄ˇˏ˄ ˁʰʽ ˄ʰ ʶ˄ˋ˖˃ʰˍ˗˄ˇˎ˄ ˃ʽʰ ˉˇʽˁʽ˂ʾʰ ˎ˒ʽˋˍʱ˃ʶ˄˖˄ ʶˉʽ˂ˎˍ˗˄ ɾɲɳ ˁʰʽ 

˃ʶʻˈʵ˖˄ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺΦ ɮˎ̱ˇʾ ˇʽ ʶˉʽ˂ˎˍʷˌ ˉˊʷˉʶʽ ˄ʰ ˉʰˊʷ˔ˇˎ˄ ˃ʽʰ 

ʶ˂ʱ˔ʽˋˍʹ ˂ʶʽˍˇˎˊʴʽˁˈˍʹˍʰ ˋˎ˃ˉʶˊʽ˂ʰ˃ʲʰ˄ˇ˃ʷ˄˖˄ ˍ˖˄ ʶ˅ʺˌΥ ˇˊʽˋ˃ˈ ˉʶʵʾˇˎ ˁʰʽ 

ɾɲɳΣ ʵʹ˃ʽˇˎˊʴʾʰ ˉ˂ʷʴ˃ʰˍˇˌΣ ˋ˔ʺ˃ʰ ʵʽʰˁˊʽˍˇˉˇʾʹˋʹˌΣ ʶˁˍʾ˃ʹˋʹ ˍʹˌ ˂ˏˋʹˌ ˁʰʽ ˍʹˌ 

ˉʰˊʰʴ˗ʴˇˎ ˋʶ ˇˉˇʽˇʵʺˉˇˍʶ ˋʹ˃ʶʾˇ ˍˇˎ ˉʶʵʾˇˎ ˋˎ˃ˉʶˊʽ˂ʰ˃ʲʰ˄ˇ˃ʷ˄˖˄ ˍ˖˄ ˇˊʾ˖˄ κ 

ʵʽʶˉʰ˒˗˄Φ ʁʽ ˎ˒ʽˋˍʱ˃ʶ˄ʶˌ ˎ˂ˇˉˇʽʺˋʶʽˌΣ ˉˇˎ ˉʰˊˇˎˋʽʱˋˍʹˁʰ˄ ˋˍˇ ˁʶ˒ʱ˂ʰʽˇ нΣ 

ʷ˔ˇˎ˄ ʵʽʱ˒ˇˊʰ ˃ʶʽˇ˄ʶˁˍʺ˃ʰˍʰΣ ˃ʶˍʰ˅ˏ ˍ˖˄ ˇˉˇʾ˖˄ ˍˇ ˈˍʽ ʶ˅ʰˊˍ˗˄ˍʰʽ ˋʶ ˃ʶʴʱ˂ˇ 

ʲʰʻ˃ˈ ʰˉˈ ˉ˂ʰˍ˒ˈˊ˃ʶˌ ˉˊʰˁˍˈˊ˖˄ ˁʰʽ ˍʹ˄ ʲʽʲ˂ʽˇʻʺˁʹ PELLPACK, h̄ ˇˁʰ˂ˏˉˍˇ˄ˍʰˌ 

ʷˍˋʽ ˍʹ˄ ʰ˄ʱʴˁʹ ˃ʽʰˌ ˄ʷʰˌ ˎ˂ˇˉˇʾʹˋʹˌ ʰˉʰ˂˂ʰʴ˃ʷ˄ʹˌ ʰˉˈ ʰˎˍˇˏˌ ˍˇˎˌ 

ˉʶˊʽˇˊʽˋ˃ˇˏˌΦ 

ʅˍʹ˄ ˉʰˊˇˏˋʰ ʵʽˉ˂˖˃ʰˍʽˁʺ ˎ˂ˇˉˇʽˇˏ˃ʶ ˃ʽʰ ʰˉˈ ˍʽˌ ˃ʶʻˈʵˇˎˌ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ 

ʵʽʶˉʰ˒ʺΣ ˉˇˎ ˉʰˊˇˎˋʽʱˋˍʹˁʰ˄ ˋˍˇ ˁʶ˒ʱ˂ʰʽˇ оΣ ˍʹ geometric (GEO) contraction 

based ˋˍʹ FEniCSΦ ɶ FEniCS [98ϐ ʶʾ˄ʰʽ ˃ʽʰ ˋˎ˂˂ˇʴʺ ʶ˂ʶˏʻʶˊˇˎ ˂ˇʴʽˋ˃ʽˁˇˏ ʴʽʰ 

ʰˎˍˇ˃ʰˍˇˉˇʽʹ˃ʷ˄ʹΣ ʰˉˇʵˇˍʽˁʺ ʶˉʾ˂ˎˋʹ ʵʽʰ˒ˇˊʽˁ˗˄ ʶ˅ʽˋ˗ˋʶ˖˄Φ ʁʽ ˂ˈʴˇʽ ʴʽʰ ˍʹ˄ 

ʶˉʽ˂ˇʴʺ ˍʹˌ FEniCS ʶʾ˄ʰʽΣ ˃ʶˍʰ˅ˏ ʱ˂˂˖˄Σ ˈˍʽ ʶʾ˄ʰʽ ʰ˅ʽˈˉʽˋˍʹΣ ʰˉˇʵˇˍʽˁʺΣ ʶ˂ʶˏʻʶˊʹ 

ˁʰʽ ˎˉˇˋ˔ˈ˃ʶ˄ʹ ˄ʰ ˎˉˇˋˍʹˊʾʸʶˍʰʽ ˁʰʽ ˋˍˇ ˃ʷ˂˂ˇ˄Φ ɾʽʰ ˉʰˊʱ˂˂ʹ˂ʹ ˎ˂ˇˉˇʾʹˋʹ ˍʹˌ 

GEO ˋˍʹ FEniCS ˃ʶ ˍʹ ʲˇʺʻʶʽʰ ˍˇˎ RabbiMQ όˉˊˇˋʰ˄ʰˍˇ˂ʽˋ˃ʷ˄ˇ ˋʶ ˃ʹ˄ˏ˃ʰˍʰ 

middleware) [99] ˉʰˊˇˎˋʽʱʸʶˍʰʽΣ ʶˉʾˋʹˌΦ ʅˍʹ ˋˎ˄ʷ˔ʶʽʰ ˍˇˎ ˁʶ˒ʰ˂ʰʾˇˎ 

ˉʰˊˇˎˋʽʱʸˇ˄ˍʰʽ ˋˏ˄ˍˇ˃ʰ ʹ FEniCSΣ ˍˇ RabbiMQ ˁʰʽ ʸʹˍʺ˃ʰˍʰ ˍˈˋˇ ˍʹˌ ˋʶʽˊʽʰˁʺˌΣ 

ˈˋˇ ˁʰʽ ˍʹˌ ˉʰˊʱ˂˂ʹ˂ʹˌ ˎ˂ˇˉˇʾʹˋʹˌΦ 
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5.2 FEniCS 

ʅˁˇˉʶˏˇ˄ˍʰˌ ˋˍʹ˄ ʶ˄ˋ˖˃ʱˍ˖ˋʹ ˍʹˌ ˃ʶʻˈʵˇˎ GEOΣ ˃ʰʸʾ ˃ʶ ʱ˂˂ʶˌ ˃ʶʻˈʵˇˎˌ 

˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ ʵʽʶˉʰ˒ʺΣ ˋʶ ʷ˄ʰ ˇ˂ˇˁ˂ʹˊ˖˃ʷ˄ˇ ˉʶˊʽʲʱ˂˂ˇ˄ ʶˉʾ˂ˎˋʹˌ 

ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ˉˇˎ ˄ʰ ʰ˒ˇˊʱ ˉˊˇʲ˂ʺ˃ʰˍʰ ˉˇ˂˂ʰˉ˂˗˄ ˉʶʵʾ˖˄ κ ˉˇ˂˂ʰˉ˂˗˄ 

˒ˎˋʽˁ˗˄ ˍʹ˄ ˎ˂ˇˉˇʽʺˋʰ˃ʶ ˋˍʹ FEniCS. ɶ FEniCS ˉʰˊʷ˔ʶʽ ˁ˂ʱˋʶʽˌ ˁʰʽ ˃ʶʻˈʵˇˎˌ ˃ʶ 

ˍʽˌ ˇˉˇʾʶˌ ʶʾ˄ʰʽ ʵˎ˄ʰˍˈˌ ˇ ˁʰʻˇˊʽˋ˃ˈˌ ˍ˖˄ ʽʵʽˇˍʺˍ˖˄ ˍ˖˄ ˎˉˇˉʶʵʾ˖˄ ˍˇˎ 

ˉˊˇʲ˂ʺ˃ʰˍˇˌ όʴʶ˖˃ʶˍˊʾʰ ˉʶʵʾˇˎΣ ˍʶ˂ʶˋˍʺˌ ɾɲɳ ˁʰʽ ˇˊʽʰˁʷˌ ˋˎ˄ʻʺˁʶˌ ʺκˁʰʽ 

ˋˎ˄ʻʺˁʶˌ ʵʽʶˉʰ˒˗˄ύ. ʁʽ ˃ʷʻˇʵˇʾ ˍʹˌ ˃ˉˇˊˇˏ˄ ʶˉʾˋʹˌ ˄ʰ ʵʹ˃ʽˇˎˊʴʺˋˇˎ˄ ʺκˁʰʽ ˄ʰ 

ʲʶ˂ˍʽ˗ˋˇˎ˄ ˉ˂ʷʴ˃ʰˍʰ όˍˊʽʴ˖˄ʽˁʱ ˋˍˇʽ˔ʶʾʰύ ʴʽʰ ˁʱʻʶ ˎˉˇˉʶʵʾˇΣ ˄ʰ ʶˉʽ˂ˏˋˇˎ˄ ˍʰ 

ˍˇˉʽˁʱ ˉˊˇʲ˂ʺ˃ʰˍʰ ɾɲɳ ˁʰʽ ˄ʰ ʰˉʶʽˁˇ˄ʾˋˇˎ˄ ˍʰ ˎˉˇ˂ˇʴʽˋ˃ʷ˄ʰ ʰˉˇˍʶ˂ʷˋ˃ʰˍʰ ʴʽʰ 

ˇ˂ˈˁ˂ʹˊˇ ˍˇ ˉʶʵʾˇ ˁʰʽ ʴʽʰ ˍʽˌ ʵʽʶˉʰ˒ʷˌΦ ʁ ˉˊˇʶˉʽ˂ʶʴ˃ʷ˄ˇˌ ʶˉʽ˂ˎˍʺˌ ˋˍʰ 

ˉˊˇʴˊʱ˃˃ʰˍʰ ˍʹˌ FEniCS ʶʾ˄ʰʽ ʹ ʰˊʰʽʺ LU ʰˉˇˋˏ˄ʻʶˋʹΣ ˁʰʻ˗ˌ ʶʾ˄ʰʽ ʽˋ˔ˎˊʺ ʴʽʰ 

ˁʱˉˇʽʶˌ ˔ʽ˂ʽʱʵʶˌ ʰʴ˄˗ˋˍˇˎˌ ˋˍˇ ˋˏˋˍʹ˃ʰ ʶ˅ʽˋ˗ˋʶ˖˄Φ ʃʰˊˈ˂ʰ ʰˎˍʱΣ ʹ ʰˊʰʽʺ LU 

ʰˉˇˋˏ˄ʻʶˋʹ ʴʾ˄ʶˍʰʽ ʰˊʴʺ ˁʰʽ ˉˇ˂ˏ ʰˉʰʽˍʹˍʽˁʺ ˋʶ ˃˄ʺ˃ʹ ʴʽʰ ˃ʶʴʱ˂ʰ ˉˊˇʲ˂ʺ˃ʰˍʰΦ 

ɱʽʰ ʰˎˍˈ ˍ ̌˂ˈʴˇ ʹ FEniCS ˉʰˊʷ˔ʶʽ ʶ˄ʰ˂˂ʰˁˍʽˁʱ ˁʰʽ ʶˉʰ˄ʰ˂ʹˉˍʽˁʷˌ ˃ʶʻˈʵˇˎˌΣ ˈˉ˖ˌ 

ˇʽ preconditioned Krylov ʶˉʽ˂ˎˍʷˌΣ ˇʽ ˇˉˇʾˇʽ ʶʾ˄ʰʽ ʴˊʹʴˇˊˈˍʶˊˇʽ ˁʰʽ ʰˉʰʽˍˇˏ˄ 

ˋʹ˃ʰ˄ˍʽˁʱ ˂ʽʴˈˍʶˊʹ ˃˄ʺ˃ʹΦ ɾʽʰ ˉ˂ʺˊʹˌ ˂ʾˋˍʰ ˍ˖˄ ʵʽʰʻʷˋʽ˃˖˄ Krylov ʶˉʽ˂ˎˍ˗˄ ˁʰʽ 

preconditioners ˃ˉˇˊʶʾ ˄ʰ ʲˊʶʻʶʾ ˋˍʹ˄ ˍʶˁ˃ʹˊʾ˖ˋʹ ˍʹˌ FEniCS [98ϐΦ ʅˍʹ˄ 

ˉˊʰʴ˃ʰˍʽˁˈˍʹˍʰΣ ˇʽ ˎ˂ˇˉˇʽʺˋʶʽˌ ˍ˖˄ ʶˉʽ˂ˎˍ˗˄ ˉˇˎ ˍʾʻʶ˄ˍʰʽ ˋʶ ʵˊʱˋʹ ʶ˅ʰˊˍ˗˄ˍʰʽ 

ʰˉˈ ˍʹ˄ ʶˉʽ˂ˇʴʺ ˍˇˎ ˉʰˁʷˍˇˎ ʴˊʰ˃˃ʽˁʺˌ ʱ˂ʴʶʲˊʰˌΦ ɶ FEniCS ˎˉˇˋˍʹˊʾʸʶʽ ʵʽʱ˒ˇˊʰ 

ˉʰˁʷˍʰ ʴˊʰ˃˃ʽˁʺˌ ʱ˂ʴʶʲˊʰˌΣ ˉˇˎ ʰˉˇˁʰ˂ˇˏ˄ˍʰʽ backends ˋˍʹ˄ ˇˊˇ˂ˇʴʾʰ ˍʹˌ 

FEniCSΦ ʆˇ PETSc ʶʾ˄ʰʽ ˍˇ ˉˊˇʶˉʽ˂ʶʴ˃ʷ˄ˇ backend ˁʰʽ ʶ˄ʰ˂˂ʰˁˍʽˁʱ backends ˉˇˎ 

ˎˉˇˋˍʹˊʾʸˇ˄ˍʰʽ ʶʾ˄ʰʽ ˍʰ uBLAS, Epetra (Trilinos) ˁ ʰʽ MTL4. 

