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Abstract

Several approaches have been suggested in the literature for the solution of
multiphysics / multidomain problemsinterface Relaxation (IR) methods are an
interesting approach for the solution tiiese problems.Assuming initial guesses on

the interfaces of the original problem, IR methods iteratively solve the subproblems
and relax for new values on the interfaces until convergence is succeeded. Their
main advantages are that their rates of convergence only ddmenthe parameters

of the problem itself, the parameters related to its decomposition into subproblems
and the parameters related to the operator imposed on the interfaces.

In the present master thesia new implementation of an IR method named GEO is
presented. GEO ishased on a simple geometric rcection mechanism and acts
iteratively so as to relax the values of the solution on the interfaces. In particular, it
adds to the old interface values a geometrically weighted combination of the normal
boundar derivatives of the adjacent subdomains.

In thisthesisGEO is implemented in FEniCTBe FENICS project is a collection of free
software for automated, efficient solution of differential equations. In order to
evaluate the GEO implementation, it is applied on two different PDE problems with
the same differential equation and boundary cotmiis and different domains.
FEnICS methods are used to specify the problem's subdomains properties (i.e.
geometry, PDE operator and boundary/interface conditions). They are also used to
generate and/or refine meshes (triangular elements) for each subdonsaive the

local PDE problems and show the computed results in the global domain and on the
interfaces. Getting values of the solutions on the interface (boundaries of the
subproblems) and passing the new relaxed values back to the subproblems as
updated values for the boundary conditions is the main challenge of the IR
methodology implementation.

Experiments are performed for -dimensional elliptic partial differential model
problems with partitions in multiple subdomains and the results are examined in
terms of the method's applicability and convergence. A parallel implementation of
the GEO method using FENICS is also presented, as well as its performance
comparison to the serial implementatioithe parallel implementation proves to be
really useful, esgcially for large problems.
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5.2 FEniCS
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FENICS tutorial demo program: Poisson equation with Dirichlet
conditions.
Simplest example of computation and visualization with FEnICS.

- Laplace(u) = f on the unit square.
u = u0 on the boundary.
uUd=u=1+x"2+2y"2, f= - 6.

from dolfin  import *

# Create mesh and define function space
mesh = UnitSquare( 6, 4)

#mesh = UnitCube(6, 4, 5)

V = FunctionSpace(mesh, 'Lagrange' , 1)

# Define boundary conditions
u0 = Expression( 'l + x[O]*x[0] + 2*x[1]*x[1]' )

def uO_boundary (x, on_boundary):
return  on_boundary

bc = DirichletBC(V, u0, u0_boundary)

# Define variational problem

u = TrialFunction(V)

v = TestFunction(V)

f = Constant( -6.0)

a = inner(nabla_grad(u), nabla_grad(v)) *dx
L = f*v*dx

# Compute solution
u = Function(V)
solve(a == L, u, bc)

# Plot solution and mesh

plot(u)
plot(mesh)

# Dump solution to file in VTK format
file = File( 'poisson.pvd’ )
fle <<u

# Hold plot
interactive()
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plot(u)
plot(mesh)
interactive()
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= File( 'poisson.pvd’ )
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server. ~ ' ' >7 7 “RabbMQh  _ 7
E ¢ <h ! _Wv“B v Bx'h@a||">"w“ "‘{_"W < A8 RPCWhMh b <_"' ¢S~ B
>w 7 Ahh <l A BB OA
fibonacci_rpc = FibonacciRpcClient 0
result = fibonacci_rpc .call (4)
print  "fib(4) is %r" % (result )
Bserverh‘h/\_hs‘ _h/\ < h j B w A h >"/\‘>h h‘_">h_
A h < hj B A h = h A ' 0 ~ B < h ! . B ' hysB
K~ h AR S (gallback> s Y h ' >hoo
result = channel . queue_decl are (exclusive =True)
callback_queue = result . method . queue
channel . basic_publish  (exchange =" ,
routing_key ='rpc_queue' ,
properties  =pika . BasicProperties (
reply_to = callback_queue ,
)1
body =request )
# ... and some code to read a response message from the
callback_queue ...
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rpc_gueue
, Request
Client Server

reply_to=amgp.gen¥az...
correlation_id=abc

reply to=amg.gen-xaz...