ɱʽʰ ˍʹ˄ ˁʰ˂ˏˍʶˊʹ ˁʰˍʰ˄ˈʹˋʹ ˍˇˎ ˍˊˈˉˇˎ ˃ʶ ˍˇ˄ ˇˉˇʾˇ ʷ˄ʰ ˉˊˈʲ˂ʹ˃ʰ ʶˉʽ˂ˏʶˍʰʽ ˋˍʹ 

FEniCS ̄ʶʽˊʰ˃ʰˍʽˋˍʺˁʰ˃ʶ ˃ʶ ˍˇ ʰˁˈ˂ˇˎʻˇ ˉˊˈʲ˂ʹ˃ʰ-˃ˇ˄ˍʷ˂ˇΣ ˉˇˎ ʶʾ˄ʰʽ ˍˇ Poisson 

ˉˊˈʲ˂ʹ˃ʰΥ 

ᶯόὼ Ὢὼȟ    ὼ Ὥὲ  ȟ 

όὼ ό ὼȟ    ὼ έὲ  Ȣ 

ɳʵ˗Σ ʹ όὼʶʾ˄ʰʽ ʹ ʱʴ˄˖ˋˍʹ ˋˎ˄ʱˊˍʹˋʹΣ ʹ Ὢὼ ʶʾ˄ʰʽ ˃ʽʰ ˇˊʽˋ˃ʷ˄ʹ ˋˎ˄ʱˊˍʹˋʹΣ ˍˇ 

ᶯ ʶʾ˄ʰʽ ˇ ˍʶ˂ʶˋˍʺˌ LaplaceΣ ˍˇ   ʶʾ˄ʰʽ ˍˇ ˔˖ˊʽˁˈ ˉʶʵʾˇ ˁʰʽ ˍˇ   ʶʾ˄ʰʽ ˍˇ ˈˊʽˇ ˍˇˎ 

 Φ ɾʽʰ ɾɲɳ ˋʰ˄ ʰˎˍʺΣ ˃ʰʸʾ ˃ʶ ʷ˄ʰ ˉ˂ʺˊʶˌ ˋˏ˄ˇ˂ˇ ʰˉˈ ˇˊʽʰˁʷˌ ˋˎ˄ʻʺˁʶˌ 

ʰˉˇˍʶ˂ˇˏ˄ ʷ˄ʰ ˉˊˈʲ˂ʹ˃ʰ ˇˊʽʰˁ˗˄ ˍʽ˃˗˄Σ ˉˇˎ ˉˊʷˉʶʽ ˄ʰ ˇˊʽˋˍʶʾ ˉ˂ʺˊ˖ˌ ˉˊʽ˄ ˍʹ˄ 

ʶˉʾ˂ˎˋʺ ˍˇˎ ˋˍʹ FEniCS. 

ʅʶ ʵˏˇ ˔˖ˊʽˁʷˌ ʵʽʰˋˍʱˋʶʽˌ ˃ʶ ˋˎ˄ˍʶˍʰʴ˃ʷ˄ʶˌ ὼ ˁʰʽ ώ, ˃ˉˇˊˇˏ˃ʶ ˄ʰ ʴˊʱ˕ˇˎ˃ʶ ˍʹ˄ 

ʶ˅ʾˋ˖ˋʹ Poisson ̟ ˌΥ 

ό

ὼ

ό

ώ
ὪὼȟώȢ 
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ɶ ʱʴ˄˖ˋˍʹ ό ʶʾ˄ʰʽ ˍ˗ˊʰ ˃ʽʰ ˋˎ˄ʱˊˍʹˋʹ ʵˏˇ ˃ʶˍʰʲ˂ʹˍ˗˄ όὼȟώ, ˇˊʽˋ˃ʷ˄ʹ ˋʶ ʷ˄ʰ 

ʵʽˋʵʽʱˋˍʰˍˇ ˉʶʵʾˇ  Φ ɱʽʰ ˄ʰ ˃ˉˇˊʷˋʶʽ ʹ C9ƴƛ/{ ˄ʰ ʶˉʽ˂ˏˋʶʽ ˍˇ ˉˊˈʲ˂ʹ˃ʰ ˉˊʷˉʶʽ ˄ʰ 

ˍˇ ʶˁ˒ˊʱˋˇˎ˃ʶ ˋˍʹ˄ ˉʰˊʰ˃ʶˍˊʽˁʺ ˃ˇˊ˒ʺ ˍˇˎΦ ɲʹ˂ʰʵʺΣ ʲˊʶˌ ˍʹ όᶰὠ ̱ ʷˍˇʽʰ ˗ˋˍʶΥ 

όɳɳ‡Ὠὼ
 

Æ‡Ὠὼ
 

     ᶅ‡ɴ ὠȢ 

ɶ h ˁˈ˂ˇˎʻʹ ʶ˄ʽʰʾʰ ˋʹ˃ʶʽˇʴˊʰ˒ʾʰ ʰˉˇʵʶʽˁ˄ˏʶˍʰʽ ˔ˊʺˋʽ˃ʹΥ 

όȟ‡ ὒ‡Ȣ 

ʅˍˇ ˉʶˊʽʴˊʰ˒ˈ˃ʶ˄ˇ ˉˊˈʲ˂ʹ˃ʰ ʽˋ˔ˏʶʽ ˈˍʽ 

όȟ‡ όɳɳ‡Ὠὼ
 

ȟ 

ὒ‡ Æ‡Ὠὼ
 

Ȣ 

ɾʷ˔ˊʽ ˋˍʽʴ˃ʺˌ ˋˍˇ ˉˊˈʲ˂ʹ˃ʰ-˃ˇ˄ˍʷ˂ˇ ʷ˔ˇˎ˃ʶ ʷ˄ʰ ʴʶ˄ʽˁˈ ˉʶʵʾˇ   ˁʰʽ ʴʶ˄ʽˁʷˌ 

ˋˎ˄ʰˊˍʺˋʶʽˌ ό ˁʰʽ ὪΦ ɱʽʰ ˍʹ˄ ˎ˂ˇˉˇʾʹˋʹ ˋˍʹ FEniCS ˉˊʷˉʶʽ ˄ʰ ʶˉʽ˂ʷ˅ˇˎ˃ʶ 

ˋˎʴˁʶˁˊʽ˃ʷ˄ʰ  , ό ˁ ʰʽ ὪΦ ɶ ʰˁˊʽʲʺˌ ˂ˏˋʹ ʶʾ˄ʰʽ: 

ό ὼȟώ ρ ὼ ςώ 

ˋʶ ʷ˄ʰ ʵʽˋʵʽʱˋˍʰˍˇ ˉʶʵʾˇΦ ʆʰ ʰ˄ˍʾˋˍˇʽ˔ʰ  , ό ˁ ʰʽ Ὢ ʁ ʾ˄ʰʽΥ 

Ὢὼȟώ φȟ   ό ὼȟώ ό ὼȟώ ρ ὼ ςώȟ     πȟρὼπȟρȢ 

ʆˇ ˉˊˈʴˊʰ˃˃ʰ ˋʶ FEniCS ̄ ˇˎ ʶˉʽ˂ˏʶʽ ˍˇ ˉʰˊʰˉʱ˄˖ ˉˊˈʲ˂ʹ˃ʰ ʶʾ˄ʰʽ ˍˇ ʰˁˈ˂ˇˎʻˇΥ 
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"""  
FEniCS tutorial demo program: Poisson equation with Dirichlet 
conditions.  
Simplest example of computation and visualization with FEniCS.  
 
- Laplace(u) = f on the unit square.  
u = u0 on the boundary.  
u0 = u = 1 + x^2 + 2y^2, f = - 6.  
"""  
 
from  dolfin  import  *  
 
# Create mesh and define function space  
mesh = UnitSquare( 6, 4)  
#mesh = UnitCube(6, 4, 5)  
V = FunctionSpace(mesh, 'Lagrange' , 1)  
 
# Define boundary conditions  
u0 = Expression( '1 + x[0]*x[0] + 2*x[1]*x[1]' )  
 
def  u0_boundary (x, on_boundary):  
    return  on_boundary  
 
bc = DirichletBC(V, u0, u0_boundary)  
 
# Define variational problem  
u = TrialFunction(V)  
v = TestFunction(V)  
f = Constant( - 6.0 )  
a = inner(nabla_grad(u), nabla_grad(v)) * dx 
L = f * v* dx 
 
# Compute solution  
u = Function(V)  
solve(a == L, u, bc)  
 
# Plot solution and mesh  
plot(u)  
plot(mesh)  
 
# Dump solution to file in VTK format  
file  = File( 'poisson.pvd' )  
file  << u 
 
# Hold plot  
interactive()  
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ɶ ˉˊ˗ˍʹ ʴˊʰ˃˃ʺ ˍˇˎ ˉˊˇʴˊʱ˃˃ʰˍˇˌΥ 

 

ʶʽˋʱʴʶʽ ˍʽˌ ˁ˂ʱˋʶʽˌ ¦ƴƛǘ{ǉǳŀǊŜΣ CǳƴŎǘƛƻƴ{ǇŀŎŜΣ CǳƴŎǘƛƻƴΣ ˁ˂ˉΦ ʰˉˈ ˍʹ ʲʽʲ˂ʽˇʻʺˁʹ 

DOLFINΦ ʂ˂ʰ ˍʰ FEniCS ˉˊˇʴˊʱ˃˃ʰˍʰ ˉˇˎ ʶˉʽ˂ˏˇˎ˄ ɾɲɳ ˃ʶ ˍʹ ˃ʷʻˇʵˇ 

ˉʶˉʶˊʰˋ˃ʷ˄˖˄ ˋˍˇʽ˔ʶʾ˖˄ ˅ʶˁʽ˄ˇˏ˄ ˁʰ˄ˇ˄ʽˁʱ ˃ʶ ʰˎˍʺ ˍʹ ʴˊʰ˃˃ʺΦ ʆˇ DOLFIN ʶʾ˄ʰʽ 

˃ʽʰ ʲʽʲ˂ʽˇʻʺˁʹ ˂ˇʴʽˋ˃ʽˁˇˏ ˃ʶ ʰˉˇʵˇˍʽˁʷˌ ˁʰʽ ʲˇ˂ʽˁʷˌ C++ ˁ˂ʱˋʶʽ̩ ʴʽʰ ˎˉˇ˂ˇʴʽˋ˃ˈ 

ˉʶˉʶˊʰˋ˃ʷ˄˖˄ ˋˍˇʽ˔ʶʾ˖˄ ˁʰʽ ˍˇ dolfin ʶʾ˄ʰʽ ʷ˄ʰ ˉʰˁʷˍˇ Python ˉˇˎ ˉʰˊʷ˔ʶʽ 

ˉˊˈˋʲʰˋʹ ˋʶ ʰˎˍʺ ˄ˍʹ C++ ̡ ʽʲ˂ʽˇʻʺˁʹ ʰˉˈ ˉˊˇʴˊʱ˃˃ʰˍʰ Python. ɾˉˇˊʶʾ ˁʰ˄ʶʾˌ 

˄ʰ ̀ˁ ʶ˒ˍʶʾ ˍʹ˄ FEniCS ˋh ˄ ˃ʽʰ ˇ˃ˉˊʷ˂ʰ ʴʽʰ ʷ˄ʰ ˋˏ˄ˇ˂ˇ ˎˉˇ˂ˇʴʽˋ̱ ʽˁ˗˄ ˋˎˋˍʰˍʽˁ˗˄, 

ˈˉˇˎ ˍˇ DOLFIN ʶʾ˄ʰʽ ʷ˄ʰ ˋʹ˃ʰ˄ˍʽˁˈ ˋˎˋˍʰˍʽˁˈ ʴʽʰ ˍʹ ˋˎʴʴˊʰ˒ʺ ˉˊˇʴˊʰ˃˃ʱˍ˖˄ 

ˉʶˉʶˊʰˋ˃ʷ˄˖˄ ˋˍˇʽ˔ʶʾ˖˄Φ ɶ ˉˊˈˍʰˋʹ from dolfin import * ʶʽˋʱʴʶʽ ˁʰʽ ʱ˂˂ʰ 

ˋˎˋˍʰˍʽˁʱ ʶˉʾˋʹˌΦ 

ɶ ʴˊʰ˃˃ʺ:  

 

ˇˊʾʸʶʽ ʷ˄ʰ ˁʰ˄ˇ˄ʽˁˈ ˉ˂ʷʴ˃ʰ ˉʶˉʶˊʰˋ˃ʷ˄˖˄ ˋˍˇʽ˔ʶʾ˖˄ ˉʱ˄˖ ˋˍˇ ˃ˇ˄ʰʵʽʰʾˇ 

ˍʶˍˊʱʴ˖˄ˇ πȟρ ὼ πȟρΦ ʆˇ ˉ˂ʷʴ˃ʰ ʰˉˇˍʶ˂ʶʾˍʰʽ ʰˉˈ ˁʶ˂ʽʱΣ ˉˇˎ ʶʾ˄ʰʽ ˍˊʾʴ˖˄ʰ ˃ʶ 

ʶˎʻʶʾʶˌ ˉ˂ʶˎˊʷˌΦ ʁʽ ˉʰˊʱ˃ʶˍˊˇʽ с ˁʰʽ п ʵʹ˂˗˄ˇˎ˄ ˈˍʽ ˍˇ ˍʶˍˊʱʴ˖˄ˇ ʵʽʰʽˊʶʾˍʰʽ 

ʰˊ˔ʽˁʱ ˋʶ с Ȅ п ˇˊʻˇʴ˗˄ʽʰ ˁʰʽ ˋˍʹ ˋˎ˄ʷ˔ʶʽʰ ˁʱ̒ ʶ ˇˊʻˇʴ˗˄ʽˇ ʵʽʰʽˊʶʾˍʰʽ ˋʶ н 

ˍˊʾʴ˖˄ʰΦ ʁ ˋˎ˄ˇ˂ʽˁˈˌ ʰˊʽʻ˃ˈˌ ˍˊʽʴ˗˄˖˄ ˃ʶ ʰˎˍˈ ˍˇ ˍˊˈˉˇ ʴʾ˄ʶˍʰʽ пуΦ ʁ ˋˎ˄ˇ˂ʽˁˈˌ 

ʰˊʽʻ˃ˈˌ ˁˇˊˎ˒˗˄ ˋˍˇ ˉ˂ʷʴ˃ʰ ʶʾ˄ ʰʽ т x 5=35. To DOLCLb ˉˊˇˋ˒ʷˊʶʽ ˁʱˉˇʽʶˌ ˁ˂ʱˋʶʽˌ 

ʴʽʰ ˍʹ˄ ʵʹ˃ʽˇˎˊʴʾʰ ˉ˂ʶʴ˃ʱˍ˖˄ ˋʶ ˉˇ˂ˏ ʰˉ˂ʷˌ ʴʶ˖˃ʶˍˊʾʶˌΦ ɱʽʰ ˉʶʵʾʰ ˉʽˇ 

ˉˇ˂ˏˉ˂ˇˁˇˎ ˋ˔ʺ˃ ʰˍˇˌ ʶʾ˄ʰʽ ʰˉʰˊʰʾˍʹˍˇ ʷ˄ʰ ʶ˅˖ˍʶˊʽˁˈ ˉˊˈʴˊʰ˃˃ʰ 

ˉˊˇʶˉʶ˅ʶ́ ʴʰˋʾʰˌ ʴʽʰ ˍʹ ʵʹ˃ʽˇˎˊʴʾʰ ˍˇˎ ˉ˂ʷʴ˃ʰˍˇˌΦ ʅʶ ʰˎˍʺ ˄ˍʹ˄ ˉʶˊʾˉˍ˖ˋʹ ˍˇ 

C9ƴƛ/{ ˉˊˈʴˊʰ˃˃ʰ ʻʰ ʵʽʰʲʱˋʶʽ ˍˇ ˉ˂ʷʴ˃ʰ ʰˉˈ ʷ˄ʰ ʰˊ˔ʶʾˇΦ 

ɳ˒ˈˋˇ˄ ʷ˔ˇˎ˃ʶ ˍˇ ˉ˂ʷʴ˃ʰ, ˇˊʾʸˇˎ˃ʶ ʷ˄ʰ ʵʽʰˁˊʽˍˈ ˔˗ˊˇ ˋˎ˄ʱˊˍʹˋʹˌ ± ˉʱ˄˖ ˋˍˇ 

ˉ˂ʷʴ˃ʰΥ 

 

ʆˇ ʵʶˏˍʶˊˇ ˈˊʽˋ˃ʰ ʰ˄ˍʽˋ̱ ˇʽ˔ʶʾ ˋˍˇ ʶʾʵˇˌ ˍˇˎ ˋˍˇʽ˔ʶʾˇˎΣ ʶ˄˗ ˍˇ ˍˊʾˍˇ ˈˊʽˋ˃ʰ ʶʾ˄ʰʽ ˇ 

ʲʰʻ˃ˈ ˍ˖˄ ˋˎ˄ʰˊˍʺˋʶ˖˄ ʲʱˋʹˌ ˋˍˇ ˋˍˇʽ˔ʶʾˇΦ 

V = FunctionSpace(mesh, 'Lagrange' , 1)  

mesh = UnitSquare( 6, 4)  

from  dolfin  import  *  
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ʆˇ ʶʾʵˇˌ ˍˇˎ ˋˍˇʽ˔ʶʾˇˎ ʶʵ˗ ʶʾ˄ʰʽ άLagrangeέΣ ˎˉˇ˄ˇ˗˄ˍʰˌ ˍʹ ˍˎˉʽˁʺ ˇʽˁˇʴʷ˄ʶʽʰ 

ˋˍˇʽ˔ʶʾ˖˄ [ŀƎǊŀƴƎŜΦ ʁˊʾʸˇ˄ˍʰˌ ʲʰʻ˃ˈ ʾˋˇ ˃ʶ м ˉʰʾˊ˄ˇˎ˃ʶ ˍˇ ˍˎˉʽˁˈ ʴˊʰ˃˃ʽˁ ̍

ˋˍˇʽ˔ʶʾˇ [ŀƎǊŀƴƎŜ ˉˇˎ ʶʾ˄ʰʽ ʷ˄ʰ ˍˊʾʴ˖˄ˇ ˃ʶ ˁˈ˃ʲˇˎˌ ˋˍʽˌ ˍˊʶʽˌ ˁˇˊˎ˒ʷˌΦ ɶ 

ˎˉˇ˂ˇʴʽˋ˃ʷ˄ʹ ǳ ʻʰ ʶʾ˄ʰʽ ˋˎ˄ʶ˔ʺˌ ˁʰʽ ʴˊʰ˃˃ʽˁʱ ˃ʶˍʰʲʰ˂˂ˈ˃ʶ˄ʹ ˋˍˇ Ȅ ˁʰʽ ȅ ˋʶ ˁʱʻʶ 

ˁʶ˂ʾ ˍˇˎ ˉ˂ʷʴ˃ʰˍˇˌΦ ɮˎ˅ʱ˄ˇ˄ˍʰˌ ˍʹ˄ ˍ́ ʾˍʹ ˉʰˊʱ˃ʁ ˍ́̌  ̱̌ ˎ FunctionSpace ˉʰʾˊ˄ˇˎ˃ʶ 

˃ʶʴʰ˂ˏˍʶˊˇˎ ʲʰʻ˃ˇˏ ˉˇ˂ˎ˖˄ˎ˃ʽˁʷˌ ˉˊˇˋʶʴʴʾˋʶʽˌ ̀ ʶ ˁʱʻʶ ˁʶ˂ʾ.  

ʅˍʹ ˋˎ˄ʷ˔ʶʽʰ ˇˊʾʸˇˎ˃ʶ ʷ˄ʰ ˁˇʽ˄ˈ ˔˗ˊˇ ± ʴʽʰ ˍʹ ʵˇˁʽ˃ʰˋˍʽˁʺ ˋˎ˄ʱˊˍʹˋʹ ˁʰʽ ˍʹ 

ˋˎ˄ʱˊˍʹˋʹ ʶ˂ʷʴ˔ˇˎΦ 

 

ʆˇ ʶˉˈ˃ʶ˄ˇ ʲʺ˃ʰ ʶʾ˄ʰʽ ˄ʰ ˇˊʾˋˇˎ˃ʶ ˍʹ˄ ˇˊʽʰˁʺ ˋˎ˄ʻʺˁ́ ό ό έὲ  Φ ɮˎˍˈ 

ʴʾ˄ʶˍʰʽ ˃ʶ ˍʹ ʴˊʰ˃˃ʺΥ  

 

ˈ̄ ˇˎ ˍˇ u0 ʶʾ˄ʰʽ ˃ʽʰ ˃ʶˍʰʲ˂ʹˍʺ ˉˇˎ ˁˊʰˍʱʶʽ ˍʽˌ ˍʽ˃ʷˌ ˍˇˎ ό ˁʰʽ ˍˇ u0_boundary 

ʶʾ˄ʰʽ ˃ʽʰ ˋˎ˄ʱˊˍʹˋʹ ˉˇˎ ˉʶˊʽʴˊʱ˒ʶʽ ʰ˄ ʷ˄ʰ ˋʹ˃ʶʾˇ ʲˊʾˋˁʶˍʰʽ ˋˍˇ ˈˊʽˇ ˈˉˇˎ 

ˇˊʾʸʶˍʰʽ ʹ ό. 

ʁˊʽʰˁʷˌ ˋˎ˄ʻʺˁʶˌ ˍˇˎ ˍˏˉˇˎ ό ό ʶʾ˄ʰʽ ʴ˄˖ˋˍʷˌ ˋʰ˄ Dirichlet ˋˎ˄ʻʺˁʶˌ ˁʰʽ 

ʶˉʾˋʹˌ ˋʰ˄ ʰˉʰˊʰʾ̱ ʹˍʶˌ ˇˊʽʰˁʷˌ ˋˎ˄ʻʺˁʶˌ ˋˍˇ ˉ˂ʰʾˋʽˇ ˍ˖˄ ˉʶˉʶˊʰˋ˃ʷ˄˖˄ 

ˋˍˇʽ˔ʶʾ˖˄Φ ɼʰ˄ˇ˄ʽˁʱ ʹ 5h[CLb ˁ˂ʱˋʹ ˉˇˎ ˋˎʴˁˊʰˍʶʾ ˍʽˌ ˉ˂ʹˊˇ˒ˇˊʾʶˌ ʴʽʰ ˍʽˌ 

Dirichlet ̌ ˊʽʰˁʷˌ ˋˎ˄ʻʺˁʶˌ ʁ ʾ˄ʰʽ ʹ DirichletBC. 

ɶ ˃ʶˍʰʲ˂ʹˍʺ u0 h ˄ʰ˒ʷˊʶˍʰʽ ˋʶ ʷ˄ʰ ʰ˄ˍʽˁʶʾ˃ʶ˄ˇ ʷˁ˒ˊʰˋʹˌ ˉˇˎ ˔ˊʹˋʽ˃ˇˉˇʽʶʾˍʰʽ ʴʽʰ 

˄ʰ h˄ʰˉʰˊʰˋˍʺˋʶʽ ˃ ʽʰ ˃ʰʻʹ˃ʰˍʽˁʺ ˋˎ˄ʱ́ ˍʹˋʹΦ ɼʰˍʰˋˁʶˎʱʸʶˍʰʽ ˖ˌ ʶ˅ʺˌΥ 

 

ɳʵ˗ ˍˇ formula ʶʾ˄ʰʽ ˃ʽʰ ʰˁˇ˂ˇˎʻʾʰ ˉˇˎ ˉʶˊʽʷ˔ʶʽ ˍʹ ˃ʰʻʹ˃ʰˍʽˁʺ ʷˁ˒ˊʰˋʹΦ 

ɱˊʱ˒ʶˍʰʽ ˃ʶ ˍˇ ˋˎ˄ˍʰˁˍʽˁˈ ̱́ ˌ C++. ʁ ̔ʰ˄ʶ˅ʱˊˍʹˍʶˌ ˃ʶˍʰʲ˂ʹˍʷˌ ˋˍʹ˄ ʷˁ˒ˊʰˋʹ ˍʹˌ 

ˋˎ˄ʱˊˍʹˋʹˌ ʻʶ˖ˊʶʾˍʰʽ ˈˍʽ ʶʾ˄ʰʽ ʵʽʰʻʷˋʽ˃ʶˌ ˋʶ ʷ˄ʰ ʵʽʱ˄ˎˋ˃ʰ ˋʹ˃ʶʾ˖˄ x ˈˉˇˎ ˍˇ 

ˉˊ˗ˍˇ ˋˍˇʽ˔ʶʾˇ x[0] ʰ˄ˍʽˋˍˇʽ˔ʶʾ ˋˍʹ˄ x ˋˎ˄ˍʶˍʰʴ˃ʷ˄ʹΣ ˍˇ ʵʶˏˍʶˊˇ ˋˍˇʽ˔ʶʾˇ x[1] ˋˍʹ y 

ˋˎ˄ˍʶˍʰʴ˃ʷ˄ʹ ˁʰʽ ˍˇ ˍˊʾˍˇ x[2] ˋˍʹ z. ɾʶ ˍʹ˄ ʶˉʽ˂ˇʴʺ ˃ʰˌ ό ὼȟώ ρ ὼ ςώ, 

ʹ ʰˁˇ˂ˇˎʻʾʰ ˍʹˌ ˒ˈˊ˃ˇˎ˂ʰˌ ˉˊʷˉʶʽ ˄ʰ ʴˊʰ˒ʶʾ ˖ˌ 1+x[0]*x[0]+2*x[1]*x[1]: 

u0 = Expression(formula)  

bc = DirichletBC(V, u0, u0_boundary)  

u = TrialFunction(V)  
v = TestFunction(V)  
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ɶ ˉ˂ʹˊˇ˒ˇˊʾʰ ʴʽʰ ˍˇ ˉˇˎ ʻʰ ʶ˒ʰˊ˃ˈˋˇˎ˃ʶ ˍʹ ˋˎ˄ʱˊˍʹˋʹ u0 ˋʰ˄ ˇˊʽʰˁʺ ˋˎ˄ʻʺˁʹ 

ˁ˖ʵʽˁˇˉˇʽʶʾˍʰʽ ˋʶ ˃ʽʰ ˋˎ˄ʱˊˍʹˋʹ u0_boundary:  

 

ɾʽʰ ˋˎ˄ʱˊˍʹˋʹ ˋʰ˄ ˍʹ u0_boundary ɹ ʽʰ ˄ ʰ ˇˊʾˋʶʽ ˍ ̌̍ ˊʽ̌ ˉˊʷˉʶʽ ˄ʰ ʶˉʽˋˍˊʷ˒ʶʽ ˃ʽʰ 

˂ˇʴʽˁʺ ˍʽ˃ʺ: ɮ˂ʹʻʷˌ ʰ˄ ˍˇ ʵˇʻʷ˄ ˋʹ˃ʶʾˇ x ʲˊʾˋˁʶˍʰʽ ˋˍˇ Dirichlet ˈˊʽˇ ˁʰʽ ˕ʶˎʵʷˌ 

ʰ˂˂ʽ˗ˌΦ ʆˇ ˈˊʽˋ˃ʰ on_ boundary ʶʾ˄ʰʽ ɮ˂ʹʻʷˌ ʰ˄ ˍˇ x ʶʾ˄ʰʽ ˉʱ˄˖ ˋˍˇ ˒ˎˋʽˁˈ ˈˊʽˇ 

ˍˇˎ ˉ˂ʷʴ˃ʰˍˇˌ, ˇˉˈˍʶ ˋˍʹ˄ ˉʶˊʾˉˍ˖ˋʹ ˃ʰˌ ˈˉˇˎ ˉˊʷˉʶʽ ˄ʰ ʶˉʽˋˍˊʷ˕ˇˎ˃ʶ ɮ˂ʹʻʷˌ 

ʴʽʰ ˈ˂ʰ ˍʰ ˋʹ˃ʶʾʰ ˋˍˇ ˈˊʽˇ ˃ˉˇˊˇˏ˃ʶ ʰˉ˂ʱ ˄ʰ ʶˉʽˋˍˊʷ˕ˇˎ˃ʶ ˍʹ˄ ˍʽ˃ʺ ˉˇˎ ˃ʰˌ 

ˉʰˊʷ˔ʶʽ ˍˇ on_ boundaryΦ ɶ ˋˎ˄ʱˊˍʹˋʹ u0_boundary ʻʰ ˁ˂ʹʻʶʾ ʴʽʰ ˁʱʻʶ ʵʽʰˁˊʽˍˈ 

ˋʹ˃ʶʾˇ ˍˇˎ ˉ˂ʷʴ˃ʰˍˇˌ. 