Reply
correlation_id=abc

n'"¢5wmhfe " RRC . _">h _ 7 O

%4 _"“’I <|5Rp_(>"“"”15”hI/\h_"“s",|’h,s’ . BV"IY

ﬂs_h/\ Vlsﬁ‘/\hm">““"’t51<m’_'I>Zh h/\_/\‘>' h = ¥ ¢
B_h/\hq<l‘l.¢

i m‘h W/\hRP@’_V'>'hB<ﬁ_'I ‘_w</\|5‘ w A h >"/\‘>h
replyto~ ~ w.s " ' A T 7 heorrelationAdh™ <t WLk t ¢ bt
> Ah g v ¢n _‘>" 1 ' h ¢ h * 8B h’_'>hq)

T [ h>_ " >h O Yw<fgsqueue s > h

1 Bserver 8~ ' >wABS $*h h* " sh h s h A A
h’_'>hz ¢ h AB ! {"‘<|5‘h ¢ h* ‘_W</\5' W/
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1 #!/usr/bin/env python

2import  pika

8

4connection = pika . BlockingConnection (pika . ConnectionParameters  (

5 host ='localhost' )

6

7channel = connection . channel ()

8

9channel . queue_declare (queue ='rpc_queue' )

10

11def fib (n):

12 if n ==

13 return 0

14 elif n ==

15 return 1

16 else :

17 return fib (n-1) + fib (n-2)

18

19def on_request (ch, method, props , body):
20 n = int (body)

21

22 print " [.] fib(%s)" % (n,)

23 response = fib (n)

24

25 ch. basic_publish  (exchange =" ,

26 routing_key  =props . reply_to

27 properties  =pika . BasicProperties (
28 correlation_id =R\

29 props . correlation_id ),

30 body =str (response ))

31 ch. basic_ack (delivery tag = method . delivery_tag )
32

33 channel . basic qos (prefetch_count =1)

34 channel . basic_consume (on_request , queue='rpc_queue' )
B85
36 print " [x] Awaiting RPC requests"
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1#!/usr/bin/env python

2import  pika
3import  uuid
4

5class  FibonacciRpcClient (object ):
6 def __init _ (self ):
7self . connection =pika . BlockingConnection (pika . ConnectionParameters  (

8 host ='localhost' )

9

10 self . channel = self .connection . channel ()

11

12 result = self .channel . queue_declare (exclusive =True)
13 self . callback_queue = result . method . queue

14

15 self . channel . basic_consume (self .on_response , no_ack =True ,
16 queue =self . callback _queue )
17

18 def on_response (self , ch, method, props , body):

19 if self .corr_id == props . correlation_id

20 self . response = body

21

22 def call (self , n):

23 self .response = None

24 self .corr_id = str (uuid . uuid4 ())

25 self . channel . basic _publish  (exchange =" ,

26 routing_key ='rpc_queue'

27 properties  =pika . BasicProperties (
28 reply_to = self . callback _queue
29 correlation_id = self .corr_id ,
30 ),

31 body =str (n))

32 while self .response is None:

88 self . connection . process_data_events 0

34 return int (self .response )

85

36fibonacci_rpc = FibonacciRpcClient 0

37

38print " [x] Requesting fib(30)"

39response = fibonacci_rpc .call (30)

40print " [.1 Got %r" % ( response .)
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meshdown = RectangleMesh(0, 0, 0.3333, 2, 7, 40, 'left’)

Vdown = FunctionSpace(meshdown, ‘Lagrange’, 1)
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intl_expr = Expression('4135.5*x[1] -6077.6")
class Interfacel(SubDomain):
def inside(self, x, on_boundary):

return on_boundary and abs(x[0] - 0.3333) < tol and
abs(x[1] - 2)>tol and abs(x[1] - 1.5) > tol

Gamma_4_left = DirichletBC(Vdown, intl_expr, Interfacel())

B‘I"<" g _""“’ "h’>h'>ll5 ey - "J<">h_" q) I
- Y T By v ) oS Yo > Y - <" >h ¥ Y
u = TrialFunction(Vdown)
v = TestFunction(Vdown)
f = interpolate(f_expr, Vdown)
a = (inner(nabla_grad(u), nabla_grad(v))+g2*inner(u, v))*dx
L = f*v*dx
r h ¢ N _ 1 N . AW , B t h ~ . - v < M| t A > ' I _ 1 I < ) A | I Y

u = Function(Vdown)

solve(a ==L, u, bcsdown)
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V_g = VectorFunctionSpace(meshdown, 'Lagrange’, 1)
v = TestFunction(V_g)

w = TrialFunction(V_g)

a = inner(w, v)*dx

L = inner(grad(u), v)*dx

grad_u = Function(V_g)

solve(a ==L, grad_u)