ʃˊʽ˄ ˇˊʾˋˇˎ˃ʶ ̱ ʰ όȟ‡ȟὒ‡, ̄ ˊʷˉʶʽ ˄ʰ ˇˊʾˋˇˎ˃ʶ ˍʹ ˋˎ˄ʱˊˍʹˋʹ Ὢ: 

 

ʂˍʰ˄ ʹ Ὢ ʶʾ˄ʰʽ ˋˍʰʻʶˊʺ ˋˍˇ ˉʶʵʾˇ, ˃ˉˇˊʶʾ ˉʽˇ ʰˉˇʵˇˍʽˁʱ ˄ʰ ʰ˄h ˉʰˊʰˋˍʰʻʶʾ ˋʰ˄ 

ʷ˄ʰ ʰ˄ˍʽˁʶʾ˃ʶ˄ˇ Constant: 

 

ʆ˗ˊʰ ʷ˔ˇˎ˃ʶ ˈ˂ʰ ˍʰ ʰ˄ˍʽˁʶʾ˃ʶ˄ʰ ˉˇˎ ˔ˊʶʽʰʸˈ˃ʰˋˍʶ ˗ˋˍʶ ˄ʰ ˇˊʾˋˇˎ˃ʶ ˍʰ 

όȟ‡ȟὒ‡ ̱ ˇˎ ˉˊˇʲ˂ʺ˃ʰˍˇˌ: 

 

ʅˍʹ˄ ˇˎˋʾʰ ʰˎˍʷˌ ˇʽ ʵˏˇ ʴˊʰ˃˃ʷˌ ˇˊʾʸˇˎ˄ ˍˇ ˉˊˈʲ˂ʹ˃ʰ ɾɲɳ ˉˇˎ ˉˊʷˉʶʽ ˄ʰ ˂ˎʻʶʾΦ 

ʃʰˊʰˍʹˊˇˏ˃ʶ ˍʹ˄ ˉˇ˂ ˏˋˍʁ˄ʺ ʰ˄ˍʽˋˍˇʽ˔ʾʰ ʰ˄ʱ˃ʶˋʰ ˋˍˇ ˋˎ˄ˍʰˁˍʽˁˈ ˍʹˌ Python ˁʰʽ 

ˍ˖˄ ˃ʰʻʹ˃ʰˍʽˁ˗˄ ˍˏˉ˖˄ όɳɳ ‡Ὠὼ ˁʰʽ Æ‡ὨὼΦ ɮˎˍˈ ʶʾ˄ʰʽ ʷ˄ʰ ˉ˂ʶˇ˄ʷˁˍʹ˃ʰ ˁ˂ʶʽʵʾ ˍʹˌ 

FEniCS.  

a = inner(nabla_grad(u), nabla_grad(v)) * dx 
L = f * v* dx 

f = Constant( - 6.0 )  

f = Expression( ' - 6' )  

def  u0_boundary (x, on_boundary):  
    return  on_boundary  

u0 = Expression( '1 + x[0]*x[0] + 2*x[1]*x[1]' )  
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ɴ˔ˇ˄ˍʰˌ ˇˊʾˋʶʽ ˍʰ a ˁʰʽ L ˁʰʽ ˉ˂ʹˊˇ˒ˇˊʾʶˌ ʴʽʰ ˍʽˌ Dirichlet ˇˊʽʰˁʷˌ ˋˎ˄ʻʺˁʶˌ ˋˍˇ bc 

˃ˉˇˊˇˏ˃ʶ ˄ʰ ˎˉˇ˂ˇʴʾˋˇˎ˃ʶ ˍʹ ˂ˏˋʹΣ ˃ʽʰ ˋˎ˄ʱˊˍʹˋʹ ˉʶˉʶˊʰˋ˃ʷ˄˖˄ ˋˍˇʽ˔ʶʾ˖˄ ˖ˌ 

ʶ˅ʺˌΥ 

 

ʁ ˉʽˇ ʰˉ˂ˈˌ ˍˊˈˉˇˌ ˄ʰ ʵˇˏ˃ʶ ʴˊʺʴˇˊʰ ˍʹ u ˁ ʰʽ ˍˇ ˉ˂ʷʴ˃ʰ ʶʾ˄ʰʽ: 

 

ɶ ˁ˂ʺˋʹ interactive() ʶʾ˄ʰʽ ʰˉʰˊʰʾˍʹˍʹ ˗ˋˍʶ ˍˇ ʴˊʱ˒ʹ˃ʰ ˄ʰ ˉʰˊʰ˃ʶʾ˄ʶʽ ˋˍʹ˄ 

ˇʻˈ˄ʹΦ 

ɾˉˇˊˇˏ˃ʶ ʶˉʾˋʹˌ ˄ʰ ˃ʶˍʰ˒ʷˊˇˎ˃ʶ ˍʹ˄ ˎˉˇ˂ˇʴʽˋ˃ʷ˄ʹ ˂ˏˋʹ ˋʶ ʷ˄ʰ ʰˊ˔ʶʾ Σ̌ ˉΦ˔Φ VTK 

˃ˇˊ˒ʺˌ: 

 

file  = File( 'poisson.pvd' )  
file  << u 

plot(u)  
plot(mesh)  
interactive()  

u = Function(V)  
solve(a == L, u, bc)  
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ɳʽˁˈ˄ʰ 3: ɶ ʴˊʰ˒ʽˁʺ ʰ˄ʰˉʰˊʱˋˍʰˋʹ ˍʹˌ ˂ˏˋʹˌ u. 

 

ɳʽˁˈ˄ʰ 4: ɶ ʴˊʰ˒ʽˁʺ ʰ˄ʰˉʰˊʱˋˍʰˋʹ ˍˇˎ ˉ˂ʷʴ˃ʰˍˇˌΦ 
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5.3 RabbiMQ 

ɱʽʰ ˍʹ˄ ˉʰˊʱ˂˂ʹ˂ʹ ˎ˂ˇˉˇʾʹˋʹ ˋˍʹ˄ ˉ˂ʰˍ˒ˈˊ˃ʰ FEniCS ˔ˊʹˋʽ˃ˇˉˇʽʺʻʹˁʶ ˍˇ 

RabbiMQ [99]. ʆˇ RabbiMQ ʶʾ˄ʰʽ ʷ˄ʰˌ ʶ˂ʰ˒ˊˏˌΣ ʰ˅ʽˈˉʽˋˍˇˌΣ ʶˉʶˁˍʱˋʽ˃ˇˌ ˁʰʽ 

˒ˇˊʹˍˈˌ ˃ʶˋˇ˂ʰʲʹˍʺˌ ˃ʹ˄ˎ˃ʱˍ˖˄Φ ɲʾ˄ʶʽ ˋˍʽˌ ʶ˒ʰˊ˃ˇʴʷˌ ˃ʽʰ ˁˇʽ˄ʺ ˉ˂ʰˍ˒ˈˊ˃ʰ ʴʽʰ 

ʰˉˇˋˍˇ˂ʺ ˁʰʽ ˂ʺ˕ʹ ˃ʹ˄ˎ˃ʱˍ˖˄Φ ʆˇ RabbiMQ ˍˊʷ˔ʶʽ ˋʶ ˈ˂ʰ ˍʰ ˁˏˊʽʰ ˂ʶʽˍˇˎˊʴʽˁʱ 

ˋˎˋˍʺ˃ʰˍʰ ˁʰʽ ʶʾ˄ʰʽ ʶˏˁˇ˂ˇ ˋˍʹ ˔ˊʺˋʹΦ ʇˉˇˋˍʹˊʾʸʶʽ ʷ˄ʰ˄ ˍʶˊʱˋˍʽˇ ʰˊʽʻ˃ˈ ʰˉˈ 

ˉ˂ʰˍ˒ˈˊ˃ʶˌ ʰ˄ʱˉˍˎ˅ʹˌΣ ˃ʶˍʰ˅ˏ ˍ˖˄ ˇˉˇʾ˖˄ ˁʰʽ ˍʹ˄ PythonΣ ˉˇˎ ʶʾ˄ʰʽ ʹ ˉ˂ʰˍ˒ˈˊ˃ʰ 

ʰ˄ʱˉˍˎ˅ʹˌ ˍʹˌ FEniCSΦ ʆˇ RabbiMQ ʲʰˋʾʸʶˍʰʽ ˋˍˇ Advanced Message Queuing 

Protocol (AMQP). ʆˇ AMQP ʶʾ˄ʰʽ ʷ˄ʰ ˉˊ˖ˍˈˁˇ˂˂ˇ ˃ʹ˄ˎ˃ʱˍ˖˄ ˉˇˎ ʰˋ˔ˇ˂ʶʾˍʰʽ ˃ʶ 

ʶˁʵˈˍʶˌ ˁʰʽ ˁʰˍʰ˄ʰ˂˖ˍʷˌΦ ʁʽ ʶˁʵˈˍʶˌ ˉʰˊʱʴˇˎ˄ ˍʰ ˃ʹ˄ˏ˃ʰˍʰΣ ˇʽ ˁʰˍʰ˄ʰ˂˖ˍʷˌ ˍʰ 

˂ʰ˃ʲʱ˄ˇˎ˄ ˁʰʽ ˍʰ ʶˉʶ˅ʶˊʴʱʸˇ˄ˍʰʽΦ 

ʅ̱ ʹ˄ ˉʰˊˇˏˋʰ ʵʽˉ˂˖˃ʰˍʽˁʺ ʵʹ˃ʽˇˎˊʴʺʻʹˁʶ ʷ˄ʰ ˋˏˋˍʹ˃ʰ ˁ˂ʺˋʹˌ ʰˉˇ˃ʰˁˊˎˋ˃ʷ˄ʹˌ 

ʵʽʰʵʽˁʰˋʾʰˌ όwŜƳƻǘŜ tǊƻŎŜŘǳǊŜ /ŀƭƭ - wt/ύΣ ʲʰˋʽˋ˃ʷ˄ˇ ˋˍˇ RabbiMQ ˁʰʻˈˍʽ 

ˎˉʱˊ˔ʶʽ ˃ʶʴʱ˂ʹ ʰ˄ʱʴˁʹ ʴʽʰ ʶˉʽˁˇʽ˄˖˄ʾʰ ˁʰˍʱ ˍʹ ʵʽʱˊˁʶʽʰ ˍʹˌ ˉʰˊʱ˂˂ʹ˂ʹˌ ʶˉʾ˂ˎˋʹˌ 

ˍ˖˄ ˉˊˇʲ˂ʹ˃ʱˍ˖˄ ɾɲɳΦ ʅˍʹ ˋˎ˄ʷ˔ʶʽʰ ʻʰ ˉʶˊʽʴˊʱ˕ˇˎ˃ʶ ˍʹ ʵʽʰʵʽˁʰˋʾʰ ʵʹ˃ʽˇˎˊʴʾʰˌ 

ʶ˄ˈˌ RPC ˋˎˋˍʺ˃ʰˍˇˌ όˉˇˎ ʶˉʽˋˍˊʷ˒ʶʽ Fibonacci ʰˊʽʻ˃ˇˏˌύΥ ʷ˄ʰˌ ˉʶ˂ʱˍʹˌ ˁʰʽ ʷ˄ʰˌ 

server ̝ ˊʹˋʽ˃ˇˉˇʽ˗˄ˍʰˌ ˍˇ RabbiMQ. 

ɶ ˁ˂ʱˋʹ ˍˇˎ ˉʶ˂ʱˍʹ ʷ˔ʶʽ ˃ʽʰ ˃ʷʻˇʵˇ call ˉˇˎ ˋˍʷ˂˄ʶʽ ʷ˄ʰ ʰʾˍʹ˃ʰ RPC ˁʰʽ ˃ˉ˂ˇˁʱˊʶʽ 

˃ʷ˔ˊʽ ˄ʰ ˂ʱʲʶʽ ˍʹ˄ h ˉʱ˄ˍʹˋʹΦ 

 

ʁ server h ˉʰ˄ˍʱʶʽ ˈˍʰ˄ ˂ʱʲʶʽ ʷ˄ʰ ˃ʺ˄ˎ˃ʰ ʰʽˍʺ˃ʰˍˇˌ ˃ʶ ʷ˄ʰ ˃ʺ˄ˎ˃ʰ ʰˉʱ˄ˍʹˋʹˌΦ ɱʽʰ 

˄ʰ ˂ʱʲʶʽ ˍʹ˄ ʰˉʱ˄ˍʹˋʹ ˇ ˉʶ˂ʱˍʹˌ ˔ˊʶʽʱʸʶˍʰʽ ˄ʰ ˋˍʶʾ˂ʶʽ ˃ʾʰ ʵʽʶˏʻˎ˄ˋʹ ˇˎˊʱˌ 

ʶˉʰ˄ʱˁ˂ʹˋʹˌ (callback) ˃ ʶ ˍˇ ʰʾˍʹ˃ʰΦ 

 

result  = channel . queue_decl are ( exclusive =True )  

callback_queue  = result . method . queue  

 

channel . basic_publish ( exchange ='' ,  

                      routing_key ='rpc_queue' ,  

                      properties =pika . BasicProperties (  

                            reply_to  = callback_queue ,  

                            ),  

                      body =request )  

 

# ... and some code to read a response message from the 

callback_queue ...  

fibonacci_rpc  = FibonacciRpcClient ()  

result  = fibonacci_rpc . call ( 4)  

print  "fib(4) is %r"  % ( result ,)  
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ʆˇ ˉˊ˖ˍˈˁˇ˂˂ˇ AMQP ˇˊʾʸʶʽ ʷ˄ʰ ˋˏ˄ˇ˂ˇ мп ʽʵʽˇˍʺˍ˖˄ ˉˇˎ ʰˉˇˋˍʷ˂˂ˇ˄ˍʰʽ ˃ʰʸʾ ˃ʶ 

ˍˇ ˃ʺ˄ˎ˃ʰΦ ʁʽ ˁˎˊʽˈˍʶˊʶˌ ʶʾ˄ʰʽ 

¶ delivery_mode: ʋʰˊʰˁˍʹˊʾʸʶʽ ʷ˄ʰ ˃ʺ˄ˎ˃ʰ ˖ˌ ʶˉʾ˃ˇ˄ˇ ό˃ʶ ˍʹ˄ ˍʽ˃ʺ нύ ʺ 

ˉʶˊʽˇʵʽˁˈ ό˃ʶ ˇˉˇʽʰʵʺˉˇˍʶ ʱ˂˂ʹ ˍʽ˃ʺύΦ 

¶ content_type: ʃʶˊʽʴˊʱ˒ʶʽ ˍʹ˄ ˁ˖ʵʽˁˇˉˇʾʹˋʹΦ ɾʽʰ ˋˎ˔˄ʺ ˉˊʰˁˍʽˁʺ ʶʾ˄ʰʽ ˄ʰ 

ˍˇ ʻʷˍˇˎ˃ʶ ˋʶ application/ json. 

¶ reply_to: ʅˎ˄ʺʻ˖ˌ ˔ˊʹˋʽ˃ˇˉˇʽʶʾˍʰʽ ʴʽʰ ˄ʰ ˇ˄ˇ˃ʰˍʾˋʶʽ ˃ʽʰ ˇˎˊʱ 

ʶˉʰ˄ʱˁ˂ʹˋʹˌΦ 

¶ correlation_id: ʋˊʺˋʽ˃ˇ ʴʽʰ ˍʹ ˋˎˋ˔ʷˍʽˋʹ RPC h ˉʰ˄ˍʺˋʶ˖˄ ˃ʶ ʰʽˍʺ˃ʰˍʰΦ 

ɮ˄ ʵʹ˃ʽˇˎˊʴʺˋˇˎ˃ʶ ˃ʾʰ ˃ˈ˄ˇ ˇˎˊʱ ʶˉʰ˄ʱˁ˂ʹˋʹˌ ʰ˄ʱ ˉʶ˂ʱˍʹΣ ʵʶ˄ ʶʾ˄ʰʽ ˅ʶˁʱʻʰˊˇ 

ʰ˄ ˂ʱʲˇˎ˃ʶ ˃ʽʰ ʰˉʱ˄ˍʹˋʹ ˄ʰ ˁʰˍʰ˂ʱʲˇˎ˃ʶ ˋʶ ˉˇʽˇ ʰʾˍʹ˃ʰ ʰ˄ʺˁʶʽ ʰˎˍʺ ʹ 

ʰˉʱ˄ˍʹˋʹΦ ʆˈˍʶ ʶʾ˄ʰʽ ˉˇˎ ˔ˊʹˋʽ˃ˇˉˇʽʶʾˍʰʽ ʹ ʽʵʽˈˍʹˍʰ correlation_idΣ ˉˇˎ ˉʰʾˊ˄ʶʽ 

˃ʽʰ ˃ˇ˄ʰʵʽˁʺ ˍʽ˃ʺ ʴʽʰ ˁʱʻʶ ʰʾˍʹ˃ʰΦ ʁˉˈˍʶΣ ˈˍʰ˄ ˂ʹ˒ʻʶʾ ˍˇ ˃ʺ˄ˎ˃ʰ ˋˍʹ˄ ˇˎˊʱ 

ʶˉʰ˄ʱˁ˂ʹˋʹˌ ˃ʶ ʲʱˋʹ ˍˇ correlation_id ʰ˄ˍʽˋˍˇʽ˔ʾʸˇˎ˃ʶ ˍʹ˄ ʰˉʱ˄ˍʹˋʹ ˃ʶ ˍˇ 

ʰʾˍʹ˃ʰΦ  

 

ɳʽˁˈ˄ʰ 5Υ ʃʶˊʾ˂ʹ˕ʹ RPC ̀ ˎˋˍʺ˃ʰˍˇˌΦ 

 ʁ ˍˊˈˉˇˌ ˂ʶʽˍˇˎˊʴʾʰˌ ˍˇˎ RPC ˃ ˉˇˊʶʾ ˄ʰ ˉʶˊʽʴˊʰ˒ʶʾ ˖ˌ ʶ˅ʺˌΥ 

¶ ʂˍʰ˄ ˅ʶˁʽ˄ʱʶʽ ˇ ˉʶ˂ʱˍʹˌΣ ʵʹ˃ʽˇˎˊʴʶʾ ˃ʾʰ ʰ˄˗˄ˎ˃ʹ ʰˉˇˁ˂ʶʽˋˍʽˁʺ ˇˎˊʱ 

ʶˉʰ˄ʱˁ˂ʹˋʹˌΦ 

¶ ɱʽʰ ʷ˄ʰ ʰʾˍʹ˃ʰ RPCΣ ˇ ˉʶ˂ʱˍʹˌ ˋˍʷ˂˄ʶʽ ʷ˄ʰ ˃ʺ˄ˎ˃ʰ ˃ʶ ʵˏˇ ʽʵʽˈˍʹˍʶˌΥ ˍˇ 

reply_to ˉˇˎ ʷ˔ʶʽ ˍʹ˄ ˇˎˊʱ ʶˉʰ˄ʱˁ˂ʹˋʹˌ ˁʰʽ ˍˇ correlation_id ˉˇˎ ʷ˔ʶʽ ˃ʽʰ 

˃ˇ˄ʰʵʽˁʺ ˍʽ˃ʺ ʴʽʰ ˁʱʻʶ ʰʾˍʹ˃ʰΦ 

¶ ʆˇ ʰʾˍʹ˃ʰ ˋˍʷ˂˄ʶˍʰʽ ˋʶ ˃ʽʰ ˇˎˊʱ rpc_queue. 

¶ ʁ server ˉʶˊʽ˃ʷ˄ʶʽ ʴʽʰ ʰʽˍʺ˃ʰˍʰ ˋʶ ʰˎˍʺ˄ ˍʹ˄ ˇˎˊʱΦ ʂˍʰ˄ ʶ˃˒ʰ˄ʽˋˍʶʾ ʷ˄ʰ 

ʰʾˍʹ˃ʰΣ ˁʱ˄ʶʽ ˍʹ ʵˇˎ˂ʶʽʱ ˁʰʽ ˋˍʷ˂˄ʶʽ ʷ˄ʰ ˃ʺ˄ˎ˃ʰ ˃ʶ ˍˇ ʰˉˇˍʷ˂ʶˋ˃ʰ ˉʾˋ˖ 

ˋˍˇ˄ ˉʶ˂ʱˍʹΣ ˔ˊʹˋʽ˃ˇˉˇʽ˗˄ˍʰˌ ˍʹ˄ ˇˎˊʱ ʰˉˈ ˍˇ ˉʶʵʾˇ reply_to. 
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¶ ʁ ˉʶ˂ʱˍʹˌ ˉʶˊʽ˃ʷ˄ʶʽ ʴʽʰ ʵʶʵˇ˃ʷ˄ʰ ˋˍʹ˄ ˇˎˊʱ ʶˉʰ˄ʱˁ˂ʹˋʹˌΦ ʂˍʰ˄ 

ʶ˃˒ʰ˄ʽˋˍʶʾ ʷ˄ʰ ˃ʺ˄ˎ˃ʰΣ ʶ˂ʷʴ˔ʶʽ ˍʹ˄ ʽʵʽˈˍʹˍʰ correlation_idΦ ɮ˄ ʰ˄ˍʽˋˍˇʽ˔ʶʾ 

ˋˍʹ ˍʽ˃ʺ ʰˉˈ ˍˇ ʰʾˍʹ˃ʰΣ ʶˉʽˋˍˊʷ˒ʶʽ ˍʹ˄ ʰˉʱ˄ˍʹˋʹ ˋˍʹ˄ ʶ˒ʰˊ˃ˇʴʺΦ 

ʁˉˈˍʶΣ ˇ ˁ˗ʵʽˁʰˌ ʴʽʰ ˍˇ˄ server ʁ ʾ˄ʰʽΥ 

 

 

  

 1 

 2 

 3 

 4 

 5 

 6 

 7 

 8 

 9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

#!/usr/bin/env python  

import  pika  

 

connection  = pika . BlockingConnection ( pika . ConnectionParameters (  

        host ='localhost' ))  

 

channel  = connection . channel ()  

 

channel . queue_declare ( queue ='rpc_queue' )  

 

def  fib ( n):  

    if  n == 0:  

        return  0 

    elif  n == 1:  

        return  1 

    else :  

        return  fib ( n- 1) + fib ( n- 2)  

 

def  on_request ( ch , method , props , body ):  

    n = int ( body )  

 

    print  " [.] fib(%s)"   % ( n,)  

    response  = fib ( n)  

 

    ch . basic_publish ( exchange ='' ,  

                     routing_key =props . reply_to ,  

                     properties =pika . BasicProperties (  

                         correlation_id  = \  

                         props . correlation_id ),  

                     body =str ( response ))  

    ch . basic_ack ( delivery_tag  = method . delivery_tag )  

 

channel . basic_qos ( prefetch_count =1)  

channel . basic_consume ( on_request , queue ='rpc_queue' )  

 

print  " [x] Awaiting RPC requests"  

channel . start_consuming ()  
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ˁʰʽ ˇ ˁ˗ʵʽˁʰˌ ʴʽʰ ˍˇ˄ client: 

 

 

 

 1 
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33 

34 

35 

36 

37 

38 

39 

40 

#!/usr/bin/env python  

import  pika  

import  uuid  

 

class  FibonacciRpcClient ( object ):  

    def  __init__ ( self ):     

self . connection =pika . BlockingConnection ( pika . ConnectionParameters (  

                host ='localhost' ))  

 

        self . channel  = self . connection . channel ()  

 

        result  = self . channel . queue_declare ( exclusive =True )  

        self . callback_queue  = result . method . queue  

 

        self . channel . basic_consume ( self . on_response , no_ack =True ,  

                                   queue =self . callback_queue )  

 

    def  on_response ( self , ch , method , props , body ):  

        if  self . corr_id  == props . correlation_id :  

            self . response  = body  

 

    def  call ( self , n):  

        self . response  = None 

        self . corr_id  = str ( uuid . uuid4 ())  

        self . channel . basic_publish ( exchange ='' ,  

                             routing_key ='rpc_queue' ,  

                             properties =pika . BasicProperties (  

                             reply_to  = self . callback_queue ,  

                             correlation_id  = self . corr_id ,  

                                         ),  

                                   body =str ( n))  

        while  self . response  is  None:  

            self . connection . process_data_events ()  

        return  int ( self . response )  

 

fibonacci_rpc  = FibonacciRpcClient ()  

 

print  " [x] Requesting fib(30)"  

response  = fibonacci_rpc . call ( 30)  

print  " [.] Got %r"  % ( response ,)  
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5Ȣτ ɫʀʅʍʅɻʆʙ ɭʇʋʌʋʚʂʎʂ 