N

vertex_to_dof map =
Vdown.dofmap().vertex_to_dof map(meshdown)

dof to_vertex _map =
Vdown.dofmap().dof _to_vertex_map(meshdown)

m = u.vector()
dofs_at_vertices = m[dof_to_vertex_map]

coor = meshdown.coordinates()

grad_u_x, grad_u_y = grad_u.split(deepcopy=True)

for vdown in vertices(meshdown):
I[down = coor[vdown.index()

[down[0], Idown[1], dofs_at_vertices[vdown.index()],
dofs_at vertices_g_x_down[vdown.index()],

dofs_at_vertices_g_y_down[vdown.index()]
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downbound=(dofs_at_vertices[vdown.index()]+dofs_at_vertices_up[v
up.index()])/2+omega*( -

dofs_at vertices_g x_down[vdown.index()]+dofs_at_vertices g x u
p[vup.index()])

upbound=(dofs_at_vertices[vdown.index()]+dofs_at _vertices_up[vup
.index()])/2+omega*( =
dofs_at_vertices_g_x_down[vdown.index()]+dofs_at_vertices_g_x u
p[vup.index()])

u.vector().set_local(dofs_at_vertices.array()[vertex_to_dof _map])
downbound=Function(Vdown)

downbound.assign(u)

m’h) > B h h B <w'> >h h 8 h . 8 °

import numpy as np

mattxt3=file('dom1.txt', 'w')
mattxt3.write('%%iteration x y ul ulx uly \n’)
for vdown in vertices(meshdown):
I[down = coor[vdown.index()]
mattxt3=file('"dom1.txt', 'a")

np.savetxt(mattxt3, np.c_{[iter, Idown[0], [down[1],
dofs_at_vertices[vdown.index()],
dofs_at vertices_g_x_down[vdown.index()],
dofs_at vertices_g_y_down[vdown.index()]], delimiter="", fmt='%d
%f %f %f %f %f', newline=0s.lin esep)
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import matplotlib.pyplot as plt
plt.plot(uupstol175)
plt.ylabel('u [0.3333,1.75])
plt.xlabel('iterations")

plt.show()
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def __init__(self):
self.credentials = pika.PlainCredentials(‘test, 'test’)

self.connection =
pika.BlockingConnection(pika.ConnectionParameters('150.140.139. 89'
,5672,'[',self.credentials))

self.channel = self.connection.channel()
result=self.channel.queue_declare(exclusive=True)
self.callback_queue = result. method.queue
self.channel.basic_consume(self.on_response, no_ack=True,
queue=self.callback queue)

self.connection2=
pika.BlockingConnection(pika.ConnectionParameters('150.140.139.89'
,5672,'',self.credentials))

self.channel2 = self.connection2.channel()
result2=self.channel2.queue_declare(exclusive=True)
self.callback_queue?2 = result2.method.queue
self.channel2.basic_consume(self.on_response, no_ack=True,

gueue=self.callback_queue?2)
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def on_response(self, ch, method, props, body):

#print "on_response result ch=%s guess=%s" %
(ch,self.channel )

if ch == self.channel:
self.response = body
else:

self.response2 = body

self.response = None
self.corr_id = str(uuid.uuid4())
self.channel.basic_publish(exchange="' ,
routing_key="hello’,

properties=pika.BasicProperties(

reply_to =
self.callback _queue,

correlation_id = self.corr_id,

)
body=inter2)

BA_ =~ Shiseers™T ' < k! © 1< > hclient”
¢ ho A " h R, a v o AR
1 ,{!B_h,"Y

< <h>j hAas

response=(interfaceup+interfaced)/2+omega*( -
gradientd+gradientup)
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ch.basic_publish(exchange=",
routing_key=props.reply_to,
properties=pika.BasicProperties(correlation_id =
props.correlation_id),
body=json.dumps(response.tolist()))

ch.basic_ack(delive ry_tag = method.delivery_tag)
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