ɶ geometric (GEO) contraction based ˃ʷʻˇʵˇˌ ˎ˂ˇˉˇʽʶʾˍʰʽ ˋʰ˄ ʷ˄ʰ FEniCS 

ˉˊˈʴˊʰ˃˃ʰ ʴˊʰ˃˃ʷ˄ˇ ˋˍʹ˄ ˉˊˇʴˊʰ˃˃ʰˍʽˋˍʽˁʺ ʴ˂˗ˋˋʰ Python. ɶ ʲʽʲ˂ʽˇʻʺˁʹ 

DOLFIN [100ϐ ˔ˊʹˋʽ˃ˇˉˇʽʶʾˍʰʽ ʴʽʰ ˍʹ˄ ʶʽˋʰʴ˖ʴʺ ˁ˂ʱˋʶ˖˄ ˔ˊʺˋʽ˃˖˄ ʴʽʰ ˍʹ 

ʵʹ˃ʽˇˎˊʴʾʰ ˍ˖˄ ˎˉˇˉʶʵʾ˖˄ ˍˇˎ ˉˊˇʲ˂ʺ˃ʰˍˇˌ ˁʰʽ ˍʹ ʵʹ˃ʽˇˎˊʴʾʰ ˉ˂ʶʴ˃ʱˍ˖˄ 

όˍˊʽʴ˖˄ʽˁʱ ˋˍˇʽ˔ʶʾʰύ ˋʶ ʰˎˍʱ ˍʰ ˎˉˇˉʶʵʾʰΦ ʅˍʹ ˋˎ˄ʷ˔ʶʽʰ ʵʹ˂˗˄ˇˎ˃ʶ ˁʰʽ 

ʶ˒ʰˊ˃ˈʸˇˎ˃ʶ ˍʽˌ ˇˊʽʰˁʷˌ ˋˎ˄ʻʺˁʶˌΣ ˁʰʻ˗ˌ ʶˉʾˋʹˌ ˁʰʽ ˍʽˌ ʰˊ˔ʽˁʷˌ ˃ʰ˄ˍʶ˕ʽʷˌ ˋˍʽˌ 

ʵʽʶˉʰ˒ʷˌ ˍ˖˄ ˎˉˇˉʶʵʾ˖˄Φ ʆˇ ˉˊˈʲ˂ʹ˃ʰ ɾɲɳ ˉˊʷˉʶʽ ˄ʰ ʶˁ˒ˊʰˋˍʶʾ ˋʰ˄ ʷ˄ʰ 

ˉʰˊʰ˃ʶˍˊʽˁˈ (variational) ˉˊˈʲ˂ʹ˃ʰ ˁʰʽ ˋˍʹ ˋˎ˄ʷ˔ʶʽʰ ˄ʰ ˇˊʽˋˍʶʾ ˋˍˇ ˉˊˈʴˊʰ˃˃ʰΦ 

ɾʶˍʱ ˍˇ˄ ˎˉˇ˂ˇʴʽˋ˃ˈ ˍʹˌ ˂ˏˋʹˌΣ ˉˊʰʴ˃ʰˍˇˉˇʽʶʾˍʰʽ ˁʰʽ ˇ ˎˉˇ˂ˇʴʽˋ˃ˈˌ ˍʹˌ 

ˉʰˊʰʴ˗ʴˇˎΦ 

ɶ ʵʹ˃ʽˇˎˊʴʾʰ ˁʰˍʱ˂˂ʹ˂˖˄ ˋˎ˄ʰˊˍʺˋʶ˖˄ ʴʽʰ ˍʹ˄ ˂ʺ˕ʹ ˍ˖˄ ˍʽ˃˗˄ ˍʹˌ ˂ˏˋʹˌ ˁʰʽ ˍʹˌ 

ˉʰˊʰʴ˗ʴˇˎ ̀ ˍʰ ˋʹ˃ʶʾʰ ˍ˖˄ ʵʽʶˉʰ˒˗˄ όˈˊʽʰ ˍ˖˄ ˎˉˇˉˊˇʲ˂ʹ˃ʱˍ˖˄ύΣ ˇ ˎˉˇ˂ˇʴʽˋ˃ˈˌ 

ˍ˖˄ ˄ʷ˖˄ ˔ʰ˂ʰˊ˖˃ʷ˄˖˄ ˍʽ˃˗˄ ˁʰʽ ˍˇ ˉʷˊʰˋ˃ʱ ˍˇˎˌ ˉʾˋ˖ ˋˍʰ ˎˉˇˉˊˇʲ˂ʺ˃ʰˍʰ ˋʰ˄ 

ʰ˄ʰ˄ʶ˖˃ʷ˄ʶˌ ˍʽ˃ʷˌ ʴʽʰ ˍʽˌ ʵʽʶˉʰ˒ʷˌ ʺˍʰ˄ ˇʽ ˁˎˊʽˈˍʶˊʶˌ ˉˊˇˁ˂ʺˋʶʽˌ ˍʹˌ ˎ˂ˇˉˇʾʹˋʹˌ 

ˍʹˌ GEO. ʁʽ ʰ˄ʰ˄ʶ˖˃ʷ˄ʶˌ ˍʽ˃ʷˌ ˋʶ ʷ˄ʰ ˋʹ˃ʶʾˇ ˍʹˌ ʵʽʶˉʰ˒ʺˌ ὼ ˎˉˇ˂ˇʴʾʸˇ˄ˍʰʽ ˖ˌ 

ʶ˅ʺˌΥ 

ό ὼ ό ὼ ”
ό ὼ

ὲ

ό ὼ

ὲ
ȟὯ ρȟςȟȣ 

ˈˉˇˎ Ë ʶʾ˄ʰʽ ʹ ʶˉʰ˄ʱ˂ʹ˕ʹΣ Õ ʶʾ˄ʰʽ ʹ ˎˉˇ˂ˇʴʽˋ˃ʷ˄ʹ ˂ˏˋʹ ˋˍˇ ˋʹ˃ʶʾˇ ˍʹˌ ʵʽʶˉʰ˒ʺˌ 

Ø, ȟ  ʶʾ˄ʰʽ ˇʽ ˍʽ˃ʷˌ ˍ˖˄ ˉˊˇˌ ˍʰ ʷ˅˖ ˁʰ˄ˇ˄ʽˁ˗˄ ˉʰˊʰʴ˗ʴ˖˄ ˋˍʰ ʵˏˇ 

ʴʶʽˍˇ˄ʽˁʱ ˎˉˇˉʶʵʾʰ ˁʰʽ ʍ ʶʾ˄ʰʽ ʹ ˉʰˊʱ˃ʶˍˊˇˌ ˔ʰ˂ʱˊ˖ˋʹˌ ˉˇˎ ˔ˊʹˋʽ˃ˇˉˇʽʶʾˍʰʽ ʴʽʰ 

˄ʰ ʶˉʽˍʰ˔ˏ˄ʶʽ ˍʹ ˋˏʴˁ˂ʽˋʹΦ ɾʽʰ ˄ʷʰ ʶˉʰ˄ʱ˂ʹ˕ʹ ˅ʶˁʽ˄ʱʶʽ ˃ʶ ˍˇ ˉˇˎ ˉʶˊʰˋˍˇˏ˄ ˇʽ 

˔ʰ˂ʰˊ˖˃ʷ˄ʶˌ ˍʽ˃ʷˌ ˍ˖˄ ʵʽʶˉʰ˒˗˄ ˉʾˋ˖ ˋˍʰ ˎˉˇˉʶʵʾʰΦ 

ʃʽˇ ʰ˄ʰ˂ˎˍʽˁʱΣ ˍ˃ʺ˃ʰˍʰ ˍˇˎ FEniCS ˉˊ̌ʴˊʱ˃˃ʰ̱̌ ˌ ˉˇˎ ˎ˂ˇˉˇʽʶʾ ˍʰ ˉʰˊʰˉʱ˄˖ 

ˉʰˊˇˎˋʽʱʸʶˍʰʽ ˋˍʹ ˋˎ˄ʷ˔ʶʽʰΦ 

ɮˊ˔ʽˁʱ ʴʾ˄ʶˍʰʽ ʹ ʵʹ˃ʽˇˎˊʴʾʰ ˍ˖˄ ˎˉˇˉʶʵʾ˖˄Φ ɳ˄ʵʶʽˁˍʽˁʱ ˉʰˊˇˎˋʽʱʸˇˎ˃ʶ ˍʹ 

ʵʹ˃ʽˇˎˊʴʾʰ ˍˇˎ ʰˊʽˋˍʶˊˇˏ ˎˉˇˉʶʵʾˇˎ ʴʽʰ ˍˇ ˇ˃ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰ ˁʰʽ ʴʽʰ ˍʹ˄ 

ˉʶˊʾˉˍ˖ˋʹΣ ˈˉˇˎ Ὤ πȢυ. 

 

 

meshdown = RectangleMesh(0, 0, 0.3333, 2, 7, 40, 'left')  

Vdown = FunctionSpace(meshdown, 'Lagrange', 1)  
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ʅˍʹ ˋˎ˄ʷ˔ʶʽʰ ˇˊʾʸˇˎ˃ʶ ˍʽˌ ˇˊʽʰˁʷˌ ˋˎ˄ʻʺˁʶˌ ˁʰʽ ˍʽˌ ˋˎ˄ʻʺˁʶˌ ˍ˖˄ ʵʽʶˉʰ˒˗˄Φ 

ɳ˄ʵʶʽˁˍʽˁʱΣ ʹ ˉˊ˗ˍʹ όʰˊʽˋˍʶˊʺύ ʵʽʶˉʰ˒ʺΥ 

 

ɮˁˇ˂ˇˎʻʶʾ ˇ ˇˊʽˋ˃ˈˌ ˍˇˎ ˉʰˊʰ˃ʶˍˊʽˁˇˏ ˉˊˇʲ˂ʺ˃ʰˍˇˌΦ ʃʱ˂ʽ ʴʽʰ ˍˇ ʰˊʽˋˍʶˊˈ 

ˎˉˇˉʶʵʾˇ ˍˇˎ ˇ˃ˇʽˈ˃ˇˊ˒ˇˎ ˉˊˇʲ˂ʺ˃ʰˍˇˌΥ 

 

ɼʰʽ ˋˍʹ ˋˎ˄ʷ˔ʶʽʰ ˇ ˎˉˇ˂ˇʴʽˋ˃ˈˌ ˍʹˌ ˂ˏˋʹˌΥ 

 

  

u = Function(Vdown)  

solve(a == L, u, bcsdown)  

u = TrialFunction(Vdown)  

v = TestFunction(Vdown)  

f = interpolate(f_expr, Vdown)  

a = (inner(nabla_grad(u), nabla_grad(v))+g2*inner(u, v))*dx  

L = f*v*dx  

int1_expr = Expression('4135.5*x[1] -6077.6')  

class Interface1(SubDomain):  

 def inside(self, x, on_boundary):  

  return on_boundary and abs(x[0] -  0.3333) < tol and 

abs(x[1] -  2) > tol and abs(x[1] -  1.5) > tol  

Gamma_4_left = DirichletBC(Vdown, int1_expr, Interface1())  
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ɼʰʽ ˍʹˌ ˉʰˊʰʴ˗ʴˇˎΥ 

 

ʃʰˊˇˎˋʽʱʸʶˍʰʽ ˇ ˍˊˈˉˇˌ ˃ʶ ˍˇ˄ ˇˉˇʾˇ ˂ʰ˃ʲʱ˄ˇˎ˃ʶ ˍʽˌ ˍʽ˃ʷˌ ˍʹˌ ˂ˏˋʹˌ ˁʰʽ ˍʹˌ 

ˉʰˊʰʴ˗ʴˇˎ ˋˍʰ ˋʹ˃ʶʾʰ ˍ˖˄ ʵʽʶˉʰ˒˗˄Υ 

 

 

vertex_to_dof_map = 

Vdown.dofmap().vertex_to_dof_map(meshdown)  

dof_to_vertex_map = 

Vdown.dofmap().dof_to_vertex_map(meshdown)  

m = u.vector()  

dofs_at_vertices = m[dof_to_vertex_map]  

coor = meshdown.coordinates()  

 

grad_u_x, grad_u_y = grad_u.split(deepcopy=True)  

 

for vdown in vertices(meshdown):  

 ldown = coor[vdown.index()  

 ldown[0], ldown[1], dofs_at_vertices[vdown.index()],  

  dofs_at_vertices_g_x_down[vdown.index()],  

                                dofs_at_vertices_g_y_down[vdown.index()]  

V_g = VectorFunctionSpace(meshdown, 'Lagrange', 1)  

v = TestFunction(V_g)  

w = TrialFunction(V_g)  

a = inner(w, v)*dx  

L = inner(grad(u), v)*dx  

grad_u = Function(V_g)  

solve(a == L, grad_u)  
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ɼʰʽ ʰˁˇ˂ˇˎʻʶʾ ˇ ˍˊˈˉˇˌ ˉˇˎ ˍʽˌ ˅ʰ˄ʰʻʷˍˇˎ˃ʶΣ ʰ˒ˇˏ ˍʽˌ ʶˉʶ˅ʶˊʴʰˋˍˇˏ˃ʶΥ 

 

ɱˊʱ˒ˇˎ˃ʶ ˍʰ ʰˉˇˍʶ˂ʷˋ˃ʰˍʰ ˋʶ ʰˊ˔ʶʾʰ ˖ˌ ʶ˅ʺˌΥ 

 

 

import numpy as np  

 

mattxt3=file('dom1.txt', 'w')  

mattxt3.write('%%iteration x y ul ulx uly \ n')  

for vdown in vertices(meshdown):   

 ldown = coor[vdown.index()]   

 mattxt3=file('dom1.txt', 'a')   

 np.savetxt(mattxt3, np.c_[iter, ldown[0], ldown[1], 

dofs_at_vertices[vdown.index()], 

dofs_at_vertices_g_x_down[vdown.index()], 

dofs_at_vertices_g_y_down[vdown.index()]], delimiter=' ', fmt='%d 

%f %f %f %f %f', newline=os.lin esep)  

downbound=(dofs_at_vertices[vdown.index()]+dofs_at_vertices_up[v

up.index()])/2+omega*( -

dofs_at_vertices_g_x_down[vdown.index()]+dofs_at_vertices_g_x_u

p[vup.index()])  

 

upbound=(dofs_at_vertices[vdown.index()]+dofs_at _vertices_up[vup

.index()])/2+omega*( -

dofs_at_vertices_g_x_down[vdown.index()]+dofs_at_vertices_g_x_u

p[vup.index()])   

 

u.vector().set_local(dofs_at_vertices.array()[vertex_to_dof_map])  

downbound=Function(Vdown)  

downbound.assign(u)  
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ɼʰʽ ˋ˔ʶʵʽʱʸˇˎ˃ʶ ʴˊʰ˒ʽˁʷˌ ˉʰˊʰˋˍʱˋʶʽˌΥ 

 

5Ȣυ ɩɻʍʗʇʇʂʇʂ ɭʇʋʌʋʚʂʎʂ 

ɲʶʵˇ˃ʷ˄ˇˎ ˈˍʽ ʹ ˃ʷʻˇʵˇˌ D9h ʶʾ˄ʰʽ ʶʴʴʶ˄˗ˌ ˉʰˊʰ˂˂ʹ˂ʾˋʽ˃ʹΣ ˋˍʹ˄ ˉʰˊʱ˂˂ʹ˂ʹ 

ˎ˂ˇˉˇʾʹˋʺ ˍʹˌ ˁʱʻʶ ˁˈ˃ʲˇˌ ʶˉʽ˂ˏʶʽ ʷ˄ʰ ˎˉˇˉʶʵʾˇΦ ʁʽ ˎˉˇ˂ˇʴʽˋ˃ʷ˄ʶˌ ˍʽ˃ʷˌ ˍʹˌ 

˂ˏˋʹˌ ˁʰʽ ˍʹˌ ˉʰˊʰʴ˗ʴˇˎ ˋˍʰ ˋʹ˃ʶʾʰ ˍ˖˄ ʵʽʶˉʰ˒˗˄ ʰˉˈ ˁʱʻʶ ˁˈ˃ʲˇ όˉˇˎ ʶˉʽ˂ˏʶʽ 

ʷ˄ʰ ˎˉˇˉʶʵʾˇ ˉˇˎ ʷ˔ʶʽ ˉʰˊʰˉʱ˄˖ ʰˉˈ ʷ˄ʰ ʴʶʽˍˇ˄ʽˁʱ ˎˉˇˉʶʵʾʰύ ˋˍʷ˂˄ˇ˄ˍʰʽ ˋʰ˄ ʷ˄ʰ 

RabbiMQ ˃ʺ˄ˎ˃ʰΣ ʷˍˋʽ ˗ˋˍʶ ʹ ˄ʷʰ ʶˉʰ˄ʱ˂ʹ˕ʹ ˄ʰ ˅ʶˁʽ˄ʺˋʶʽ ˁʰʽ ˋˍˇ˄ ʱ˂˂ˇ ˁˈ˃ʲˇ 

ʶˉʾˋʹˌΦ ɮˎˍˈ ˍˇ ˋ˔ʺ˃ʰΣ ˉˇˎ ʵʶ˄ ʶ˃ˉʶˊʽʷ˔ʶʽ ˅ʶ˔˖ˊʽˋˍˇˏˌ ˁˈ˃ʲˇˎˌ ʴʽʰ ˄ʰ 

ʵʽʰ˔ʶʽˊʾʸˇ˄ˍʰʽ ˍʽˌ ʵʽʶˉʰ˒ʷˌ ʶ˅ˎˉʹˊʶˍʶʾ ˋˍʹ ˃ʶʾ˖ˋʹ ˍˇˎ ʰˊʽʻ˃ˇˏ ˍ˖˄ ˃ʹ˄ˎ˃ʱˍ˖˄ 

ˉˇˎ ʰ˄ˍʰ˂˂ʱˋˋˇ˄ˍʰʽΣ ˋʶ ˃ʽʰ ˉˊˇˋˉʱʻʶʽʰ ˄ʰ ʶ˂ʰ˔ʽˋˍˇˉˇʽʹʻʶʾ  ̌ˋˎ˄ˇ˂ʽˁˈ ̩˔ˊˈ˄ˇ ̩

ʶˉʽˁˇʽ˄˖˄ʾʰˌΦ 

ɯˊʰΣ ˍˇ ˃ʶˋʰʾˇ ˉʶʵʾˇ ˍˇ ʶˉʽ˂ˏʶʽ ʷ˄ʰˌ client ˁʰʽ ˍʰ ʱ˂˂ʰ ʵˏˇ ʷ˄ʰˌ server ˍˇ ˁʰʻʷ˄ʰΦ 

ɮˎˍˇʾ ˇʽ servers ˔ʶʽˊʾʸˇ˄ˍʰʽ ˁʰʽ ˍʽˌ ʵʽʶˉʰ˒ʷˌΦ ʆ˃ʺ˃ʰˍʰ ˍˇˎ ˁ˗ʵʽˁʰ ʰˁˇ˂ˇˎʻˇˏ˄ 

ʶ˄ʵʶʽˁˍʽˁʱΦ 

  

import matplotlib.pyplot as plt  

plt.plot(uupsto175)  

plt.ylabel('u [0.3333,1.75]')  

plt.xlabel('iterations')  

plt.show()  
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ʁ client h ˊ˔ʽˁˇˉˇʽʶʾ ˍʹ˄ ʶˉʽˁˇʽ˄˖˄ʾʰΥ 

 

 

 

 

 

 

 

 

 

def __init__(self):  

        self.credentials = pika.PlainCredentials('test', 'test')  

        self.connection  = 

pika.BlockingConnection(pika.ConnectionParameters('150.140.139. 89'

,5672,'/',self.credentials))  

        self.channel = self.connection.channel()  

        result=self.channel.queue_declare(exclusive=True)  

        self.callback_queue = result.method.queue  

        self.channel.basic_consume(self.on_response, no_ack=True,  

                                   queue=self.callback_queue)  

        self.connection2= 

pika.BlockingConnection(pika.ConnectionParameters('150.140.139.89'

,5672,'/',self.credentials))  

        self.channel2 = self.connection2.channel()  

        result2=self.channel2.queue_declare(exclusive=True)  

        self.callback_queue2 = result2.method.queue  

        self.channel2.basic_consume(self.on_response, no_ack=True,  

                                   queue=self.callback_queue2)  
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ʃʶˊʽ˃ʷ˄ʶʽ ˍʽˌ ʰˉʰ˄ˍʺˋʶʽˌ ʰˉˈ ˍˇˎˌ servers: 

 

ɮ˒ˇˏ ˉˊ˗ˍʰ ˍˇˎˌ ˋˍʶʾ˂ʶʽ ˍʽˌ ˍʽ˃ʷˌ ˋˍʽˌ ʵʽʶˉʰ˒ʷˌ ˉˇˎ ˎˉˇ˂ˈʴʽˋʶ ʶˉʽ˂ˏˇ˄ˍʰˌ ˍˇ 

ˉˊˈʲ˂ʹ˃ʰ ˋˍʹ˄ ʶˁʱˋˍˇˍʶ ʶˉʰ˄ʱ˂ʹ˕ʹΥ 

 

ɮ˄ˍʾˋˍˇʽ˔ʰ ˇ ˁʱʻʶ server ʶˉʽ˂ˏʶʽ ˍˇ ˉˊˈʲ˂ʹ˃ʱ ˍˇˎΣ ˂ʰ˃ʲʱ˄ʶʽ ʰˉˈ ˍˇ˄ client ˍʹ ˂ˏˋʹ 

ˁʰʽ ˍʹ˄ ˉʰˊʱʴ˖ʴˇ ˉˇˎ ˎˉˇ˂ˈʴʽˋʶ ˋˍʹ ʵʽʶˉʰ˒ʺ ˁʰʽ ˎˉˇ˂ˇʴʾʸʶʽ ˍʽˌ ˁʰʽ˄ˇˏˊʴʽʶˌ ˍʽ˃ʷˌ 

ˋˍʹ ʵʽʶˉʰ˒ʺΥ 

 

response=(interfaceup+interfaced)/2+omega*( -

gradientd+gradientup)  

self.response = None  

        self.corr_id = str(uuid.uuid4())  

        self.channel.basic_publish(exchange=' ',  

        routing_key='hello',  

        properties=pika.BasicProperties(  

       reply_to = 

self.callback_queue,  

       correlation_id = self.corr_id,  

       ),  

        body=inter2)  

def on_response(self, ch, method, props, body):  

 #print "on_response result ch=%s guess=%s" % 

(ch,self.channel )  

        if ch == self.channel:  

            self.response = body  

 else:  

     self.response2 = body  
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ʆˇ ʰˉˇˍʷ˂ʶˋ˃ʰ ʰˎˍˈ ˍˇ ˔ˊʹˋʽ˃ˇˉˇʽʶʾ ʴʽʰ ˍʹ˄ ʶˉˈ˃ʶ˄ʹ ʶˉʰ˄ʱ˂ʹ˕ʺ ˍˇˎΦ ʆˇ ˋˍʷ˂˄ʶʽΣ 

ˈ˃˖ˌ ˁʰʽ ˋˍˇ˄ client ɹ ʽʰ ˄ʰ ˉˊˇ˔˖ˊʺˋʶʽ ˁʰʽ ʰˎˍˈˌ ˃ʶ ˍʹ˄ ʶˉˈ˃ʶ˄ʹ ʶˉʰ˄ʱ˂ʹ˕ʹ ˍˇˎΦ 

 

  

ch.basic_publish(exchange='',  

                     routing_key=props.reply_to,  

                     properties=pika.BasicProperties(correlation_id = \  

                                                     props.correlation_id),  

                     body=json.dumps(response.tolist()))  

    ch.basic_ack(delive ry_tag = method.delivery_tag)  
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6 ɩʀʅʍʗʈɻʐɻ 

6Ȣρ ɞʅʎɻɾʖɾʙ 

ɱʽʰ ˍʹ˄ ʶ˅ʷˍʰˋʹ ˍʹˌ ˇˊʻˈˍʹˍʰˌ ˁʰʽ ˍʹˌ ʰˉˈʵˇˋʹˌ ˍʹˌ ˎ˂ˇˉˇʾʹˋʹˌΣ ˔ˊʹˋʽ˃ˇˉˇʽʶʾˍʰʽ 

ˍˇ ʰˁˈ˂ˇˎʻˇ ʶ˂˂ʶʽˉˍʽˁˈ ˉˊˈʲ˂ʹ˃ʰΥ 

ὒόὼȟώḳ όɳὼȟώ όὼȟώ Ὢὼȟώȟὼȟώᶰ 

όὼȟώ ό ὼȟώȟὼȟώᶰ 
 

˃ʶ Ὢὼȟώ ˁ ʰʽ ό ὼȟώ ʁ ˉʽ˂ʶʴ˃ʷ˄ʰ ʷˍˋʽ ˗ˋˍʶ ʹ ˉˊʰʴ˃ʰˍʽˁʺ ˂ˏˋʹ ˄ʰ ʶʾ˄ʰʽΥ 

όὼȟώ Ὡ ὼὼ ρ ὼ πȢχώώ πȢυ                 σ 

ʃʽˇ ˋˎʴˁʶˁˊʽ˃ʷ˄ʰ ˃ʶ˂ʶˍ˗˄ˍʰʽ ʵˏˇ ʵʽʰ˒ˇˊʶˍʽˁʱ ˉˊˇʲ˂ʺ˃ʰˍʰ ɾɲɳ ˉˇˎ 

ʰˉˇˍʶ˂ˇˏ˄ˍʰʽ ʰˉˈ ˍʹ˄ ˉˊˇʹʴˇˏ˃ʶ˄ʹ ʵʽʰ˒ˇˊʽˁʺ ʶ˅ʾˋ˖ˋʹ ˁʰʽ ˇˊʽʰˁʷˌ ˋˎ˄ʻʺˁʶˌ ˁʰʽ 

ˍʰ ʵˏˇ ʵʽʰ˒ˇˊʶˍʽˁʱ ˉʶʵʾʰ ˉˇˎ ʰˉˇˍˎˉ˗˄ˇ˄ˍʰʽ ˋˍʹ˄ ʶʽˁˈ˄ʰ оΦ 

 

ɳʽˁˈ˄ʰ 6Υ ʆʰ ˉʶʵʾʰ ˍˇˎ ˇ˃ˇʽˈ˃ˇˊ˒ˇˎ όʰˊʽˋˍʶˊʱύ ˁʰʽ ˍˇˎ ʰ˄ˇ˃ˇʽˈ˃ˇˊ˒ˇˎ όʵʶ˅ʽʱύ ˉˊˇʲ˂ʺ˃ʰˍˇˌ 

6.2 ɩʀʅʍʗʈɻʐɻ 

ɱʽʰ ˍˇ ˇ˃ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰ ˍʰ ˋʹ˃ʶʾʰ ˍ˖˄ ʵʽʶˉʰ˒˗˄ ʶʾ˄ʰʽ ˋˍʰ Ø  ˁʰʽ Ø  

ˁʰʽ ʴʽʰ ˍˇ ʰ˄ˇ˃ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰ ˋˍʰ Ø  ˁʰʽ Ø  ˁʰʽ ˍˇ ɾ ςΦ ʆʰ 

ˉʶʽˊʱ˃ʰˍʰ ʶˁˍʶ˂ˇˏ˄ˍʰʽ ʴʽʰ ʵʽʱ˒ˇˊʶˌ ˍʽ˃ʷˌ ˍʹˌ ˉʰˊʰ˃ʷˍˊˇˎ ʵʽʰˁˊʽˍˇˉˇʾʹˋʹˌ ÈΣ ʹ 
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ˇˉˇʾʰ ʷ˔ʶʽ ʻʶ˖ˊʹʻʶʾ ʾˋʹ ˍˈˋˇ ˋˍʹ˄ ˁʰˍʶˏʻˎ˄ˋʹ Ø ˈˋˇ ˁʰʽ ˋˍʹ˄ ˁʰˍʶˏʻˎ˄ˋʹ ÙΦ ʆʰ 

ˉˊˇˁˏˉˍˇ˄ˍʰ ˃ʶʴʷʻʹ ˍˇˎ ˉ˂ʷʴ˃ʰˍˇˌ ˉʰˊˇˎˋʽʱʸˇ˄ˍʰʽ ̀ ˍˇ˄ ˉʾ˄ʰˁʰ нΦ 

 
ʁ˃ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃  h

 

ʃʶˊʾˉˍ˖ˋʹ h ɮˊʽˋˍʶˊˈ ˎˉˇˉʶʵʾˇ ɾʶˋʰʾˇ ˎˉˇˉʶʵʾˇ ɲʶ˅ʾ ˎˉˇˉʶʵʾˇ 

ʃм 0.1 4x21 4x6 4x11 

ʃн 0.05 8x41 8x11 8x21 

ʃ3 0.025 14x81 14x21 14x41 

ʃ4 0.0125 28x161 28x41 28x81 

ʃ5 0.00625 55x321 55x81 55x161 

ʃс 0.003125 108x641 108x161 108x321 

ʃт 0.0015625 214x1281 214x321 214x641 

 
ɮ˄ˇ˃̌ ʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃  h

 

ʃʶˊʾˉˍ˖ˋʹ h ɮˊʽˋˍʶˊˈ ˎˉˇˉʶʵʾˇ ɾʶˋʰʾˇ ˎˉˇˉʶʵʾˇ ɲʶ˅ʾ ˎˉˇˉʶʵʾˇ 

ʃм 0.1 3x21 4x6 6x11 

ʃн 0.05 5x41 7x11 11x21 

ʃ3 0.025 9x81 13x21 21x41 

ʃ4 0.0125 17x161 25x41 41x81 

ʃ5 0.00625 33x321 49x81 81x161 

ʃс 0.003125 65x641 97x161 161x321 

ʃт 0.0015625 129x1281 193x321 321x641 
ʃʾ˄ʰˁʰˌ 2Υ ʃʶˊʽˉˍ˗ˋʶʽˌ ʶ˂ʷʴ˔ˇˎ ˉˇˎ ʶ˅ʶˍʱˋˍʹˁʰ˄ ˃ʰʸʾ ˃ʶ ˍˇ ʲʺ˃ʰ ʵʽʰˁˊʽˍˇˉˇʾʹˋʹˌ ˁʰʽ ˍˇ ˃ʷʴʶʻˇˌ 
ˉ˂ʷʴ˃ʰˍˇˌ ʴʽʰ ˍˇ ʰˊʽˋˍʶˊˈΣ ˃ʶˋʰʾˇ ˁʰʽ ʵʶ˅ʾ ˎˉˇˉʶʵʾˇ ˍˇˎ ˇ˃ˇʽˈ˃ˇˊ˒ˇˎ ˁʰʽ ˍˇˎ ʰ˄ˇ˃ˇʽˈ˃ˇˊ˒ˇˎ 

ˉˊˇʲ˂ʺ˃ʰˍˇˌ 

ʁ ʰˊʽʻ˃ˈˌ ˍ˖˄ ˋʹ˃ʶʾ˖˄ ˍ˖˄ ʵʽʶˉʰ˒˗˄ ˋʶ ˁʱʻʶ ˉʶˊʾˉˍ˖ˋʹ ʽˋˇˏˍʰʽ ˃ʶ ˍˇ˄ ʰˊʽʻ˃ˈ 

ˍ˖˄ ˋʹ˃ʶʾ˖˄ ˍʹˌ Ù ʵʽʱˋˍʰˋʹˌ ˍˇˎ ˃ʶˋʰʾˇˎ ˎˉˇˉʶʵʾˇˎΦ ɮˎ˅ʱ˄ʶˍʰʽΣ ʵʹ˂ʰʵʺΣ ʰˉˈ ˍʰ с 

ʷ˖ˌ ˍʰ онм ˋʹ˃ʶʾʰ ˍˈˋˇ ʴʽʰ ˍˇ ˇ˃ˇʽˈ˃ˇˊ˒ˇΣ ˈˋˇ ˁʰʽ ʴʽʰ ˍˇ ʰ˄ˇ˃ˇʽˈ˃ˇˊ˒ˇ 

ˉˊˈʲ˂ʹ˃ʰΦ ʅˍʹ ˄ˇ˃ˇʽˈ˃ˇˊ˒ ́ˉʶˊʾˉˍ˖ˋ ̱́ ˇ ʰˊʽˋˍʶˊˈ ˎˉˇˉʶʵʾˇ ʶʾ˄ʰʽ ˍˇ ˃ʶʴʰ˂ˏˍʶˊˇ 

ˉˊˈʲ˂ʹ˃ʰ ʰˉˈ ˍʰ ˍˊʾʰ ˃ʶ ˋʹ˃ʰ˄ˍʽˁʺ ʵʽʰ˒ˇˊʱ ʰˉˈ ˍʰ ˎˉˈ˂ˇʽˉʰΦ ʅˍʹ˄ 

ʰ˄ˇ˃ˇʽˈ˃ˇˊ˒ʹ ˉʶˊʾˉˍ˖ˋʹ ˍˇ ʵʶ˅ʾ ˎˉˇˉʶʵʾˇ ʶʾ˄ʰʽ ʰˎˍˈ ˃ʶ ˍˇ ʲʰˊˏˍʶˊˇ ʷˊʴˇΦ ʁʽ 

ʵʽʶˉʰ˒ʷˌ ʷ˔ˇˎ˄ ˈ˂ʶˌ ʾˋˇ ʰˊʽʻ˃ˈ ˋʹ˃ʶʾ˖˄ ˁʰʽ ʱˊʰ ʰˉʰʽˍˇˏ˄ ʾˋˇ ˒ˈˊˍˇ ʶˊʴʰˋʾʰˌ ʴʽʰ 

ˍʹ˄ ʶˉʶ˅ʶˊʴh ˋʾʰ ˍˇˎˌΦ 

ʆˇ ʽˋˍˇˊʽˁˈ ˍʹˌ ˋˏʴˁ˂ʽˋʹˌ ʰˉˇˍˎˉ˗˄ʶˍʰʽ ˋˍʽˌ ʶˉˈ˃ʶ˄ʶˌ ʶʽˁˈ˄ʶˌΦ ʃʽˇ ˋˎʴˁʶˁˊʽ˃ʷ˄ʰΣ 

ˋˍˇ ʰˊʽˋˍʶˊˈ ʴˊʱ˒ʹ˃ʰ ˉʰˊˇˎˋʽʱʸʶˍʰʽ ʹ ˄ˈˊ˃ʰ ˃ʶʴʾˋˍˇˎ ˍʹˌ ˋ˔ʶˍʽˁʺˌ ʵʽʰ˒ˇˊʱˌ 

ʵʽʰʵˇ˔ʽˁ˗˄ ʶˉʰ˄ʰ˂ʺ˕ʶ˖˄ ʴʽʰ ˍʹ ʵʽʶˉʰ˒ʺ Ø  ˍˇˎ ˇ˃ˇʽˈ˃ˇˊ˒ˇˎ ˉˊˇʲ˂ʺ˃ʰˍˇˌ 

ʴ̔ ʰ Ὤ πȢρȟπȢπυȟπȢπςυ. ʂˉ˖ˌ ʱ˂˂˖ˋˍʶ ˎˉˈˋ˔ʶˍʰʽ ʹ ˃ʶʻˇʵˇ˂ˇʴʾʰ ˔ʰ˂ʱˊ˖ˋʹˌ ˋˍʹ 

ʵʽʶˉʰ˒ʺΣ ˉʰˊʰˍʹˊˇˏ˃ʶ ˈˍʽ ˇ ˊˎʻ˃ˈˌ ˋˏʴˁ˂ʽˋʹˌ ʶʾ˄ʰʽ ʰ˄ʶ˅ʱˊˍʹˍˇˌ ˍˇˎ ˍˇˉʽˁˇˏ 

ʲʺ˃ʰˍˇˌ ʵʽʰˁˊʽˍˇˉˇʾʹˋʹˌ ὬΦ ɱʽʰ ˍˇ ˇ˃ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰ ˁʰʽ ʴʽʰ ˍʹ ʵʽʶˉʰ˒ʺ 
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Ø  ˋˍˇ ʵʶ˅ʾ ʴˊʱ˒ʹ˃ʰ ˉʰˊˇˎˋʽʱʸˇ˄ˍʰʽ ʹ ʰˁˊʽʲʺˌ ˁʰʽ ˇʽ ˎˉˇ˂ˇʴʽˋ˃ʷ˄ʶˌ ˂ˏˋʶʽˌ 

ʴʽʰ ˍʽˌ ʶˉʰ˄ʰ˂ʺ˕ʶʽˌ мΣ оΣ сΣ мл ʴʽʰ Ὤ πȢπυ.  

 
ɳʽˁˈ˄ʰ 7Υ ɶ ˄ˈˊ˃ʰ ˃ʶʴʾˋˍˇˎ ˍʹˌ ˋ˔ʶˍʽˁʺˌ ʵʽʰ˒ˇˊʱˌ 
ʵʽʰʵˇ˔ʽˁ˗˄ ʶˉʰ˄ʰ˂ʺ˕ʶ˖˄ ʴʽʰ ˍʹ ʵʽʶˉʰ˒ʺ ȄψмҐмκо 
ˍˇˎ ˇ˃ˇʽˈ˃ˇˊ˒ˇˎ ˉˊˇʲ˂ʺ˃ʰˍˇˌ ʴʽʰ 
h=0.1,0.05,0.025. 
 

 
ɳʽˁˈ˄ʰ 8: ɶ ʰˁˊʽʲʺˌ ˁʰʽ ˇʽ ˎˉˇ˂ˇʴʽˋ˃ʷ˄ʶˌ ˂ˏˋʶʽˌ ʴ̔ ʰ 
ˍˇ ˇ˃ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰ ˁʰʽ ʴʽʰ ˍʹ ʵʽʶˉʰ˒ʺ 
x_1=1/3 ɹ ʽʰ ˍʽˌ ʶˉʰ˄ʰ˂ʺ˕ʶʽˌ мΣ оΣ сΣ мл ʴʽʰ ƘҐлΦлрΦ 

 

 

ʅˍʹ ˋˎ˄ʷ˔ʶʽʰ ˉʰˊˇˎˋʽʱʸˇ˄ˍʰʽ ʰ˄ʰ˂ˎˍʽˁʱ ˍʰ ʰˉˇˍʶ˂ʷˋ˃ʰˍʰ ˉˇˎ ˉˊˇˁˏ̄ ˍ̌ˎ˄ ʴʽʰ 

ˈ˂ʶˌ ˍʽˌ ʵʽʶˉʰ˒ʷˌ ˁʰʽ ʴʽʰ ˍʰ ʵˏˇ ˉˊˇʲ˂ʺ˃ʰˍʰ ʴʽʰ ˁʱʻʶ ˃ʾʰ ʰˉˈ ˍʽˌ ˉʶˊʽˉˍ˗ˋʶʽˌ ʃмΣ 

ʃнΣ ʃоΦ ʁʽ ˉʶˊʽˉˍ˗ˋʶʽˌ ʶ˂ʷʴ˔ˇˎ ʶˉʽ˂ʷ˔ˍʹˁʰ˄ ʴʽʰ ˄ʰ ʵʽʶˊʶˎ˄ʹʻʶʾ ʹ ˋˎ˃ˉʶˊʽ˒ˇˊʱ ˍʹˌ 

ˉʰˊʱ˂˂ʹ˂ʹˌ ˎ˂ˇˉˇʾʹˋʹˌ ˁʰʽ ˈ˔ʽ ʴʽʰ ˂ˈʴˇˎˌ ʰˁˊʾʲʶʽʰˌΣ ˇˉˈˍʶ ʴʽΩ ʰˎˍˈ ˍˇ ˂ˈʴˇ ʵʶ˄ 

ˉʰˊˇˎˋʽʱʸˇˎ˃ʶ ʶʵ˗ ˍʽˌ ʴˊʰ˒ʽˁʷˌ ˉʰˊʰˋˍʱˋʶʽˌ ˍ˖˄ ˉʶˊʽˉˍ˗ˋʶ˖˄ ʃпΣ ʃрΣ ʃс ˁʰʽ ʃтΦ 
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ʁʽ ʴˊʰ˒ʽˁʷˌ ˉʰˊʰˋˍʱˋʶʽˌ ʴʽʰ ˍʹ˄ ˉʶˊʾˉˍ˖ˋʹ ʃм ˁʰʽ ˍˇ ˇ˃ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰ ʶʾ˄ʰʽ 

ˇʽ ʰˁˈ˂ˇˎʻʶˌΥ 

 

 

 
ɳʽˁˈ˄ʰ 9: ɶ ʰˁˊʽʲʺˌ ˁʰʽ ˇʽ ˎˉˇ˂ˇʴʽˋ˃ʷ˄ʶˌ ˂ˏˋʶʽˌ ς 
ˇ˃ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰΣ ˉʶˊʾˉˍ˖ˋʹ ʃмΣ ʵʽʶˉʰ˒ʺ м 
όˉʱ˄˖ύ ˁʰʽ ʵʽʶˉʰ˒ʺ н όˁʱˍ˖ύΦ 
 

 

 
ɳʽˁˈ˄ʰ 10: ʅ˔ʶˍʽˁʷˌ ʵʽʰ˒ˇˊʷˌ ʵʽʰʵˇ˔ʽˁ˗˄ 
ʶˉʰ˄ʰ˂ʺ˕ʶ˖˄ - ˇ˃ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰΣ ˉʶˊʾˉˍ˖ˋʹ 
ʃмΣ ʵʽʶˉʰ˒ʺ м όˉʱ˄˖ύ ˁʰʽ ʵʽʶˉʰ˒ʺ н όˁʱˍ˖ύ 
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ɮ˄ˍʾˋˍˇʽ˔ʰ ʴʽʰ ˍˇ ʰ˄ˇ˃ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰ: 

 

 
ɳʽˁˈ˄ʰ 11Υ ɶ ʰˁˊʽʲʺˌ ˁʰʽ ˇʽ ˎˉˇ˂ˇʴʽˋ˃ʷ˄ʶˌ ˂ˏˋʶʽˌ ς 
ʰ˄ˇ˃ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰΣ ˉʶˊʾˉˍ˖ˋʹ ʃмΣ ʵʽʶˉʰ˒ʺ м 
όˉʱ˄˖ύ ˁʰʽ ʵʽʶˉʰ˒ʺ н όˁʱˍ˖ύΦ 

 

 

 
ɳʽˁˈ˄ʰ 12Υ ʅ˔ʶˍʽˁʷˌ ʵʽʰ˒ˇˊʷˌ ʵʽʰʵˇ˔ʽˁ˗˄ 
ʶˉʰ˄ʰ˂ʺ˕ʶ˖˄ - ʰ˄ˇ˃ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰΣ 
ˉʶˊʾˉˍ˖ˋʹ ʃмΣ ʵʽʶˉʰ˒ʺ м όˉʱ˄˖ύ ˁʰʽ ʵʽʶˉʰ˒ʺ н 
όˁʱˍ˖ύΦ 
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ɮˁˇ˂ˇˎʻˇˏ˄ ˇʽ ʴˊʰ˒ʽˁʷˌ ˉʰˊʰˋˍʱˋʶʽˌ ʴʽʰ ˍʹ˄ ˉʶˊʾˉˍ˖ˋʹ ʃнΦ ɮˊ˔ʽˁʱ ʴʽʰ ˍˇ 

ˇ˃ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰΥ 

 

 
ɳʽˁˈ˄ʰ 13: ɶ ʰˁˊʽʲʺˌ ˁʰʽ ˇʽ ˎˉˇ˂ˇʴʽˋ˃ʷ˄ʶˌ ˂ˏˋʶʽˌ ς 
ˇ˃ ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰΣ ˉʶˊʾˉˍ˖ˋʹ ʃнΣ ʵʽʶˉʰ˒ʺ м 
όˉʱ˄˖ύ ˁʰʽ ʵʽʶˉʰ˒ʺ н όˁʱˍ˖ύΦ 

 

 
ɳʽˁˈ˄ʰ 14: ʅ˔ʶˍʽˁʷˌ ʵʽʰ˒ˇˊʷˌ ʵʽʰʵˇ˔ʽˁ˗˄ 
ʶˉʰ˄ʰ˂ʺ˕ʶ˖˄ - ˇ˃ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰΣ ˉʶˊʾˉˍ˖ˋʹ 
ʃ2Σ ʵʽʶˉʰ˒ʺ м όˉʱ˄˖ύ ˁʰʽ ʵʽʶˉʰ˒ʺ н όˁʱˍ˖ύΦ 
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ɼʰʽ ʴʽʰ ˍˇ ʰ˄ˇ˃ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰΥ 

 
ɳʽˁˈ˄ʰ 15: ɶ ʰˁˊʽʲʺˌ ˁʰʽ ˇʽ ˎˉˇ˂ˇʴʽˋ˃ʷ˄ʶˌ ˂ˏˋʶʽˌ ς 
ʰ˄̌˃ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰΣ ˉʶˊʾˉˍ˖ˋʹ ʃнΣ ʵʽʶˉʰ˒ʺ м 
όˉʱ˄˖ύ ˁʰʽ ʵʽʶˉʰ˒ʺ н όˁʱˍ˖ύΦ 

 

 
ɳʽˁˈ˄ʰ 16Υ ʅ˔ʶˍʽˁʷˌ ʵʽʰ˒ˇˊʷˌ ʵʽʰʵˇ˔ʽˁ˗˄ 
ʶˉʰ˄ʰ˂ʺ˕ʶ˖˄ - ʰ˄̌˃ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰΣ 
ˉʶˊʾˉˍ˖ˋʹ ʃнΣ ʵʽʶˉʰ˒ʺ м όˉʱ˄˖ύ ˁʰʽ ʵʽʶˉʰ˒ʺ н 
όˁʱˍ˖ύΦ 
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ɮˁˇ˂ˇˎʻˇˏ˄ ˇʽ ʴˊʰ˒ʽˁʷˌ ˉʰˊʰˋˍʱˋʶʽˌ ʴʽʰ ˍʹ˄ ˉʶˊʾˉˍ˖ˋʹ ʃ3Φ ɮˊ˔ʽˁʱ ʴʽʰ ˍˇ 

ˇ˃ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰΥ 

 

 

 
ɳʽˁˈ˄ʰ 17: ɶ ʰˁˊʽʲʺˌ ˁʰʽ ˇʽ ˎˉˇ˂ˇʴʽˋ˃ʷ˄ʶˌ ˂ˏˋʶʽˌ ς 
ˇ˃ ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰΣ ˉʶˊʾˉˍ˖ˋʹ ʃоΣ ʵʽʶˉʰ˒ʺ м 
όˉʱ˄˖ύ ˁʰʽ ʵʽʶˉʰ˒ʺ н όˁʱˍ˖ύΦ 
 

 

 
ɳʽˁˈ˄ʰ 18: ʅ˔ʶˍʽˁʷˌ ʵʽʰ˒ˇˊʷˌ ʵʽʰʵˇ˔ʽˁ˗˄ 
ʶˉʰ˄ʰ˂ʺ˕ʶ˖˄ - ˇ˃ˇʽˈ˃ˇˊ˒ˇ ˉˊˈʲ˂ʹ˃ʰΣ ˉʶˊʾˉˍ˖ˋʹ 
ʃ3Σ ʵʽʶˉʰ˒ʺ м όˉʱ˄˖ύ ˁʰʽ ʵʽʶˉʰ˒ʺ н όˁʱˍ˖ύΦ 
 

 

  












